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Foreword 


The book is devoted to investigating the particles with spins in external fields and non- 
Euclidean space-time backgrounds. The key problems are: 

Extended Cox scalar particle in the external magnetic field in the spaces of constant 
curvature: Euclid, Riemann, Lobachevsky; the Cox particle in the Coulomb field; the tun- 
nelling effect through the Schwarzschild barrier for a spin 1/2 particle; electromagnetic field 
in Schwarzschild space-time, matrix Duffin - Kemmer and Majorana — Oppenheimer ap- 
proaches; the spin zero particle with polarisability in the Coulomb field; the Dirac particle 
in the Coulomb field on the background of hyperbolic Lobachevsky and spherical Riemann 
models; particles with spin 1 in the Coulomb field; geometrical modelling of the media in 
Maxwell electrodynamics; P-asymmetric equation for a spin 1/2 particle in external fields; 
fermion with two mass parameters in the Coulomb field; the theory of a fermion with three 
mass parameters and the geometric modelling of the neutrino oscillations. In the book 
there will be presented a number of exact solutions for new problems in electrodynamics, in 
quantum-mechanics of particles with different spins in presence of external electromagnetic 
fields and curved space-time background. The book will provide the readers with many 
technical tools for treating the physical problems and a number of new physical ideas. 

The book may be interesting for researchers; it may well serve as a pedagogical tool for 
either self study or in courses at both the undergraduate and graduate levels. Bibliographies 
complete many chapters, and an index covers the entire book. 
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The book is devoted to investigating the particles with spins in external fields and non- 
Euclidean space-time backgrounds. 

Chapter 1. An extended Cox scalar particle in the external uniform magnetic field on the 
background of the Lobachevsky space. Generalised Schrodinger equation for a scalar Cox 
particle is studied in the presence of a magnetic field on the background of a 3-dimensional 
Lobachevsky space. Separation of the variables is performed. An equation describing motion 
along the axis z turns out to be much more complicated than that when describing the Cox 
particle in Minkowski space. The form of the effective potential curve says that we have 
a quantum-mechanical problem of tunnelling type. The derived equation has six regular 
singular points. To the physical domains z = too, there correspond the singular points 
Ü and 1 of the derived equation. Solution of the equation are constructed with the help 
of power series. Convergence of the series is examined by Poincar€-Perron method. These 
series are convergent in the whole physical domain z belongs (—oo, +00). Visualisation of 
constructed solutions and numerical study of the tunnelling effect are performed. 

Chapter 2. An extended Cox scalar particle in the external uniform magnetic field on 
the background of the spherical Riemann space. Generalised Sehrödinger equation for a 
spin zero particle with intrinsic structure by Darwin—Cox is studied in the presence of a 
magnetic field on the background of 3-dimensional spherical Riemann space. The separation 
of the variables is done. An equation describing the motion of the particle along the axis z 
is studied. The form of the effective potential indicates that we have a quantum-mechanical 
problem with the complicated box-type potential. Frobenius solutions of the equation are 
constructed. The convergence of the relevant series is proved by Poincar6-Perron method. 
These series are convergent in the all physical domain of the variable z, which belongs 
to [—7/2,+7/2]. Due to the compactness of the spherical space, the existence of discrete 
energy levels is assumed; however, any exact quantization rule is not known. An approximate 
method for producing the discrete spectrum for energy is developed, it is based on the use of 
polynomials instead of power series involved in exact Frobenius solutions. Numerical study 
and visualisation of constructed solutions are performed. 

Chapter 3. Quantum-mechanical scalar particle with the Cox structure in the Coulomb 
field. Generalised Klein—Fock—Gordon equation for a scalar particle with the Darwin—Cox 
structure, which takes into account the distribution of the electric charge of the particle 
inside a finite spherical region is studied in the presence of the external Coulomb field. 
There are constructed exact Frobenius-type solutions of the derived equations, and the 
convergence of the relevant power series with 8-term recurrent relations is studied. As the 
analytical quantization rule takes so-called transcendency conditions. It provides us with 
a 4th-order algebraic equation with respect to energy values, which has four sets of roots. 
One set of roots, 0 x E,; € 1, depending on the angular momentum j = 0,1, 2,... and the 
main quantum number n = 0,1,2,..., may be interpreted as corresponding to some bound 
states of the particle in the Coulomb field. In the same manner, a generalised nonrelativistic 
Sehrödinger equation for such a particle is studied, and the final results are similar. 

Chapter 4. The tunnelling effect through the Schwarzschild barrier for a spin 1/2 par- 
ticle. For massless Dirac particle, the general mathematical and numerical study of the 
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tunnelling process through the effective potential barrier generated by Schwarzschild black 
hole geometry is done. The study will be based on the use of eight Frobenius solutions 
of related 2nd-order differential equations with nonregular singularities of rank 2. We con- 
struct these solutions in explicit form and prove that the power series involved in them are 
converged in all physical regions of the physical region of the variable r, which belongs to 
(1, +00). Results for the tunnelling effect significantly differ for two situations: one when the 
particle falls on the barrier from within and another when the particle falls from outside. 
The mathematical structure of the derived asymptotic relations is exact; however, analyt- 
ical expressions for involved convergent powers series are not known, and further study 
is based on numerical summing of the series. The calculations are implemented using the 
Mathematica system. 

Chapter 5. On Maxwell equations in Schwarzschild space-time. It is shown that the 
generally covariant extended method of Riemann-—Silberstein—Majorana—Oppenheimer in 
electrodynamics, specified in Schwarzschild metrics, after separating the variables provides 
us with the possibility to reduce the problem to a differential equation similar to that arising 
in the case of a scalar field in the Schwarzschild space-time. This differential equation is 
recognised as a confluent Heun equation. We have considered the electromagnetic field on the 
basis of the 10-dimensional Duffin-Kemmer approach, when in addition to six components 
of the strength tensor one uses four components of an electromagnetic potential. After the 
separation of the variable, we have arrived at a system of ten radial equations, which were 
simplified by the use of additional constraints followed by an eigenvalue equation for spatial 
parity operator Tv = PW; the radial system has been divided into two subsystems of four 
and six equations, respectively. In this second approach, the problem of electromagnetic 
field has been reduced to the confluent Hein differential equation as well. In particular, 
we have shown explicitly how solutions found in complex form are embedded into matrix 
10-dimensional formalism; besides, we determine radial functions that are responsible for 
gauge degrees of freedom. 

Chapter 6. Quantum mechanical spin-zero particles with polarisability in the Coulomb 
field, analytical, and numerical consideration. Methods for solving the differential equation 
describing the wave functions of a polarisable particle in the Coulomb potential are dis- 
cussed. Relations between the coefficients under which the general solutions of this equation 
can be found in analytical form are detailed. For the case of zero polarisability, the general 
solution to this equation in terms of special functions is obtained; for the first values of 
the parameter j, plots of the corresponding solutions are presented. For nonzero polarisabil- 
ity and certain specially chosen values of the parameters, solutions possessing the required 
physical properties are constructed with the use of numerical methods and functional ob- 
jects of the type Differential Root. Instructions in Mathematica are presented which permit 
to apply elaborated methods in studying other problems in physics and mathematics. 

Chapter 7. Dirac particle in the Coulomb field on the background of hyperbolic 
Lobachevsky and spherical Riemann models. The known systems of radial equations de- 
scribing relativistic hydrogen atom on the basis of Dirac equation in spherical Riemann 
spaces are investigated. The relevant 2nd-order differential equations have six regular sin- 
gular points, there solutions of Frobenius type are constructed. To produce the quantisation 
rule for energy values, we use the known condition separating transcendental Frobenius so- 
lutions. This provides us with energy spectra which are physically interpretable and similar 
to those arising from the scalar Klein—Fock—Gordon equation in these geometrical models. 
The spectra coincide with those previously found when studying the same radial equations 
within the semi-classical method. The convergence of the series involved is proved analyt- 
ically and numerically. The squared integrability of solutions is demonstrated numerically. 
Visualisation of the results is given. 
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Chapter 8. Particles with spin 1 in the Coulomb field, exact wave functions, and the 
energy spectra. We have studied the system of six equations which describe the quantum 
states of a spin 1 particle with parity P = (—1)/ in an external Coulomb field. It is shown 
that, due to the Lorentz condition, one of the radial functions must be equal to zero. Any 
of the five remaining functions may be taken as a primary one. For such a primary func- 
tion, we derive two different 2nd-order differential equations. Their Frobenius solutions are 
constructed, and the convergence of the involved power series is studied. As a quantisation 
rule, we apply so called transcendency condition to Frobenius solutions. In this way, for 
both equations, we have found different reasonable, from physical point of view, energy 
spectra. 

Chapter 9. Geometrical modelling of the media in Maxwell electrodynamics. It is known 
that vacuum Maxwell equations are being considered in the background of any pseudo- 
Riemannian space-time may be interpreted as Maxwell equations in Minkowski space but 
specified in some effective medium, which constitutive relations are determined by metric of 
curved space-time. In that context, we will consider space-time models with event horizon. 
All of them have a metric of one the same structure, we restrict ourselves to spherically 
symmetric case, and consider the de Sitter, anti de Sitter, and Schwarzschild models. Also 
we will study hyperbolic Lobachevsky and spherical Riemann models, parameterised coor- 
dinates with spherical and cylindric symmetry. We will construct these solutions explicitly, 
applying Maxwell equations in spinor form. 

Chapter 10. The P-asymmetric equation for a spin 1 particle in external fields. Within 
the theory of relativistic wave equations with extended sets of Lorentz group representations, 
a new P-noninvariant 20-component wave equation for the spin 1/2 particle is proposed. 
The presence of an external electromagnetic field and a Riemannian space-time background 
have been taken into account. Due to internal structure of the particle, additional interaction 
terms appear, it relates to anomalous magnetic moment of the particle. Exact solutions of 
the equation in presence of the external Coulomb field have been constructed, radial wave 
functions are expressed in terms of confluent Heun functions. 

Chapter 11. Fermion with two mass parameters in the Coulomb field, relativistic and 
non-relativistic theories. Generalised wave equation for a spin 1/2 particle with two mass 
parameters is studied in the presence of an external Coulomb field. After separating the 
variables the problem reduces the system eight differential equations of the 1st-order. Taking 
into account the diagonalisation of the space reflection operator, we derive two independent 
systems of four equations, referring to states of opposite parity. When considering these 
equations on a large distance from the centre, they take the form of two subsystems for two 
ordinary Dirac particles in an external Coulomb field, with masses of M1 and Mg, respec- 
tively. To simplify the problem, we perform a transition to the nonrelativistic description 
of the system. In this way, we derive two systems of linked 2nd-order equations, referring 
to states with different parities. They lead to 4th-order differential equations for separate 
functions. Their solutions of the Frobenius type have been constructed; they involve power 
series with 10-term recurrent relations. Two solutions are appropriate to describe bound 
states. As a quantisation rule, we apply the known transcendency condition; in this way, 
we derive two analytical formulas for energy spectra. They are similar to nonrelativistic 
spectra for ordinary spin 1/2 particles, but are governed by masses M; and Mp. Results on 
constructing solutions end obtaining the energy spectra are extendable to relativistic theory 
as well. 

Chapter 12. On modelling neutrinos oscillations by geometry methods in the frames of 
the theory for a fermion with three mass parameters. In this chapter, starting from the 
general Gel’fand—Yaglom approach a new wave equation for spin 1/2 fermion, which is 
characterised by three mass parameters, is derived. On the basis of the 20-component wave 
function, three auxiliary bispinors are introduced. In absence of an external field, these 
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bispinors obey three separate Dirac-like equations with different masses M,, M2, and M3. 
It is shown that in the presence of external fields, electromagnetic fields, or gravitational 
non-Euclidean backgrounds with non-vanishing Ricci scalar curvature, the main equation 
is not split into separated equations; instead, a quite definite mixing of three Dirac-like 
equations arises. It is shown that a generalised equation for a Majorana particle with three 
mass parameters exists as well; such a generalised Majorana equation is not split into three 
separate equations in a curved background if the Ricci scalar of the space-time model does 
not vanish. 

Chapter 13. The eigenvalue problem for the helicity operator for a spin 2 particle in the 
presence of an external magnetic field. The explicit form of the helicity operator for a sym- 
metric 2nd-rank tensor describing the spin 2 particle is specified in cylindrical coordinates. 
After separating the variables the system of 10 differential 1st-order equations is derived. It 
is split into two independent subsystems of four and six equations. The system of four equa- 
tions is solved straightforwardly in terms of confluent hypergeometric functions; there are 
corresponding eigenvalues and eigenfunctions. A subsystem of six equations can be reduced 
to one ordinary differential equation of the 4th-order. The corresponding 4th-order operator 
is factorised into permutable 2nd-order operators, so the problem reduces to solving two 
differential equations of the 2nd-order. Their solutions are constructed in terms of Bessel 
functions. This analysis is extended to the presence of an external uniform magnetic field 
when solutions are constructed in terms of confluent hypergeometric functions. 
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Cox scalar particle in the magnetic 
field in the Lobachevsky space 


Generalised Sehrödinger equation for scalar Cox particle is studied in presence of 
magnetic field on the background of 3-dimensional Lobachevsky space. Separation 
of the variables is performed. An equation describing motion along the axis z turns 
out to be much more complicated than that when describing the Cox particle in 
Minkowski space. 

The form of the effective potential curve says that we have a quantum-mechanical 
problem of tunnelling type. The derived equation has six regular singular points. To 
physical domains z = too, there correspond the singular points 0 and 1 of the 
derived equation. Solution of the equation are constructed with the help of power 
series. Convergence of the series is examined by Poincar€-Perron method. These 
series are convergent in the whole physical domain z € (—oo, +00). Visualisation of 
constructed solutions and numerical study of the tunnelling effect are performed. 

The chapter is based on [1-14]. 


1.1 Introduction 


In the frames of the theory of generalised relativistic wave equations, a special model for 
scalar particles was proposed by Cox [1]. Updated treatment of this theory has been seen 
in a recent book [2]. Such wave equations, being constructed on the basis of extended sets 
of representations of the Lorentz group, in the presence of external electromagnetic fields, 
describe after excluding additional components particles which interact non-minimally and 
in various ways with the electromagnetic field through electromagnetic tensor. Such addi- 
tional interaction terms are referred to intrinsic electromagnetic structure of the particle. 
In particular, the Cox electromagnetic structure may be associated with the Darvin inter- 
action term in nonrelativistic Schrédinger equation, this additional interaction is related to 
the non-point-like distribution of the electric charge in the finite volume inside the particle 
(see, for instance, in the book [3]. In recent papers [4,5], the behaviour of such a particle 
in external magnetic and electric fields, and in spaces with non-Euclidean geometry was 
studied. In particular, a generalised Schrodinger wave equation for the Cox particle was 
derived. 

In this chapter we examine the Cox particle in external magnetic field on the background 
of 3-dimensional Lobachevsky space. Influence of the curved space model becomes very 
significant at large distances. The problem reduces to a rather complex system of differential 
equations in two variables. The main attention is paid to studying the equation describing 
the motion of the particle along the axis z. Here we are to examine the quantum tunnelling 
effect through an effective barrier. 
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2 Coz scalar particle in the magnetic field in the Lobacheusky space 


In the special system of cylindric coordinates in the Lobachevsky space, analogue of the 
uniform magnetic field is determined by the relations [6] (we use dimensionless coordinates): 


dS? = edt? — ch?z(dr? + sh”rdç?) + dz?, 
vg =p shrch?z, Ay=—Bp*(chr—1), F.g — —Bpshr, 
B 


— — —x—, B;B* = B’ch““*z. (1.1) 
pshr ch”z 


Bs ——Bpshr, B5—— 
We start with the known form of the generalised Schrodinger equation for a, Cox scalar 
particle 
Dip | DiDi + D — 124:D.D. lu 
= OMe 1Di 2 “hz, 22 3D3 |, 
where b 
D, — ihö,, Də — ihöş E -Bp”(dir —1), Də = ihö,, 
c 


o ch r o € o sh z 
= iA ir — =7 — 2 — —? z — 
Di ih(ö, + ae Do ihdg + Bp (eh r — 1), Da” ih(ö maz) 

* i [Bch ?z € 
= hd, € Bö”(dhir—1 
"7 1472B?ch””z [ind, — =F (ing + 5 Be%(ch r —1))], 
: 1 


Ds İ(ihö, + < Bp? (ch r —1))-ihTBeh”?z sh zi 


~ 14-T2B2ch”1z 
* (D3 + T?B5 B3D3) 
D3= =A 
1-12B?ch “z 
Below we use notations Bp?/hc = bt, T.Bch””z = y(z). With the use of the relations 


= thd. 


1: 4 ..— h?ch””z 
oMp? 19 ÜL” “9M +72) 
o. ;chr chr —1 v(z) 
Fm b T T t 5 
x(a b ə... sh r ) ... 2 in(2)b) 
1 D 22 D pa h?eh”?z 
2.42 7289 ©? 2M92(1x-97(2)) 
il : : 1 
x | [24 — iö(di r — 1)? + 7(2) [dy — (eir 1) 5a], 
ee 012 sh z 
IM p2 sg” D3= “72002 (02 + üz” 


and of the substitution for wave function 


E 


— (-ikEt/h_ imd ə 5 
VU —€ / € Z(z)R(r), e— h2/2M?2” (1.2) 
we derive the following equation (by physical reason we make the change y => öy) 
ch ?z 9 dir İm — b(eh r — 1)]? 
F — 7?(z) ( To sh 5. sh2r 7 by(2)) 
sh z 
+e + (0, + 2—)0-_| R(r)Z(z) = 0. (1.3) 


ch z 
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After separation of the variables we arrive at two equations (note that y = BT) 


( d edird 1lm- b(ch r —1)İ? 
dr? shr dr sh”r 


+A)R= 0, (1.4) 


@ shzd | 25 


dz? 7 ch zdz ch*z — v2 


1.2 The usual scalar particle in Lobachevsky space 


First, let us consider the motion of the usual scalar free particle in Lobachevsky space along 
the axes z: 


—,, Ü(z — +00) — +40. (1.6) 


This is a Sehrödinger-type equation in the effective (generated by geometry) potential of 
the barrier type, so there exists the possibility of the tunnelling effect. 

First, we use the most simple variable Z: 
d? d 


d d d 
2 ..— — = — — = — 3 — 
ch”z = Z, aS 2shzehz zz, i q, hz ch zz 


d? d d 
“22.2 2 2 : 
= 4sh”zch üz + 2(ech?z + sh ay = 4Z(Z — 1)— + 2(27 - 1)—] 
so the above equation takes the form 


hod ci 464 


Z 
dZ? a4 2.az 4 Z2 


This is an equation of the hypergeometric type. With the use of the substitution f(Z) = 
Ze (Z — 1)” F(Z), we derive 


[ZZ 1) 


d?F 1\ dF 
2020 ((2 254-1)2—2 “Ək” 
( vali (2a+2b+1) as) 
es, ope  16025-10: eS m 
cer 5 o nu Z - 
At the folloving restrictions 
1 4 1 
Oh A 4A—1, b=0, 5 (1.8) 
it is simplified to the canonical form 
Fr 1 dF e—1 
zı (2 a Bb əz — - (— b)?) F = 
( ) aga t ats (2a+2b+1) dz a + (a+b) 0 
with parameters 
) ) 1 
a=atb+>Vve-T, 8-a4b- yve-1, Y= 2at 5; (1.9) 


below for brevity we use the notation vV4A—1—3. 


4 Cox scalar particle in the magnetic field in the Lobachevsky space 


First, let us consider a pair of complex conjugate solutions 


15 
b=0, a=, fi(Z) = Zeui(Z) 
- gotnyaplto _ivesT 1:53 ive-1 m. 
4 2 ; 4 2 ? ae : (1.10) 
zə i 
b=0, a= — ft(Z) = Z”u:(Z) 


= Zü-)4F( 1 zı 


2 4 250 2 


41 1—:7A3 ive-1 iA 
4 ? 


symbol u,; represents different Kummer solutions for hypergeometric equation. 

Obviously, when using the variable Z, one can construct only solutions which are sym- 
metrical relative to replacement z — —z. By evident procedure, from two conjugate solu- 
tions, we can construct two independent real-valued ones. 

Solutions (1.10) have simple asymptotic behaviour near the singular point Z = 0: 


1 Z +0 = ZÜ42)/4, * Z 30 = ZU-2)/4. 
T 


however, the point Z = 0 lies outside the physical region of the variable, Z € (1,+00). 
The limit Z — +o0 corresponds to different physical infinities z + too; besides the region 
Z € (—co, +1) does not lie in the physical domain of the coordinate Z. 

To find behaviour of the solutions at Z — +00, we apply the known Kummer formula 


Pyl(G-a) | PO)r(e- 6) 


uq = u3 4 UA , 1.11 
(7 Tall) * Fe — Are) ee 
where the standard notations are used 
u(Z) = F(a, 8,7; Z), 
1 tix ive-1 1 iA ive-1 ir 
a= ? 6 = ? Y= 1+ > ? 

4 4 2 4 4 2 2 

(1.12) 


us(Z) = (-2)”“Fla,aa1-na-1- 8:2), 


müz) RO s 03: 


Z 
m the region Z — oo, formula (1.11) takes the form 
o - TO)TU6 - a), 21-ə , TOOTta — 8) yp 
(7 TO) - ayri” “ri - öray üə. 


Multiplying the last relation by Z”, we find asymptotic behaviour of the complete function 
fi(Z) at infinity 


POÇTU - a) a—ol | P(y)P (a - 9) a—p 
(—Z) 52 


222. Ty BT (@) 


or differently 


520527 (1.13) 
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The formula (1.13), translated to the original variable z € (—oo, +00), looks as follows: 


See ava 4 RODM(a — 8) ea 

PU? - 9)T(a) 4 

= duzun 
) 


7 — a)T(3) 
ee T(o: — 9) —. 
Liy— To) 


gn (1.14) 


2 ae) = Na) 5550) ~ik/2 | 1701466) 55: +ik/2 
hifz və —oə) “ Ta - are)’ a?” “Ti - rta)” 4” 
— ur =) ə... 
T(? — 3)T(a) 
7: =) —— ..—.. 
PÇ — a)P(3) 


At both infinities z + too, we have superpositions of the plane waves: 


(1.15) 


filz> +00) x Aettk/2 ik n2 e tke 4+ Be TF/2ç”ikln2ktikz a 16) 
filz =y +00) = Bre tk/2 tik ln 2 —ikz 4 A*ettk/2¢—ikln2 etikz . 
hü + —oo) Be "k/2k7ük1n2 eoikz perme ae Meln eine 


Tn (z — —oo) = At et tk/2¢—ik In 20 tkz ue Bre th/2ettk In2 etikz i 


(1.17) 


Let us detail the behaviour of the functions fı and ff at z — +00, schematically it is 
filz — +00) = Me” vz ayası mö m. +00) = N*e7 tk + M*ettke, 
Let us introduce a linear combination of them, so that 


N M" 


P(2) = (efile) - x). = (Ge - et. (1.18) 


However, at negative infinity z — —oo we have for the main terms in asymptotic only the 


following: 
ht) fu) 


F — 
(= (4-4) 
_ Nettkz + Meike N*e7 tk + M*etikz 
z M N* 
N M" : : 
= GF Ne yerde .(1— 1--....e 7”, 


which means that the function F(z) does not lead to description of the tunnelling effect 
through the barrier. 


6 Coz scalar particle in the magnetic field in the Lobachevsky space 


Initial equation (1.6) can also be investigated with the use of the other variable, x = 
cosh z: 


d Ad dv... 
a =sinhz— dz m...” sinh 2 
d? d d? d 
= sinh? z— hz— =(2?-1 
sinh’ 2 + cos a (a FT oe 
the basic equation takes on the form! 
( d? z 1. A r = 
da? 7 (r2 — 1)d: 7 (z2—1) x2(x2 —1)/7 7” 


It can be transformed to 


ef pie , 10 df 

dx? ' Gal 1 
A MA Set (hep ay 

+(4 + aa 4 1-0: (1.19) 


here we have four singular points z = —1, Ü, 1, oo, they all are regular, so we have the 
general Heun equation [7], [8]. 

First, let us find the behaviour of its solutions in the neighbourhood of the singular point 
x = 0 (this point lies outside the physical region of the variable): 


z — 0, — oo 42) =0, fe, 


da? dr x? 


1-:/Ç4A—1 
A(A —1)4-A —0, 25 (1.20) 
In the neighbourhood of the points x = —1 and x = +1, solutions behave as 
1 
z —$ —1, f=(e+1), pm zi 
1 (1.21) 
z — El, f —(z—1)”, da. 


The behaviour of solutions in the neighbourhood of the point « — oo (z — +00) is of 
the most interest. VVe make the change of variable 


1 d dX d gü d? a d 
—=X — -——X? -ə + 2X3___; 
z ” dr dx dX dX’ dx? dx? ax” 
004 1 1 2 1 = 
dX? ' XdX 2\X(1+X) X(-X)”aX 
A (A-e+1) 1 
gs 20 Tü (1.22) 


Near the point X — Ü, the equation and its solutions have the form 


X30 m ə — 2—.—.5 ae) 
» qx? xax” x2 m ~ =z . . 


1The structure of this equation implies the possibility to use the variable a? = u; so the power series 
below will have 2-term recurrent formulas. 
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With the use of notation 


A — 
Bo = L, 
2 
eq. (1.22) can be rewritten shorter as 
q - də Uö.6.c0— 7 i 
=0; 1.24 
(aat(et+ycatipeaxt x xı” xin/ “9? 02) 


recall that 
z € (”oo, HEoo), z € (1, oo), X € (0, 1). 


Let us construct Frobenius solutions in the neighbourhood of x = co (X = 0): 
f(X) — X4 F(X); 
allowing for 


d? 


m” MAD) X 46 ae 


d 
rr AXA PARA 


we derive an equation for F(X): 


27.5...” 
2 (FS 505 
aS» A A/2 A/2 geİ L L ) 
F=0. 
x2 Ke XR RT) RT Oe eT 


The condition 


A? +e—1=0, A=+iVve-—1 


removes terms with X~? and we get 


y  (2At1 1/2 1/2 , (L+A/2 LEAN 
2 + ( X X—I -—. Yar) 0. a) 


For brevity below we use notation K = L + A/2; so eq. (1.25) is written as 


X(X? — 1)F" + (X? — 1/02A -1)F": “x(x | IF + 5X(X- UF 


EE Se. 40, aah) eee. 0. eer DT ea 


its solutions may be constructed in the form of a power series: 


F= x C,X", Fl= xy nc, X"71, FU = xy müə ən 
n=0 n=1 n=2 
In usual way, we derive 
on — 1)(n — 2)cen_12” — ıı + 1)ncn iz" 
n=3 n=1 


Co Co 


“(24 4-1) ) 702 — 1)" — (24 1) )70n 4 1)azaz" 2700 — Deniz" 


n=2 n=0 n=2 
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Kye Cn—12" = 0; 


n=1 


so we get recurrent relations for coefficients: 


n= 0, —(2A+1)c, = 0, cı = 0; 


n=1, —2-cə — 2Keo —2(2A+1)co =0; 
n= 2, 6c3 4 (2A t Na 3(2A + 1)c3 +¢e,+2Kc, 0 C3 0; 
m=3, — 2cg— 12c + 2(2A + 1)ez — 4(2A + 1)ca 4262 + 2K C2 = 0. 


Therefore, the main 2-term recurrent formula is 


[(n — 1)(n — 2) + (2A +1)(n — 1) + (n—1) + 2K Jen-1 
+[-n(n +1) — (2A41)(n+ lJenyi = 0. (1.26) 


We investigate the convergence of this series by using the Poincar€-Perron method. To 
do this, we divide relation (1.26) by cı: 


[(n — 1)(n — 2) + (2A 4-1)(n 1) + (n—1) + 2K] 


Hatin) (244. es Sg, 


Cn Cn-1 


The radius of convergence R of the power series is determined by the formula 


Oe ah SORE a. atk 
R= lim ae Reonv = İRİ” 
To find an algebraic equation for R, the resulting equation is multiplied by n~? and let n 
tend to infinity, n — oo. This results in a simple algebraic equation 
1-h?—0 R=+1 1.5: (1.27) 
Therefore, the series converges in the entire physical area of the variable: 
1 
z€(-—oo,+00), wx — cosh z € (1,+00), X — — € (0,1). 
z 
Obviously, the power series contains only even degrees 
5. 
Let us try to use yet another variable 
d? A 
x — sinh z, ( +e-1 ) z)=0; 1.28 
a cosh? a) * (1.28) 
equation is transformed into 
d? d A 


En? | İ — 
(+255 +25 +6 1 a) f=0- 


We introduce a new variable 


1—izx 1— 2y 2 
= 1 — 4 1 — = 
y 2.7 “5... a, d (1.29) 


z — +00, © — +100 ; z — —OoO, z — -100; 
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then above equation takes the form 
[= ( 1/2 7: dB bi sl 
dy? “\y-1" y/dy"y-1 y 
A/4 A/4 A/2 4A/2 
2 2 i 

045 0 og 
The singular points y = 0 and y = 1 are regular; they lie outside the physical domain of 

the variable. Near the point y = 0, the equation and its solutions have the form: 


İ/ =0. (1.30) 


d? 1 d A 1-:/4A—1 
0, ( ) = 0, = a A do +f ce 
Hə dy? 0 0 dee f fev 4 
Near the point y = 1, the equation and its solutions have the form 
a 1 d A L4iVv4dA—-1 
yok (4z ! 5)f=0, f -(1-)”, B-:———. 
di) 2(1-y)dy 4(1—v) 4 


Let us investigate the behaviour of solutions in the vicinity of the point y = oo. In the 
variable Y = y~', the equation takes the form 
d?f e 77: ( e—l əə A ə 
dY? Y Y-1ı/dY Y-1 Y? 4(Y —1)” Y 


1-0. (1.31) 


In the neighbourhood of Y — Ü, the equation takes the form 


d? 1d e—l : 
=0 0000” 
(əyə Yay yo )f . 


Y — 0, 


the point y = oo is regular. 
Evidently, the equation with three regular singular points must be reduced to the hy- 
pergeometric functions. With the use of the substitution 


f(y) =y4(L—y)P Fly) (1.32) 
we get 
mə, (24 — | dı | Tn 
igen : co m (1 2 | C= | 2G =r 
ıı 5 | - 1077 r” 


We choose the parameters A and B as follows: 
Ih case 1: 
A=-+-vV4A-1, B——--V4A—1 
4 4 4 
and thereby eliminate the quadratic terms: 
2 2B+41/2 2AB r A/2+ B/2 —1—4A/2 
2A 1/2 | ən +A/2+B/2 € İp -0 
y y-ı yü -v) y(y — 1) 
This equation can be identified with the equation of hypergeometric type 
y(l—y)F" + [(2A + 1/2) — (2A 4+ 2B + 1)y] F” 


FE 


— İ2AB + A/2+B/2+e—-1—A/2)F =0 
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with parameters 


1 
a=A+B+5V4A?+4B?-2A-2B+2A—4e+4, 


1 1 
b= A+B— 5447 +4B? JA-—TR LIA dep, c=2A+s. 


Expressions for parameters a,b can be written differently 


a — Az. Bİ İA(A 5) + BB -(e-94 


a Az. B- İA(A- 2) 4-B(B 2 (e—1)4 .. 


Here exist four possibilities, and for each vve find the expressions for the parameters 
a, b, c (using the notation A = EV4A —1,A5 0): 


nası Bö. 
pote 4 2 (1.33) 
a — — TiVe—l1, b— — —iVe€—l, -— 
(ə Bö 
4 4 4 4 
1 A (1.34) 
Ora Ted a ver eal a 
pees an pul . 
1 iA — 1 .. ; : . ip) 
—8£—.80——- 
A=? Ze pai — 
4 4 4 4 
1 iA 1 iA ir (38) 
2586— —£——— dalır 


Since only two linearly independent solutions can exist, we should choose two of them. 
Let us take the first two. They correspond to complex conjugate solutions, so it is enough 
to follow only one of them: 


i ae 1 — isinh z 
Fly) = yt 41 — y)O-M 4 F(a, bey), y= — 


1 — 1 ir — 
a zə kive-1, .... 5” 


This solution has the simple behaviour near the point lying in the nonphysical region: 


ans 
y= =0 = i=sinhz, F(y 3 0) ~ yA+*)/4 — 0. 
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To find solutions with simple behaviour at y — oo, we use other Kummer solutions of 
the hypergeometric equation, depending on the argument 
il 2 1 


= , ” “LOO, — o. 
y 1-—5sinhz : = v 


We use solutions uş and ua: 


1 
u3(y) = (-y) “F(a,at+ 1— cak 1— b, mi ) 


1 
ua(y) z (—y) °F (b,b + i= c,b + 1— a, .. ? 
which generate two complete solutions of the initial equation 


P3(y) = yO Y/4(1 — y)G-WM/4 (_y)~* F(a,a + 1—c,a--1 — b, 


(1.38) 


Fa(y) = yO 9/41 — y)G-™M/4 (2) ”F(b b 1— cb +1 - a, 


At infinity + — 0, these solutions behave: 
y 


: — ry 7 fle əə 2 is/e= 
F3(y) = yt YA (yy 394 (Ly) VET A give (1 — isinh z) Ye! , 


i —i —1+iVe= iv/e— . iv/e— 
Fy(y) = yt 74 (yO 4 (yt tw yt * ~ (1—isinhz)t 2 


At infinities opposite in sign, z > +oo and z — —oo, solutions behave 

Fi(z o +00) we Vl! Bz > —oo) sə et Ve , 

Fa(z o +00) ~ erive-İz yz 4 —oo) we VEE 
From the last asymptotic equations, we conclude that this variable is also hardly suitable 
for analysing the tunnelling effect. 


Finally, we apply the variable that is used as the standard one for the analysis of the 
Schrodinger equation with the potential U ~ cosh”? z. This is variable y = tanh z; note 


that this variable distinguishes between the points z = +oo and z = —oo. Allowing for 
identities d əsi i 2 ı 
V 2 
y — dz dz du cosh” Zz dy ( y Vay’ 
we transform the above equation to 
d? f df 16—1 1-e+4+1 
ə eer ( ) — 
(1 — ə)( nap ay Dyti td yo i 


whence in the variable 
1-y 1-tanhz 


2 2 


A 


we get 


[ea x) . + ( day" Aq 650. f=0. 


dx? 


1.39 
dx 1—z x ( ) 


Using the substitution f(x) = «4(1 — x)? F(x) , we arrive at 


d2F dF 
zz + 2A+1— (24+ 2B +2)a] — 


z(l An 
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1 4A? +e€-1 14B?+e-1 
+[-(A+B)(A+B+1) .—— 51 0. 


At the folloving restrictions 


Jason), Bae ea (1.40) 
we get the equation of hypergeometric type 


d?F dF 
x) + 2A+1-(2A+2B + 2)a] — —[(A+ B)A+B+1) +A) F=0 


z(l dz 


with parameters (for brevity, let A = V4A — 1) 


1 ir 1 ir 
=5+A+B4 b=-+A+B-— =2A+1 
a 5 27 2T + 2. Cc +1, 
f(z) — s3(1-— zs)” F(a,b,G2), «= -. : (1.41) 


We choose solutions with given behaviour in the z + +00 (a — 0) as a plane wave 
moving to the right 


A € —iye — 1/2, B=+ive-1/2, 
fase EC 0” 


1. ə 1 id 
a 2 2 , 2 2 , c 2V € , 
f(a 0) = a VET? — ehizve-1/2, (1.42) 


In order to find behaviour for this solution at z — —oo (x — 1), we use the Kummer 
formula 


T(c)T(c — a —b) T(e)T(a c 5-— c) 


“= T(e — a)T(e 9)” T(a)T (ə) 


üş, (1.43) 


where 
uy = F(a,b,¢2), ug = F(a,b,a 5 1-—c:1— z), 


ue = (1 — x)” * F(c-—a,e—b,e+1—a-—b1—2). 


In the region z + —oo (z — 1), we have 


T(c) (ec —a— b) 2 T(c)I'(a+ 5 — c) 
T(c — a)T(c — b) T(a)T(9) 


u(z > oo) — (1 əə 


note that c — a — b — —iVe — 1. After multiplying it by 


”ive—1/2 (1 = mee a 
we obtain 


(1 ay ey 


(Deca ers (1.44) 
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In other form it reads 


f(z — —oo) = Hə Pi .—.... m a .-—.. (1.45) 


This formula describes the effect of particle tunnelling which moves from the left on 
barrier: 


(z + —oo) 77 12. ei as et event) 2 (z — +00). (1.46) 
The corresponding transmission coefficient D is defined by the formula 


— IM? 1) T(a)Tib) 
a |N|? m T(c — a)T(e — 0) : (1.47) 


where 


1 1 
T(e—a) =T(5 - i(ve—1+/2)), T(e—6) = ... i(We — 1 — A/2)). 
We could proceed with calculation, using the well-known formula for T-functions: 


1 1 T ıı 7 


T(Ş FiZ)TÇ — Z) = 


cositZ coshzZ ” 


The situation, when a particle falls from the right on the barrier can be investigated 
similarly, using solutions with the following asymptotic at z — —oo (a — 1): 


—ivle — 1/2, B=+ive—1/2, 
gir) z3( — t) Pug (x b 7 m a)tive1/2 
a 


x(1—2)°* F(c—a,c—b,c a—b;1—2), 
1 iar 1 ir 
a= 2 + 9” 2 2? ive — 1+ 1: 
g(z o —oo(z 4 1)) = (1 — z) 7v“”1/2 = eive-1/2, (1.48) 


To find the asymptotic behaviour of solutions when z — +00 (x = 0), one needs to use the 
Kummer formula 

_ Tetl=a=—b)F 1. =<) 

mı Vi a DR Ha 


where 
us(z) = F(a,b,a+b+1—c,1—2), ui(x) = F(a, b,c; 2), 


us(z) = 2’ °F(a+1—¢c,b+1-—¢,2—62) 


in the limit z — 0 this relationship gives 


Tea) Vetl=—a= ble 


1). du 
Tu-enu”ı mən 9 000on 


ug(x) = 


Multiplying it by s” 7V“”1/2 we obtain 


giz — +00 (x > 0)) 
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T nü = 
(cc 1 — a — b)T(1 — c) —ive-T/2 
T(1 — a)T(1 — b) 


Te i z a= a 1) tivert/2 (1.50) 


or differently 
giz — +00 (x > 0)) 


T(c31- a — b)T(c—1) very 
T(c — a)T(e — b) 
Ze a ı ə €) tized /2_ (1.51) 


Thus, the wave moving from the right partially passes through and partially reflects from 
the barrier: 


M"e-12ve-1/2 1 N”ehizve-1/2 (z — +00). (1.52) 
The transmission coefficient D’ = 1 — R” equals 


, . IM"? İT(1- a)T(1 — b) 
D" wiz ” İT(e- are)” (1.53) 


where 


1 1 
ie=a) =F, - i(Ve—1+A/2)), T(e—b) = To i(Ve — 1 — d/2)); 
calculations can be continued with the known formula for TP-functions: 


1 1 7 sı 7 


T(- E?Z)T ız = — : 
(sti ) (5 -. cositZ cosh rZ 


1.3 Particle in the Lobachevsky space 


In the special system of cylindric coordinates in the Lobachevsky space, analogue of the 
uniform magnetic field is determined by the relations [6] (we use dimensionless coordinates): 


dS? = c?dt? — ch? z(dr? + sh”rdö”) + dz?, 
vg — p” sh r ch”z, Ag=—Bp*(chr—1), F.g — —Bpshr, 
B 


Bs—-Bpshr, B5——— — —, B,B'= B?ch" 
pshr ch*z 


(1.54) 


We start with the known form of the generalised Schrodinger equation for a Cox scalar 
particle 


1 
DY = —— | Didi + Ds Da + Dibi W, 


r 


where ‘ 
Di =ihd,, Də =ih0g+—Bp?(chr—1), Də = ihö,, 
c 
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o h o o sh 
Di= ik(a, + =), Do ihdg + “ Bo? (eh r — 1), Dam Oo) 
sh r c ch z 
x 1 TBeh”?z e 
be ‘hd, © Be(chr —1 
Die apie i a Fe (hö) + Bp? (chr - 1))}, 
x il 


ez ğ € 2 ; R 
2 a T2B2ch-1z İ(ihə, dv Bp (di r — 1)) + th Bch 72 sh rr], 


D sə (D3 kı T?B3 B3D3) 
” 1 +12 B2ch~4z 
below we apply notations Bp?/hc = b, Bch” ?z = y(z). With the use of the relations 


= ihö,, 


İ sə lə a h?ch”?z 
2M p*(1 + 7?(ə)) 


1 9 əx h?ch”?z 
2M p*(1 + 7?(ə)) 


1 . 1 
x Fra — ib(ch r — 1]? + 4(2)[Oy — (ch r - 1)] 5—2,], 
1 o * 
aug Bsa Diz — 


and of the substitution for wave function 


h? sh z 


aug (8: + 2) 


E 


— p-tEt/h_ ime _ Z 
V=e /he Z(z)R(r) , “7 h2/2M92” 


(1.55) 


we derive the following equation (by physical reason we make the change y => öy) 


ch ?z oy eae İm — b(eh r — 1)}? 
—:.-— 
z 


ed (6 25 )0.) RO)ZE) 5. (1.56) 


After separating the variables, we arrive at two equations (note that 7 = BI): 


dr? sh rdr sh”r 


( dz chr d İm — b(ch r — Di +4 AR — 0 (1.57) 


o shz d by — A ch?z 


t t Z=0. Ls 
dz? ch z dz ch*z — v2 ) 0 es) 


In the following, we consider only the differential equation in the variable z. Let Z = 
(cosh z)~1 f(z), then we have the equation 


((56-1-0(Ə)r6) =0, 


by — Ach?z U (152) 


U(z) = (z > £00) = +0, 


ch*z — 72 
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which can be viewed as the Schrédinger equation in the effective potential field U(z). The 
corresponding effective force is determined by the formula 
dU Ach*z — 2bych?z + 72A 


F, = —— =2chzshz 
dz (ch4z — y2)? 


(1.60) 
We readily find the points at which the force vanishes: those are z = 0 and the roots of a 
quadratic equation 


b b? 
Ach*z — 2bych?z+77A=0 => (ch*z) İz x? £ (Az — 1)7?. (1.61) 


It is knovn from considering the bound states (for motion in the variable r) that the 
inequality A? > 6? must hold. This means that the square roots in eq. (1.61) are imaginary. 
Consequently, the points of zero force except z = 0 cannot exist. The situation is illustrated 
in Fig. 1.1. 

To proceed with differential equation, we introduce the new variable 

d a? d? d 


d 
— (1 —z” — (1 —z”)? 2/(1 — ə” 


y = tanh z, 


below we will apply the notation by = 6. The use of this variable allows us to put physical 
points z = —oo and z = +oo in different singular points of the differential equation: 
1 B—Acosh*z (1- ə”) (901 — g?) — Aİ 


cosh? z = : — : 
1—y?’ cosh”z — 42 desea aye) 


the equation takes the form 


d?T df İ?—i..6—i 
- r, Vay Oe 
1 -Ay+A i hee 
İ — 0. .62 
“21-70 YT” Bes ee —- 


We introduce the new variable x: 

_1-y_ 1—tanhz 
a oe 2.7 
24-00 —z” 1; z — +00 => z > 0; 


x y=1- 22, 


(1.63) 


then the above equation transforms into 


es -(- 1 )< 57 75:75) e—1 2 
da? zz 1-z/d: 4 a2 2 a 4(1-z)2 2 1-z 
QB+2Ay , 28-2Ay 
1-42z(1-z)  1— 42:(1— z) 


f-0. (1.64) 


To study the point 2 = oo, we transform equation (1.64) to the variable X = z”İ: 


d? f 1 df 57. A 
dX? 1—X4ax "12 (4X-—4)y4-X7)4 “1—X 
Lei, yee aaa) 
4(1—X)? 2 ((-4X+4)y+X%)¥ 


+ 7 =. 
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Near the point X = 0 it reads 


Of a 7 a+ B lays) mmm 


en) A= Ada +0) 
dx? ax 8y? 4 


Bp f=9; 


1)+ 


so the point z = oo is an ordinary (non-singular) one. 
Two quadratic expressions in the denominators of the equation (1.64) give four regular 
singular points: 


1 1 1 1+ /f/14+ 77! 


1+472(1—2) 4y (r — 21) (a — xə)” a 2 


1 1 1 1+ /f/1- 77! 
=4 , Taşa, 
1 — 42z(1 — x) dy (a — xa)(x — za) si 2 


two identities hold 


1 m 1 ( 1 1 ) 
(z — zı)(r—Tı) 2, —2g\e2—2, 2—7/” 


1 _ 1 ( 1 1 ) 
(r — sa)(r—TA) 23—24\"2—23 X—2./” 


Equation (1.64) can be represented as 


5 55- 


dx? z 1l-adr 4 x? 
1 -2A+e-1 1 €—1 le-1-2A 26+2Ay¥ 1 1 1 
2 z ' 4(1— z)2 2 1-—z dey Tı— 2 2—9Y) 2” Zə 
20—2A 1 1 1 
... f=: (1.65) 
Ay %—-X4 U-X3 X—04 


Recalling that 8 = by, eq. (1.65) can be rewritten as 


+ ( 


d? 1 1 d le-1 1-2A+e-1 1 €—l 16—1—2A 
h s ku 
de? ‘a 1-a’ dx 4 2? 2 x 4(1-2)? 2 1—z 


2b+2A 1 1 1 
4 21 — X2 2£—071 z — X2 


(1.66) 


2b-2A 1 1 1 
m İr-0. 
4y Xş—xı 2—3) L- Wy 


Thus, we have an equation with six regular singular points: 


1-41-40471 1-:/1— 71 (1.67) 


0, İ, Xı,2 = rr 23,4 = 2 


Taking in mind that the physical range of the variable is 
z € (zoo, Ho) € ze (0,1), (1.68) 


and in viev of the smallness of the parameter 7, vve conclude that the four singular points 
21, 22,23, 24 (two real and two complex and conjugate) do not fall inside the circle of the 
radius 1 about the point x = 0 (see Fig. 1.2). 


18 Cox scalar particle in the magnetic field in the Lobachevsky space 


Let us find behaviour of the solutions near two points x = 0, x = oo: 


d? ld —1)/4 rje—1 
z — +00, 2 > 0, ( + ei v 0,f=24,A 5. i 
vw dr x? 2 
a? 1 d (e€—1)/4 iye —1 
? ni ) = 0, -. BB-- . 
55 zid (a — 1)? f - 2 


Let us find the behaviour of solutions near singular points x1, zə, za, zu. They are of the 
same type, so it suffices to consider only one case. Near the point zı, the equation has the 
following structure 

B 


x — 


fe, f =(x—- 21)? ; 


for the index p we obtain an algebraic equation with simple solutions: 


f" taf’ + 


p(p—1)=0 => p=0,1. 


Thus, near four points 71,22, 73, za solutions behave in accordance with the relations: 


x — 7, £f-(s—z), p=0,1; 
x — Xo, = (z — xə)”, =0,1; 
2 pe 2) ? (1.69) 
z — X3, f  (s— si)”, p=0,1; 
x — 24, f — (r — 24), p=0,1. 
For eq. (1.64) 
ə. 7:5: bı 2A+e-1 
dr? Xr 1-z/d:74 2? 2 z 
ob RD yp deel aN Gee eg... epee 1-0 
74(1-zs)) 2 1-zr 014447z(1—z)  1-— 42z(1— )17 7” 
let us build Frobenius solutions near the point z — Ü in the form 
f(x) = 24 (@— 1)? F(a) = g(a) F(a) . 
We get an equation for F'(x): 
. — 7: d A?  2AB+A+B Bö 
də? z z—1/d: 327 x(r—1) (a — 1)? 
Lert gonial! e—1 16—1—2A 
4 g? 2 z 4(1-x)) 2 1-z 
2042A 28—2A 
pa ıı 
144 y2(1-—2) 1-4y2(1-2) 
Already known constraints are imposed on the parameters A and B: 
rve—1 iyle—1 
Aas 5 — (1.70) 


then terms z”? and (z — 1)~? vanish and we get 


Es ee. 2AB+A+B 
dx? dx x(a —1) 


T 
x z—l 
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“ssri, be-lagh. 20 P2N9 1. 268-227 


2 r 2 1-z 1— 4y:(r—1) | 144y2(x — 1) 
We multiply the equation by the expression 


f-0. 


x(a — 1) - H — 422:(z: —-1)]- [1+ 4y2(2 - 1): 
the result is 
x(a — 1) İl — 16 7°2?(2 — 1)”1F” 
+[1 — 16727 (z — 1)”) İ(2A + 1)(z — 1) 4. (2B 1 1)zl)F" 
+{ (2AB+ A+B) Il — 16272?(z — 1)?] 


+5 (e—1-2A) (z—1) 1 — 1677z”(z — 1)” 


+3(- 1—2A) z [1-16 °«?(« —1)7) 


(2.8 — 242) a(a —1) (L— 422(e — 1)) 
+(264+2Ay) x(z — 1) İH 422(: — 1) )F 0. (1.71) 

Note that this equation is symmetric with respect to replacement 
z € («-1), A € B, (1.72) 


this allows simultaneously to build the series expansion both in the variables x and (z — 1). 
With the use of notations 


e—1—2A 
——— “M, 28-2Av—K, 28+2AB=L 
; , 28-2Ay— K, 28+ 208 = 1, ag 
4y=T, 2A4+2B4+2=a, 2AB+A+B=8, 
the above equation is written as 
d?F dF 
a — 72,2 2 2.2/4, 132 941)" 
x(a — 1) H1-— Töz?(r ləsi Töz7(z — 1)71 (oz — 2A 1 
+ {8 11 — T?z?(z — 10”) E.M (z — 1) İl — T?z?(z — 1071k.M z 11 -T?2?(a — 1)? 
+K a(x — 1) [1+ Eziz — DL z(z — 1) H — Tə(z — ) }F=0. (1.74) 


The equation for F(z) can be symbolically represented as 
PF" + QF’ + RF =0, 


where 
P--I”r 4931 sre tele He 
= pez” + psu” + paz” + paz” + pox? + pie , 
Q — —T7az? +T7(2A+1+ 20)2* — T?(o: +4A + 2)a° + 17(2A + 1)2? + a — (2A +1) 


= qışa” qaz” qaz” + qəa” dk qiz Eqo, 
R —2T?Mg5 + (-T?6 H5T?M 4 TK —TL)zt + (2076 — 4T?M — ?TK 4+ 2TL)s5 
-(-176+1°M + K ETK-L-—TL)” -4(2M-K-L).4(6-M) 
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= rsa” + raz” + raz” + rox? CmTTız ro. 
So we can work with the equation 


(pex® + psx” + paz” + p3x? + pox? + pix) F” 


+(qsx° + qaz” + q3x? + qəz? 


H(rsx° + raz” + raz” 4+ roa? +riz+ro) F =0 


Solutions are built in the form of a power series 


oo oo oo 
1 y Caz”, Fi = y Nene” |, F’ = y n(n — 1)caz””?, 
n=0 n=1 n=2 


performing necessary calculations, we obtain the equation 


De ıı — 4)(n — 5)cn-az" + ps ıı — 3)(n — 4)en-aa" + pa au — 2)(n — 3)cn_22” 
n=6 


n=5 n=4 
+p3 uu — 1)(n — 5)cn_-12" + po x n(n — 1)enaz" + pr ıı + 1)nen412” 
n=3 n=2 n=1 


95 ən — 4)cn-az" + ga Son — 3)en—3@”" + 93 ..0 — 2)e.-əx" 
n=5 n=4 n=3 


Co oo oo 
+92 on — 1)e.—ız”" + 91 xy NCyx” + go ıı + 1)en412" 
n=2 n=5 n=0 


co oo Co 
Ts ) Cn—sx” +174 ) Cn—AZ” +173 ) Cn—3az 
n=5 n=4 n=3 


co oo oo 
+re y Choe" +171 y Cn—10" +179 y O. =0; 
n=2 n=1 n=0 
whence the recurrence relations for coefficients c,, follow 
n=0, Toco + goci = Ü, 
meli 


2 T1Co + (ro + gı)cı + 2goC2 = 0, 


n= 2, reco + (gə İ Tı)cı t (ro l 


291 + 2pə )ez + (6p1 + 390)c3 = 0, 


n=3, race + (93 1 rə)ci + (2p3 + 292 + 71)c2 + (To + öpə + 391)e3 + (4go + 12p) )ca = 0, 


n=4, raco + (ga +1r3)e1 + (rə + 2p4 + 2g3)c2 + (ri + Gps + 3g2)c3 
+(ro + 491 + 12p2)e4 + (590 + 20p1)cs5 = 0, 


n=5, rsco + (gs + ra)cı 4 


(ra + 294 + 2p5)e2 + (rə + 393 + 6pa)c3 
“(ri + 4g2 + 12p3)c4 + (ro + 5g1 + 20pə )es + (690 + 30p1)c6 = 0, 
n=6,... 


T5Cn—5 + İpe(n” — 9n + 20) + gs(n — 4) + ralcn-a 
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+ [ps(n? — 7n + 12) + ga(n — 3) + ralen-s + [pa(n? — ön + 6) + g3(n — 2) + rəlen-ə 
+[p3(n? — 3n + 2) + go(n — 1) + rilezzi + [po(n? — n) + gin + role, 
+[pi(n? +n) + go(n + L]en+1 = 0. 


Thus, the 7-term recurrence relation is found. We divide the last expression by cn—s, 
multiplied by n~?, and tend n — oo, this results in a simple algebraic equation for the 
quantity associated with the possible convergence radii of the power series 


: Cn 
R= lim » Reonv = IR), pit pok 4 p3R? paR® psR* peR? =0. (1.75) 


NFO Cyt] 
This equation can be rewritten differently 
P(R)=0 or (R-1)[1-—47R(R-1)] İc 47R(R-1)] =0; 


its roots are 


1-41-4271 1-4 189471 
m ıı (1.76 


min 


mn, = 1, it is sufficient to cover the entire physical 


The minimal radius of convergence R 
domain for the variable x € (0,1). 

We write down solutions with the power series in the variable x (of the type I), and 
solutions (of the type II) with the power series in the variable (z — 1) (they have a simple 
asymptotic behaviour in different singular points): 


Solutions I, 


1Ve—1 ive—1 
? B= + 2 
| ae 2 | (1.77) 
f ~ gtive-T/2(g = 1)”7V“”1/2 F(z), f Ban give-1/26z 2 TazolUdaü _ r) 


Ae 


? 


a RS ə. (1.78) 
qe = a ive-1/20z = 179702: m po ET? 1 ice ed a _ x) 


ri ? 


Solutions IT, 


74/€ —1 1V€ —1 


A=+ .B-- . 
2 2 (1.79) 
g= gtiveT/2(q 3 1)~*¥-12.G(2), 9 = a ive-1/20z doə iy yed n= x), 
nö iye-İ x tve=l 


? 


2 2 (1.80) 
g” - a ive-1/20z s. 1)777 1/2,” = ə = 1:0 = 2). 


Remember that 


1 — tanh z 1 1+ tanh z 1 
z— = ?— m 


2 1+ 02?’ 2 — 1-co2:” (1.81) 
z— Ho, toe ”, 1—z:—$—1, z—-—oo rl, 1-—z—6€e€ 
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Analysis of the main differential equation can be performed also with the use of the 
variable 


d d shz d d @ d d 
2 -— 

= ... 2 SH B27 — “98h 2 ch 
CEE Rg OS ta ge ag ee ae a 

d2 d d? d 
2 2 2 2 
= HAG 1 2(27 —1 
4sh”z ch azə 2(ch”z + sh ‘a AZ ( am ( laz” 


note that this variable does not distinguish the regions z — —oo and z — +o. In this 
variable the basic equation takes the form 


ə wees 17: 5 — ae by —A i= 


dz2” VZ Z-1/4Z \4y 4/2:7,4 aa) — 
A-—b 1 A+6 1 
! 7 İFUz) xf: (1.82) 
020 
This equation has five singular points; four of them are regular Z = —v, +7, 0, 1. Points 


Z=0,+7, | 7 |<< 1 lie outside the physical range of the variable Z : Z = ch?z € İl, +00). 
The character of the singularity in the point Z = oo will be investigated below. 
Note that the summing of the simple fractions in eq. (1.82) leads to 


b ea iy pel by — A 1 
m 4 İz + ( 4 27E£0— 
A-b 1 A+b 1 1 — (2? — 42) (€ — 1) + AZ — by 


“8(1—v) Z-7 Bl) Zay 4  (Z-1)Z(Z?— 7?) 


In short form, eq. (1.82) is written as follows 


[2 “ 7 ə İF) -0 (1.83) 
dz? Xu oaz x ze zy Bee i 
where b i : b . 
€ — € — y= 
Abe B= 
dy 4 ” 4 Tam” 
“5. — Azrb 
200 0 


Since the equation does not contain complex quantities, we conclude that each complex- 
valued solution will be accompanied by its counterpart, the complex-conjugate one. 

Now let us investigate the type of the singular point oo. To do this, we transform the 
above equation to the variable y = Z~!: 


d? 1 Woe a. A B C D 
F(y) — 0. 
Er, G = dy yp wd-y) yl-vyy) yA+ryy) ) 


After decomposing all fractions into elementary ones: 


B B B B B 
0901—y) yo 327 lay’ 
C “Ve Cy Oy Cy3 


| 


yl—yy) yo oy 


m 27 x 1-—u 
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D ee ae Dy? Dy 


ityy yo wy 14yy 
we arrive at the most symmetrical form 


EE @ 2) d A+B+C+D 


di? \y 1-y/ dy ye 
2 2 3 3 
5 17.07 ea = BE 2 Cy Dy Fly) =0 
y ü bı İT 
An important identity is proved: 
A+B+C+D 
b € € by —A A-b A+b 


ay 4 4 40117)01—7) 9 89-7)  89(1 7) 

b — by? Fb? — Ay AA —b—by— HAY —b-Hby 
2. 2.27 

b — by? + by? — Ay — b+ Ay m 

47(1 — 77) 7 


0. 


Therefore, the equation simplifies 


i= we Leica B+Cy-Dy | B+ Oy? + D7 
dy? yy 1—y’dy y? y 


m B Cy Də? 
İd apenas kor” 


İF0) zı (1.84) 


the structure of eq. (1.84) indicates that Z = oo is the regular singular point. 
We turn to eq. (1.84) and find behaviour of its solutions in the neighbourhood of the 
point y = 0: 


d? 1d B+Cy- Dy 
(aA İ y dy İ yp ) PW) -0, 
f=y,  @+B+(C-D)y=0, a=+/—-B-(C_—D),. 


Hence, taking into account the explicit form of the coefficients, we get 


ive—1 —ive —1 
a — 4:-——. (1.85) 


ay = 


Thus, we obtain 


z “2, ZiVe—l 
g— 0, F(y) — y” — Z”“ = (coshz)”7" = (=) (1.86) 
We have two possibilities: 
z — —oo, yes z — +00, Fo”, (1.87) 
Let us find approximate solutions near the point y = 1: 
d? 1/2 d B 
6— a 
4: .. y ı (1.88) 
F — (4—1)”, bb-1) +5 “0, bi — 0, bə — 5. 
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Similarly, we find the possible behaviour of solutions near singular points +1/y and —1/7: 


yay, Hwa Ways pie =O, 1s 


1.89 
hey, ape Ais ys o12=0,1. ( ) 
The physical domain for the variable is the interval Z € (1,00) or x € (0,1). 
Let us construct local Frobenius solutions of eq. (1.84) 
ae və yd _B+Cy-Dy 
dy? oy 1-y”dp yp? 
BO Dy .B C Də? 
z 17 1 1 _] F(y) =0 (1.90) 
y 02:00: 


near the point Z = oo (y = 0). Taking into account the established asymptotics these 
solutions are built in the form 


F=y*(y—1)’f(y); (1.91) 


we obtain the equation for f(y): 


ya (0. _ ö(b 1) 5/2 


y y-1 y? 0 ()-1) 
_—2ab—a/2—-b+ B+(C+D)/ peşa gb - ey D7 1-0 
y y—1 “1—y lt+yy 


Now apply already known restrictions 
a? +B+(C-—D)y 
y? 
b(b — 1) + 6/2 
() 17 


=0 = a=4),4, 


=0 = beoü, 


SO we arrive at 


rq 7 , 17577 


y y-1 
(8 a/2 brBr(CED)y  2abraf2ıb-B 
y y—1 
Cy Dy? 
=0. 1.92 
1177 2 oe) 


There arises possibility to construct four solutions (remind that Z = cosh? z) 


t+ive—1 fect 1 
1. aq — ia” o. by = 0, Fu) = (cosh z) : fa,(z) : ( 
1.93 
—ive—1 Jez 1 
1’. aş = = b) — 0, Fay = (cosh z)* "İn : 
and 
Me —1 1 -”—sinh 1 
2. ai = am (62 ==, Fa) = +i(coshz)™ 200 
1 — —iV€—1 Mu A. ə ive-—1, sinh z aL 
2”. ag = 2 , be 5° F(z) = —i(cosh z) : osa Üz 
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We note that these solutions are divided into two pairs of conjugate ones. 
All four functions f;(y) are subject to the equation with the general structure (see eq. 
(1.92)) 


” Ov By , o: 8 ; Cc d m 
.—.” 20770.” (1.95) 


Multiplying eq. (1.95) by y (g — 1) (vu — 1/7) (y+ 1/7), we get 


y(y—1)(y—1/7) (g 1/7) fF" 


| —— | —---. if’ 
| —- ty = (y+1/7) , Byy—V ... (y+ 1/7) 
cy )y ol (y+1/7) 49-01) a 2:17 af 
or 
İp” — y? - əə” dul” [lo + Bi) y? — ary? ”— i “Ai 


€... 


Solutions can be constructed as povver series 


Co Co Co 
f= ye any”, f— xy nany” +, f’= 3 n(n — 1)any” 
n=0 n=1 n=2 


From the equation for f we get 


yA Dag yı ağızı) any”? <2 (n — 1l)any” +3 yə (n — 1)aag” 1 
n=2 n=2 n=2 n=2 


oo oo oo oo 
+(a1 + 1) D> nany"*? — on So nany"tt — 9 ae ına" + So nany" 
n=1 n=1 o n=1 2 n=1 
co oo 
+(at+Btetd) Yanı"? (ate+d əx. 
n=0 


n=0 


oe ddyeər ae 
(242 £8) ayna $ Haygt at 
Y 040 


əh n=0 


further changing the summation indices we derive 


co 


3 XE—2)(k—3) axa y* —) Xk—D(k—2) aı-ı y mee (k-1) ag y+ )) h(E +1 angry" 


1 
k—4 k—3 k—2 12 


.. k b 1)ak-ı 9” 


“(si + fr) dk 2) Gr-2y "o So(k 
k=2 


> 
il 
ə 


k=1 
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+(a+Bt+c+d)S> ay_sy* (a tet+d = 


k=3 


m. m). iə” bo zə - 


k— 


Equate to zero the coefficients of all powers of yy”: 


Oq 
k=0, = dı + — do 0, 
7? 2 
ge 2 a. Ce .. ə 
—I, 2 ı7 2 o 1 1-0, 
ü 7 4 .. 2 . 
k= 2, 7 2a2 + —76a3 — aqa 57 gs — 
əd ar 
(a req d ) 0 — z ) 1 t <a =0, 
ü ö i 7 
x... 6a3 + —12a4 + (a1 + Bi)ar — cı2aş aE “4a 


2 Y 
12 20 
k=4, 2aə 6a3 gq 44 İ 245 t (ay İ 0:)2az a 13a3 asir 4+ + a5 
? ay Y 
| | | | c-d a+ B | c-d | oe — 
tH(at+B+c+d)a, (ate+d lə ee T ss + yaa = 0, 
1 1 
k — 5, 6, 7, ... (k — 2)(k — 3)ap_2 — (k — 1)(k — 2) ag_1 ak 1)a, 4 “ask + D)aka: 
+ a 
"r + B1)(8— 2)aq—2 — an Taka — hag + SC + Das 
d a+B cd odı 
(a 84-c--d)ak-a — (ae Ed ) k—2 ( 7 z azı ...—. 
Thus, we arrive at the 5-term recurrence relations for coefficients an: 
k 0 6:7. (a+ 8B+c+d) ag_3 
c—d 
+|(k - 2)(k = 3) + 01 + Bi)(h 2) (ate+d ) Jax» 
Ah 
[ere « 6a 
—İ(E = 1)(k = 2) + oak 1) şi ... ) Jen 
1 QA, +r PL a 
+ | “(b — 1) - Şa əə 
1 a 

! [sak +1) 4 = (k Jans ə. (1.96) 
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The Poincaré—Perron approach is used to analyse the convergence radii of the series. To 
this end, the recurrence relation is divided by az_3: 


c—d\) ax_-2 
(a+ B+e+d)+ |(k 2)(k — 8) + (a1 + Bi)(k — 2) (ote+d 7 )| R 


—d m = 
oy (k ndə pz nə ə 
2: vy dk—2 dk—3 


: 1 a+ Pi, | 01 Gk dk-i dk-ə 
[ - e(R- 1) : b+ zəl 


1 a a a Ak—-1 dk— 
+[Sh(k+ 1) + S(e+ 1] SH SE oo 
y ” dk Ak-1 dk—2 dk—3 


zə. } 
— 
> 
— 
ə 
üə 
ce 
iw) 
Məzə” 


dk—ı dk—2 dük—3 


The radius of convergence is the inverse to the quantity 


2 Qk+1 
r= lim ——, Rony = : 
k”—oo dk | T | 


To find an algebraic equation for r, we multiply the above equation by k~? and tend k to 
co. This result in 


1 
aM =0 — rir — 1)(r— o)fr +9) =0; 
the roots are 


r — Ü, 1, —y, 17: (1.97) 


the possible convergence radii are 


-—, oo. (1.98) 
lə 


The minimal radius of convergence Reon, = 1 of the series in the variable y covers the entire 
physical range of the variable y € (0,1) (which corresponds to Z € (1, co)). 
It is possible to explore the most general substitution 


F=y*(y— ly — 1/9)”(g + 1/77” 09): (1.99) 
the function f(y) obeys the equation 


d? f 2 1/2+2b 2 1+2a)]d 
o / p aq df 
dy? 


i yl pe ae 
ge A 1 00 
(yy 1) (7771) 
152541) 
2 (y-1) 
2 44(9—o0)(b+1/4) 7+ (—4a— 2)6+2B—a 


v? (C7? + ((-2a-— 0 — 1) p—C)y+2(at+b+o/2+3/4) pl 
(w= 1) y= 1) 
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1 QC + 2D) 7? —4(a 11/29 — 0) 7+ (4b = 1) a + 2B ~ 2b 


2 y 
2(p-1 C 2-D B 2(6—1 
TAHA 1) Cre : 3 alu 2 i (1.100) 
(yy —1) y (yy + 1) 
The evident restrictions should be imposed on the parameters 
24 B4+(C—D 
.. 5 1 9 — a=a41,42, 
U 
b(b — 1) + 5/2 
Cae = — b=0,1/2, 
= 
py (p—1) -—- 
7 =0 p=0,1, 
(yy - 1) 
2 
-—1 
ay (as m ear 
(yy + 1) 


as a result, we have the ability to build 16 solutions. For the function f(y), we get a simple 
equation 


dör m _1/2+2b 209 026 df 
dy? yo yl y-1/7 yt 1/7! dy 
45 2b-—1/2)a+B-—b 
y 
İ(4a + 4p + 40+ 2)b—-2B+atpto]7?+4(p—o)(b41/4)y + (4a —-2)b4+2B-a 1 
+ 
207 — 1)(7 41) y-1 
Dy + (2a + p+ lo + D)y+ 20 (a+b+ p/2+3/4)] 1 
+1 yt1/y 
y[Cy? + ((-2a-— o — 1)0— C)y + 2p(a+b+o/24+3/4)] 1 1-0 
yet y= ly 
The equation can be written briefly as follows 
ff A, B C Di yd 
f+ ( 1 1 m 1 s. 1 = 
dy y y-l )-1// yt+1/y/ dy 
AŞ Bö Cz Də 
+ =0. 1.102 
( 1271017 eni 


We give the explicit form of the coefficients A,, 5), Cı, Di, Aş, Bə, Cə, Də for all 16 
cases. The folloving method can be used: vve select eight options for each case depending 
on a = dı, a? being complex conjugate by-cases (we give only for ay): 


a, — Ti Ve — 1/2, b —Ü, p=0, o —Ü, 


Fu) = (cosh z)~*V** fay(y) , 


.—.. 1 
A; =1+ive-1, Pi By Ci =0, D) =0, 


1 
da iVe—1+A-—e-1), 
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1 (07 -1) ive—1T4+ (e+) 7+hy+A-€-1 


Bə = 
04 (əl q) : 
17(A46) Lyk 6) 
—- Y—l öl y+1 ” 


— 3 
Ay=1+ive-1, Bz, C1 =0, Di =0 


3 (0? — 1) 4V€ — 14 (1/8€ + 1) 77 +1/38741/3A—1/3€-1 


Bo = 
m də 
= ys) . Tah 8). 
265 —.—. 


a, — Fi ye — 1/2, b=0, p=1,0=1, 


ah + — cosh? z y+ cosh? z 


F(3) = (cosh z ‘ 
(3) ( ) ” cosh? z ” cosh? z (3) (y) 


— 1 
A, =1+ive—1, Bi= 5, Cı =2, Di =2, 


1 
Az = 74 ive—1+A € 1), 


1 (07 -1) ive —14 (€+5) 77+ 8y+A-€-1 


Bə = 


4 00 
o, — (0-1) 4v“-1-1/8A -5/24-27 - 1/8217 
277 ’ 
y-1 
D _ —86(y 1 1)y4€ — 1— y(16y A — 8+ 20) 
2: ’ 
8y+8 


a, =+iVe—1/2, b=1/2, p=1,0=1, 


-ivect Sinhz y— cosh? z y + cosh? z 


Fy4) = Fi (cosh : 
(4) —. cosh z ycosh?z cosh? z wy) 
“—— 3 
Ay =1+ive-1, Bz, Ci-2, Di =2, 
1 
2.20 3ive -14A-€-3), 
3 (0? — 1) ive — 1:4 (1/8€ 45) 27 4. 1/3 67 4. 1/3A — 1/36—1 
4 ə 


By = 
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30 
o, — İ0-11v“-1-1/8A ~ 7/2427 1/88] 7 
2 y—-1 ’ 
D — -8iytlyve—1—7(l6y— B+A4 28). 
= 8y+8 


a, — Fi ye — 1/, b=0, p=0,0=1, 


oz yt cosh? z 
Fis) = (cosh z) 7Y“71 sam : 
(5) = ( ) sələ (y) 


— 1 
Ay =1+ive—1, Brae. Ci =0, D; =2, 


1 1 1 1 
Aa=(4 ) ive 1 "ə 477774, 


4 
pe a (0? -1) ive —14+ (€4+3) 7? 4+ (8-2)y+A-€-1 
od dd : 
nö 
rı. 
p, — “9777 +1) ve 1—464— 
... 8448 i 


a, — Ti Ve — 1/2, b — 1/2, p=0, o —1, 


gr sinh z 7+ cosh? z 
os fo), 


F(6) = +4 (cosh z) css Te 


— 3 
Ap =1+ive-1, Bi. O= 05.) = 2, 


1 3 1 
Aa = (7 +) 7vV/€ 1 as 4277544. 


4 
B=? (7? — 1) ive — 14:(1/3 4 3) 4? + (-2-4-.1/32)7 — 14:1/3A — 1/3€ 
sız (7-1) 41) 
— -¥(h+ B) 
———. 
aş ve 1—7(8y—8+A+ 20) 
8y+8 : 


dı — Ti Ve — 1/2, b—Ü, p 1, o —Ü, 


-n/—T7— cosh? z 
(cosh z) —. fin), 


m — 
(7) a cosh? z 


— 1 
Ay =1+ive—1, Bim 55 C, =2, Di =0, 


1 1 1 1 
= iv A 
Az (143): e—1 "m FES ; 
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1 (07 -1) ive —14 (€+3) 7? 4+ (84+2)y+A-€-1 


... (4 PE) , 
C. — elÜr- 1) 4V€— 1-— 1/8A — 3/2 Ey —1/83) 
2= 4 
p,s ğını 
8448 ” 


a, — Ti Ve — 1/2, b — 1/2, p “1, o —Ü, 


—iyei Sinhz y— cosh? z 
coshz cosh? z 


Fg) = +4 (cosh z) f(s) (y), 


— 3 
Ay =1+ive—1, Bi=35, C, =2, Die, 


ğ 1 
A 
ar ae ha 


Aş = (1+3) 17V€ T 4 


B.-307-1) ive-1:(1/364-3)37 + (2--1/38)7 —1:-1/3A — 1/86 
-. 0-0071) : 
¥[(y- 1) 4V€ — 1—1/8A — 5/2 Hz — 1/86) 
y—l 
pe 
8y+8 ” 


We will investigate the power series for the equations of the form (1.102): 


Cy = 


? 


d?f A, By, Ci D, df 
+ + + 
& Yok phy 2: 
A B C. D 
+( 2 2 2 2 


; in nun”) (1.103) 


Equation (1.103) is multiplied by x (y — 1) (y — 1/7) (y+ 1/7): 


y( — 1) (g — 1/7) (g 4.1/7) 77 


gx. | “ua 1) gel ya yy) 


ğı yl 
Cı y(v — 1) (g — 1/7) (y 1/70) , Dyy-Vy-1/y)Yt+1/)) » 
. yo 1/7 Hy yr lly iH 
aa (g — 1/7) (y+1/y) “ Boy (y-1) (y= 1/7) F 1/7) 
: y y—1 


“Cyi- 170 Lö 120 ze Dey (y—1) (y= 1/7) g + 1/7) 


ge? yt+1/y |t=0 
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or 


b" — g” — g?/a” kyfa”lf" 
C,—D 
+ (Ar + Bi $C, + Di) y- (A +O, +D - əki 
A+B, Ci-D A 
( 1 2 b. ər: 1 
T 7 
+| (42 + Bs + C2 + Do) vg? (42 + Cr+ D 
(2-7: —.. ‘A, 
a Y 


-— 


İr-0. (1.104) 


Solutions are built in the form of a power series 


oo CO oo 
f= SS aa es PS aay: 
n=0 n=1 n=2 


From the equation for f we get 


Co Co Co Co 


x. n(n—1)any”*? — > n(n —1any”* — ə (n — l)any” + 5 234) n(n — 1)aag" 1 


n=2 n=2 n=2 n=2 


1 (A: t Bı İ C1 t Di) nayy"? (A t Ch Dy 2 — y nan 
= n=1 


A, +B, aes Aj = 1 
Nany” + — NAny” 


t (Ag t Bg t Cə t Də) So any? (42 l Co Də, aS) 3 ayi? 
n=0 


ae n=0 


Ag+ Bi  C2— Də, €” - Az = n 
€. ay 
n=0 n=0 


ğ. . 


The summation indices are changed 


co oo oo 1 oo 
So (k= 2)(k — 3)an—2y" -Si(k- 1)(k —2)ax—1y* — = dh k — )aay” + = 5 2. k(k- Dakaıy” 
k= k=3 k= do 
t(A1+Bi+Ci4 D1) ŞU = 2)an—2y" (A +C,+ Di : x ə Sik lakı” 
k—3 k—2 
A+B, Ci-Di\< “ 
(BABE, Az yə + St aa” 
ko k=0 


co - D oo 
+ (Ag + Bz + C2 + Do) Px an-ay” — (A: + Cy + D2 —- üə) > an—2y" 
k=3 = 


(555 | -— ae iy” +3 07 ə. 
T T k=1 k=0 


33 


Particle in the Lobachevsky space 


We equate to zero the coefficients of all powers of y*: 
As də ao = 0, 


k=0, ae m -2 
2 Aş -B —D A 
ki. ə (2 ( ə . zı Elaqə + a3 
” a. ” ” 
Az Bə Cə-DA _ Ae 
( 5 | ao 4 şü = 0, 
” ” ?7 
= -D 
k=2, Z az 4 e a3 (A + Cy, +D Cı - »( at i Cı “Vas 
“ys Y 6 ye ” 
A Cz — D Ao+ B C2 — D: A 
3 əda (Az 3 Ci + Ds - ək ( = 3 5 ək 2 a2 —Ü, 
” : m. a. 22 
12 
k —3, 2a2 : ag + —a4t+ (AT Bi+Ci+D1) a 
“ “y 
Ci, —D A B Cy, —D A 
-2(Ar+Ci+Di “Vas 3( a 2 : "las +4 + aa 
2: ?7 gi 24 
-— 
a 
?7 


(Az + Bə + Cə + Də) ao (42 +t Cz + D2 — 


Ag+ Bo , C2—Dz2 
( 2 İ ) a2 İ ə da =0, 
Y ay Y 
12 2 
k=4, 2a2 6 a3 x2 da 1 “a 5 2(4i + Bi + Cy + Di)az 
—3(A: + C1 + Dy -— (4 7 — oo as 
a) a) x Y 
C2-D 
+ (Az + Bo +C2+ D2) ar (42 + C2 + Do . *) a2 
Aş E By | Co2— Də _ Ae 
( 2 ) a T o d4 =0, 
7 a Y 


k= 5, 6, 7, ... (k 2)(k 3)a,—ə 


“(At + Bi +1 + Di) (k — 2)ax—2 (A 
A + Bi Ch = Dy i Aj 
( İ z an | ə (k { 1)ak-ı 
C2 — D 
(Ag + Bə + Cə + Də) aps (42 2 2 -) dı—o 
gi 
(24 : .—— 
2 i Qk-1 
2: Y 
Thus, we arrive at the 5-term recurrence relations for the coefficients: 
(Az + Bə + Cə + Do) aps 


əə 

+ [(e 2)0k-3)4:(414.Bi-Ci + Di) (h-2) — (As + C2 + Do 2... 

İk - 10-22) + (A+ Cr+ Ds “uk 1): (23° ees ae 
al -z k(k 1) —.——... : 
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[= k(k +1) 4 0 Vans “0. 


VVe investigate the convergence of this series by the Poincar€-Perron method. To do 


this, we divide the recurrence relation by a,_3: 
(Az + Bə + Cə + Do) 


İG - 2)(k — 3) + (An + Bi + Ci + Di) (b= 2) — (Az + Co + De a 
k—3 
C:-D A B a = 
[( - 1-2) + (Ar Ci + Di +) 1+ (454 rar 
k—2 dk—3 
1 A+B O-Di _ 421 dk dk-ı dk-2 
I ”y? 22. ( 7? ” h : a eee Ap—2 dk—3 
ft : _ Ad Qk+1 Qk G@k-1 dk-2 __ 
| 2 aU D 7 i il ük GAk—-1 Ak—2 Ak-3 


Further, we multiply this relation by k~? and tend k — oo, the result is 


ə ə: 


T-r re+—rt=0 — r(r—1)(r—7)(r+7) =0; 


the roots are 
c= 0, 1, “7, Ty 


so the convergence radii are possible 


Reonv = tl, nik 
bi 


The minimal Reza, is enough to cover all physical domain for the variable y: y € (0, 1). 
On the basis of the used substitution, two pairs of complex conjugate solutions can be 

built. We write down solutions as the power series in the variable (a), and at the same 

time, solutions as the power series in the variable (z — 1) (they have a simple asymptotic 


behaviour at different singular points): 
Two conjugate solutions, 


iye—1 
2 ? 
f — gv lets = 1)tve-1/2 F(z), 


B=4 


f 2 a”ive-1/20z və tale ri = x) 


a=-eoh = 


F = şun ıı 1):776“1/2E"(z) : 


? 


his = poe Tey = ew 9 => x) 


Two conjugate solutions, 


g= ative T/2(q a 1) Ve Gia): 
ae WVETT/A(g — 1) 2601 — a): 


he ei 
go" € para : 


2 
g es z”Tve-1/20z = Lyte GF (a) 


j= 


x = gtive-l/20z z. m al _ x) . 


(1.105) 


(1.106) 


(1.107) 


(1.108) 
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1.4 Numerical study of the tunnelling effect 


We start with solutions with a plane wave asymptotic which propagates from z — “oo on 
the left: 


z — +00, 
1 — tanh i ve—1 
f(z)=a4= (4 = (e 22)4 = ehive-1a 4 —-i R. : (1.109) 
In region z — —oo, behaviour of these solutions may be only of the following form 
z3-00, f(4)—-m-e€”V” “4+n-eVF (1.110) 


Far on the left (at z — —oo), we should choose any two points zi and zə, so obtaining 
two linear equations with respect to the complex amplitudes m and n: 


f(a) =f F(t) =m-etVET $n eVeT A, 
{ fla) Sah Flus) məsi Tora eyl -—. 
where 
f()-a3F(r), F=1tdye+dgr?+.., x € (0,1). (1.112) 
For definiteness vve take the values 
zı — —99, zə — -100, (1.113) 


and start with the values € = 2, A = 1: then calculate the modulus of complex m and n 
from (1.111), then find its ratio r = |m|/|nJ. 

We take the following values for A: A = 1,5,10,20, and in each case we calculate the 
quantity 


A(e) — 1-- (r —1)- 105”, (1.114) 


the energy values € are taken from 2 to 30 with the step of argument 1 (the multiplier 1055 
is omitted), we get the A interval (—10: 10) — see Figs. 1.3-1.7. 


1.5 Conclusion 


Generalised Sehrödinger equation for a scalar Cox particle is studied in the presence of a 
magnetic field in the background of Lobachevsky space. 

The form of the effective potential along z direction curve says that we have a quantum- 
mechanical problem of tunnelling type. The derived equation has six regular singular points. 
To physical domains z = +oo, there correspond the singular points 0 and 1 of the derived 
equation. The solutions of the equation are constructed with the help of power series. These 
series are convergent in the whole physical domain z € (—co,+o00). On the basis of the 
analysis of the constructed solutions, we examine tunnelling effect through the potential 
barrier numerically. 

When considering the ordinary particle in Lobachevsky space, there arises a more simple 
and known problem of tunnelling type, which is solvable exactly in terms of hypergeometric 
functions. 

Visualisation of functions, some analytical transformations, and numerical study were 
performed with the use of the graphical, analytical, and numerical facilities of Mathematica 
10 system. Also, the results obtained in [11-14] were used. 
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1.6 Figures 
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FIGURE 1.1 
The graph of the potential U(z) at Am ly = 43,b= 3. 


-2 


FIGURE 1.2 
Location of the singular points in the complex plane. 
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Ae 


FIGURE 1.3 
A=5, e € [2,30]. 


A=5 


3L 


FIGURE 1.4 
A=5, e€ € (6,9). 
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A=10 


FIGURE 1.5 
A — 10, e € [2,30]. 


A=10 


FIGURE 1.6 
A — 10, e € [10,12]. 
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FIGURE 1.7 
A — 20, € € 12, 301. 
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Cox scalar particle in magnetic field, 
the spherical space 


Generalised Sehrödinger equation for a spin zero particle with intrinsic structure 
by Darwin—Cox is studied in the presence of a magnetic field on the background 
of 3-dimensional spherical Riemann space. The separation of the variables is done. 
An equation describing the motion of the particle along the axis z is studied. The 
form of the effective potential indicates that we have a quantum-mechanical prob- 
lem with the complicated box-type potential. Frobenius solutions of the equation 
are constructed, and the convergence of the relevant series is proved by Poincaré- 
Perron method. These series are convergent in the all physical domain of the variable 
z € [-71/2,+7/2]. Due to the compactness of the spherical space, the existence of 
discrete energy levels is assumed; however, any exact quantisation rule is not known. 
An approximate method for producing the discrete spectrum of energy is developed; 
it is based on the use of polynomials instead of power series involved in exact Frobe- 
nius solutions. A numerical study and visualisation of constructed solutions are 
performed. 


2.1 The Cox equation for a scalar particle 


In the frames of the theory of generalised relativistic wave equations, a special model for 
a spin-zero particle was proposed by Cox [1]. An updated treatment of this theory can be 
seen in recent books [2,3]. 

Cox constructed the wave equation for a scalar particle within the model with a larger 
set of tensor functions than it exists in the conventional Proca’s approach. Namely, he used 
the set of a scalar, 4-vector, antisymmetric, and symmetric tensor, thus starting with the 
20-component wave function. We use Proca’s type generalised system [3], obtained after 
elimination from the initial Cox’s system of two 2nd-rank tensors: 


AĞ — D.6, D°b,=p6, AĞ = ps8 4+drFF, (2.1) 
where Da = ihdg — (e/c)Aq and gp = mc; A is a free parameter of the theory related to 
an additional structure of the particle, below we use the quantity T = A/u. From eq. (2.1) 


follows a generalised Klein-Fock-Gordon equation for the scalar function ®: 


[OPA NS De — pc. (2.2) 
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Explicit expression for matrix (A~'),* is known [3]: 


A? o A? o 
“üm - pazl, FP) öz m A? _ 9 Fe 737 . 


+p ROR S — A, mun (2.3) 


For curved space-time models, we have more complicated form of A7!: 


10 - GPL INF 


(2.4) 
x {u(p? — 77) 68 — M? BP + pr? FÇ FL — A I(x) XP}, 


where 1 
I(x) = 5 (RP FS") = —(g° E;E' + BB’), 


1 1 

I(x) = “Fri mü (E;Bi), 
0 EF} E? ES 

(F 8) —g Ey 0 g??B3 —g33 Bə 
a —g E> —g'' Bs 0 g? By ? 
—gü0 Eş g'' Bz —q?2 Bı 0 
1 1 
00— 2075206577 : 
2 . . —g 


Cox’s electromagnetic structure may be related to the known Darwin [4] interaction 
term in Schrödinger equation; this additional interaction is related to the non-point-like 
distribution of the electric charge in the finite volume of the sphere. 

In recent papers [5-7], it was studied behaviour of such a particle in external magnetic 
and electric fields, in Minkowski space, and in spaces with simple non-Euclidean geometries: 
hyperbolic and spherical ones. 

Also it was performed the non-relativistic approximation in eq. (2.2). The Sehrödinger 
equation for the Cox particle has the form 


1 o . 1 : 
Dw = 5,5 De (-9")(K; Di + mck p)v ə (Kor 1)me? + K,’ cD,]¥ , (2.5) 


where the notations are used: 


dS? = c7dt? + güz) da*da’, K,° = me(A~*)* = p(A7") 2, 
ich O o 
— — -—- v —g — ec4Ak = : 2.6 
“—xusul. (2.6) 
Solutions of this non-relativistic equation in the presence of the uniform magnetic and 
electric fields have been found [3]. In particular, for the Cox particle in a magnetic field, we 
have [3] a modified energy spectrum 


ihO, — eAo = D,, ichOy — e€Ak = cDi, 


p” wh m+ |m|+1 wh TB 


om" kə: ? ) 


= 1—(TB)2 


(2.7) 
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For Cox particle, the frequency of a quantum oscillator changes as follows: 


02 eB 
— = ə — ——. 2.8 
ü 971-TB2” ~~ Me - 
It turns out that the intrinsic structure of the particle rather specifically interacts with 
the curved geometry of the space-time. Let us shortly discuss the problem of a particle in 
magnetic field on the background of the Lobachevsky space [3]. In cylindrical coordinates, 
the analogue of the uniform magnetic field is determined by the relations: 


dS? = c?dt? — cosh? z(dr? + sinh? r dd”) + dz?, 
Ag = —Bp? (coshr — 1), F.g = —Bpsinh r, 

B 
psinh rcosh* z’ 


Bs = —Bpsinhr, B? = (2.9) 


the curvature radius is noted as p. After separating the variables in the Schrédinger equation, 
we get the radial equation 


( d  cosh r 4 İm — b(eosh r — 1)]? 
dr? sinh r dr sinh? r 


4 A) R(r) 50), (2.10) 


and the equation for F(z) 


a sinh z d by — A cosh? z 
Z(z) = 2.11 
— cosh z dz cosh? Ze 7? ) (2) 2 ( ) 
note the notations 
eBp? —2 —2 
= =b, TBeosh “ z — vcosh “z. 
Cc 


For the radial equation, a detailed study shows [3] that here we deal with a finite series 
of bound states, which is described by the relations 


m < 2B, DEE so gene n=0,1,...,Np, 
1 
iia aay tnt5). (2.12) 
In usual units, the last formulas read 
1 1 2M P? 
A——— 24 ə li A = — ———— 
4 P 4X0 4? Pare 0 RD | M” 


B 
m<2B,m+n+1/2< oP 


1 eB 
2A —2 2 
401 Ao? | 


me |m | 


m-+ | m | 


+n-+ 1/2) 


—( +n+1/2)?, n=0,1,...,Ne. (2.13) 
At the limit of vanishing curvature, we obtain the known result for the flat space 
. eBh me lmil 
E — + 1/2). 
2M” Me ə +? >) 


Moreover, we have A — 1/4 = 2BN — N?, n — 0,1,..., Np, where 


ley mim 


1/2<|B|=6 
5 < las i/2s iBi-9, 
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and therefore A obeys the restriction 
o.1 
bxAXb ki (2.14) 


Eq. (2.11) may be considered as a Schrédinger equation 


1 erie. 


dz? 
by — A cosh? 

U(z) =- 2, U(z + 400) = 40, (2.15) 
cosh” z — 2 


with effective potential U(z). We find the points of local extremum for this potential, they 
are z = 0 and the roots of a quadratic equation 


b b2 
(cosh? z) |1,2 = y+ 4/ (Az — 1))?. (2.16) 
A A 


While considering the bound states for the radial equations, we noted inequality A? > 6?. 
This means that the square root in eq. (2.16) is an imaginary number. Therefore, there 
exist no other points of zero force except z = 0. The form of the effective potential U(z) 
says that we have a quantum-mechanical problem of a tunnelling type. 

Equation (2.16) reduces [3] to a differential equation with six regular singular points. 
To physical infinities z = —oo, +00, there correspond the singular points 0 and 1. Frobe- 
nius solutions of this equation were constructed, and the convergence of the relevant series 
is proved by Poincar€-Perron method. These series are convergent in the whole physical 
domain z € (—oo, +00). A numerical study of the tunnelling effect was performed in [7]. 

In the present chapter, we will study the problem of the Cox particle in an external 
magnetic field, but now on the background of the spherical Riemann space. In cylindric 
coordinates, we have 


dS? = dt? — cos? z (dr? + sin” r dö”) — dz”, z € [—-1/2, “r /2) , 
B 


Ag = Bp*(cosr —1), Frg = Ba = Bpsinr, B--—— —. 
ö p” (cos r ) Fre 3 - psinr cos? z 


(2.17) 


After separating the variables in the Schrédinger equation, we derive equations in r, z- 
variables: 


d? cosrd lm 4 b(cos r —1)]? 
FA = 2.1 
Ga sin r dr sin? r kə a - 
a? sin z d by + A cos? z 
F(z) =0. 2.19 
x coszdz 7“ cosiz — 7? ) (2) -. 


Analysis of the radial equation gives a, completely discrete energy spectrum: 


m?öü, A - 1/2  m)(n 4 1/2 k m +4 2b); 
m € —2b, A z= tn 1/2 —m)(n+ 1/2 — m — 2b); 


—25xmX0, A+ (n 4. 1/2)0n 1/2 20). (2.20) 
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In usual measure units, these formulas read 


1 b 
m>0, g”Ao +] = +25 p'(n-+m-+ 1/2) + (n+m+1/2)?; 
c 
b 1 b 
m. € —277 25, A +— = . p?(n — m --1/2) EF (n —m-1/2)?, 
he 4 he 
eb » 2 1 eb 2 2 
—2—p”xcmXÜ, p?4Ao + — =2—p*(n4+1/2)4+ (n+1/2)°. (2.21) 
he 4 he 


Transition to the case of the flat Minkowski space is achieved by p — oo, in this way we 
obtain the known result: 


2M P? b 
(E ) = 42 (n+ m+1/2). 


eb 
= 2— > -—— 
m 0, Ap =2 “00 + 1/2); m>0, M = 


h “a 

The goal of the present chapter is to study (analytically and numerically) solutions of 

the equation in z-variable (2.19). In fact, here we have a quantum mechanical problem 

for a particle in a box with a complicated potential, a mathematical task is reduced to a 
differential equation with six regular singularities. 


E- 
2.2 Separation of the variables 


In cylindric coordinates of the Riemann spherical model of spherical Riemann space we have 


dS? = dt? — cos? z (dr? + sin” r dö”) — dz?, /—g — sin r cos? z; 


: 7 (2.22) 
Jag = (1, — cos” z, — sin” r cos” z, —1), r € İ0, rl, z € İ—r/2, Hzr/2). 
An analogue of the uniform magnetic field is determined by the relations [7]: 
Ag = Bp? (cosr—1), Fk = Bop sinr, 
B B? (2.23) 


Bs— Bpsnr, B5-—— — —, B,B= 


p sinr cos* z ” cos* z 7 


We start with the generalised Schrodinger equation in the form 


1 o ki * 
DW sup? DEG’ () DIY, 
or, 
Tap 1 " 1 x 5 1 b i Pad m 
57 2M?2 cos? z "72: sin? r cos? z 77” “79731 7 
where 


Di — ihö,, Də = ihdg— — Bp? (cos r—1), Də — ihö,, 


cos Tr sin z 


Die in(O, + Vis 


o e o 

= ihds — -Bo? —1 = ih(ö, —2 
m Ba vey Cc .. .. cos Zz 
x 1 


as 14+I2B? cos~4 z 


(D, -TB:D”) 


1 
— 1+T?B? cos~4 z 


İ hö. + TB sinr cos? z (ind, — © Bp*(cos r — n) l, 
Cc 


46 Coz scalar particle in magnetic field, the spherical space 
b _ 1 

27 1--T2B2cos-1z 

1 : enə .. PBsinr 
= TıT3p2 “os, | ths Bp (cos r — 1) — öh 
b m 1 

3” 1-4-T2B2cos-1z 


(Də +TB3D") 


Or], 


cos? z 


(D3 + T? B® B3D3) = ihö,. 
We further get 
1 


a 443 ie cos r 
2 Dig” Di= 2 02 2 B2 ços—4 Hala 
2Mp 2M p? cos? z (1 + T? B? cos~4 z) sin r 


TB : .eBp? 
(Og +4 a (cos r—1)) ], 


x[ 0, + = 5 
sın r COS” Z 


or with the notations 
eBp? m TB 
he 7” cos2z 


— (2), 


we obtain 
1 


o ə h? cos T 
2 Dig” Di 602 2 25 
2Mp 2M p? cos? z (1 + ??(z)) sin r 
pa v(z) 


sin?” 


(0g + ib (cos r—1)) | 


h? 2 COS 7” kə cosr —1 v(z) 
— Mp? cost z (1+ 77(z))) ö, 4 iy(z)b ee ö.0 


, Tr . Tr 
sinr sinr 
Similarly, we derive 


sin?” 


1 uu h? 
— 2M p? sin? r cos? z (1 + y2(z)) 


2M p? 


x [0g + ib(cos r — 1)] [0g + ib(cos r — 1) — y(z) sin O,] ; 
1. On Ags! Be h? sin z 
Mp? 1337 Da” ayy Oz — 2 ör 


By using the substitution for the wave function 


E 


— p-iEt/h jim _ 
VU —€ /he 9 F(z)R(r), € h2/2M 92” 


we reduce the Schrodinger equation to the form 


1 2, cosr İm 4 b(cosr—1)]? . 
{ .. E a iy(z)b 


1--77(z))177  sinr ” sin” r 


sin z 


“ea (9, - 200. ) R(r)F(z) =0. 


For physical reasons, the function y(z) must be imaginary, so the change iy(z) x 7(z) 
should be done; we obtain 


1 2. cosr İm + b(cos r — 1)]? 
Ö, b 
Er. z (1 — y?(z)) ( "sin r sin? r ve) 
sin z 
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Then by separating the variables, vve get 


1 d? cos r d İm + b(cos r — 1)]? 
R(r) Ge sin r dr in tr) 
: 2 7 by(z) sin z m 
Fr) cos? z (1 — 7*(z)) ( oes) tet (8, —2-— “)z) F(2) = 6 


Hence we infer 


2 2 
(gat Sarde ante alat) = 9, (2.24) 
and 
@ sin z d | by(z) A )F(2) -0. 
dz? cos z dz cos? z(1—2(z)) cos? z (1 — 42(z)) 


The last relation explicitly looks like" 


2 : 2 
(4 sin z d 2 Py + A cos) F(z) -. (2.25) 


From eq. (2.25), by excluding the term with the first derivative (let Z(z) = cos! zf(z)), 
we obtain the quantum-mechanical equation with the effective potential 


€ 
dz? cos z dz cost z — 7 


2 by + A cos? z 
[ga tet1-U@))]f@)=0, Uf) - “ər,” (2.26) 
by EA er ee | 
..:—. —.. 


The magnetic field is directed along the axis z; quantisation of the parameter A > 0 is 
known from the analysis of the equation in the transversal coordinate r. The parameter y 
is associated with an additional intrinsic structure of the Cox particle; it is assumed to be 
sufficiently small. 

The local extremum may be attended at the points 


dU A cos* 2b 2 2A 
ə ee ee (2.27) 
dz (cos* z — 47)? 
i.e., at the point z = 0 and at the roots of the quadratic equation 
4 2 2 2 b b? 2 
Acos* z + 2, by cos? z -E y7A = 0 => (cos 21. (qa - Dy (2.28) 


The value under the square root is negative because of the known inequality A? > b?, so 
there exist only one extremum point z = 0 in the real domain of the variable. 

Here we face a much different problem than in the case of Lobachevsky space. Indeed, 
the potential U(z) becomes infinite at two physical points 


cos*z—y?=0 cos?z=+4, cos? z — —y, 


it is assumed that the parameter 7 can be arbitrarily small. 

Accordingly, the graph of the potential function U(z), z € (—[i/2,+7/2] has two sym- 
metric vertical asymptotes defined by the equation cos? zo = 77, with the decrease of pa- 
rameter 7, these asymptotes tend to the endpoints of the interval (—7/2,+7/2); see Figs. 
2.1, 2.2, and 2.3. The potential that enters eq. (2.26) is singular only at two points, namely 
—z9 and +20. 


İLet it be y = BI. 
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2.3 Ordinary particle in Riemann space 


Before examining the rather complicated eq. (2.26), let us consider a simpler problem that 
occurs for the usual scalar particle in the external magnetic field 


172 +e+1-U@)] (ə =0, Ue)=— 
— be — U(z 2. z)— — 
dz? , cos? z” (2.29) 
U(z -0)—A, U(z — dz) — +00 
VVe introduce the variable 
d d ae d? d 
=t —=(1+y? =(1+y? 5 + 2y(1+y7)—; 
y an z , dz ( +) a, dz2 ( v) dı? y( Way) 
then (2.29) takes the form 
[a+ Pop EE PSO 
‘lap ” Tay” (1492 2. 
To reduce the equation to the hypergeometric type, we use the variable x: 
ə 
L= ae (l+y7) — 1 — (1-22)? — 4z(1 — z), 
so that 
d? d e—l 
1 + (1-2 A = 05 2.30 
| əx dx? ( - de 4(1—z) 7 İ — 


The singular points of the last equation are Ü, 1, oo. The physical features are located at 
the imaginary infinities: 
_ 1—7tanz 


Tw : 
r= 5) . & "Tə x — 4700. 


We find behaviour of the solutions near the (non-physical) singular points: 


z—0, pp api 2G f=a4, A=H 5 
4z 2 
71, (1-s)/”- £- ——f-0, /-(1-a)”, Bas¥ 
mies: 2 Tar x 5: 
The general solution is constructed in the form f(z) = x4(1 — 2)? F(a): 
z(1 — z)F" + (2A 1.1) — (244+ 2B 4 2)a] F" 
1 —4A? —1 14B?— 1 
-[(A+B\(A+B+41)—A4 .—." ee Ge 


4 x 4 z—l 


The known restrictions are imposed on the parameters A and B, and the equation simplifies 
to hypergeometric type 


z(1 — s)F" + [(24+1)-(24+2B 4 2)c]F’ — (A E B)(A+B+1)-AJF=0 
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with the parameters 


1 VI+44 1 VI+44 
c=2A+1,a=5+A+B+ = b= 54A4B-V =. (2.31) 


To choose the necessary solutions — they need to be finite and continuous — we recall 
the meaning of the variable x: 


therefore, the most interesting are Kummer solutions of the following types: 


1 1 
u3(“) = (-e) “F(a,atl—c,a+1—b;-), us(x) = (—2)°F(,b+1—¢,b+1—a;-). 


To investigate the possibility of obtaining solutions in the form of polynomials, we con- 
sider the explicit form of the parameters a and b for four different variants depending on A 
and B: 


As. over Vo gt VEE eg lir 
2 2 2 2 2 2 
hap Dp ə gt qi 1 eg 
2 2 2 2 2 2 
pci WORE pin ə A m və AL 
an? oe 2 27 2” 2 ”... 
Ges VEN sı 1.1. o... Varı 
aa 55” 27 ”.. 2 2 
Obviously, only the first choice allows us to impose the quantisation rules a = —n, 
leading to reasonable (from the physical point of view) energy spectrum: 
V4A4+1 1 4A+1 
ve—14 — ——n— ve—1— 21 v — kn, (2.32) 


We are to follow the behaviour of solutions related to ug and uq at the points zt7/2, « > 
tioo. First, we examine the solution on the basis of us: 


1 
A(1 — x)? (-2)-*F(a,a+1—c,a+1—);—) 
x 


A+B-a — y”ve-Ten — y”1/2-v4A1/2 _ (2.33) 


Here we have finite wave functions in the whole physical region. 
Similarly, we examine the functions related to ua: 


1 
f(z > co) =a4(1— 2)? (-2) °F (bb +1-—c,b4+ 1—a;—) 
Ag gAtB bz Ve—1-1/24+Ve-14+ V4A41/2 — . 1/2+V4A41/2 — oo: (2.34) 


such solutions are divergent at the points z > -kr/2, and they are not of interest for physical 
reasons. 
Another variable cos? z — Z may be used to study eq. (2.29): 


| (Za 2) +6 zz ! .. yə f(Z) =0; (2.35) 
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the singular points Z = 0,1 are physical. Let f = Z*(1— Z)” F(Z); for F(Z) we get the 
equation 

d?F 1 dF 

ser + [2 =—(2 2b+1)Z|— 
qz t Rats (2a + 1)2] zz 
16(26-1) 1—407+2a+A 
2 1-Z 4 Z 


By imposing the following restrictions on the parameters a and b: 


Z(1—Z) 


+[;+1) (a+b)? + rats 


1 1 
a=7qvit+4a, b, 2 


the above equation simplifies 


2F 1 F 1 
z0— 2) + [aot 5 — Ga3-25412) + Get) - (ato? F=0. 


This is an equation of hypergeometric type, with parameters 
1 1 1 
a—nırb-xveni, Poatbt yerl, aires 


Without loss of generality, the parameters a, b are fixed as follows 


re 1 
a= 7+ qVvit44, b=0y yefdbovy1irdA, 


şanı 1 i 2 1 —-. 
-0..25.2: —o......2 


The following Kummer functions can be selected as the two linearly independent solu- 
tions: 


u(Z) = F(a,8,7,Z), us(Z) = ZI F(a+1-7,84+1-7,2-7,4). 


These hypergeometric functions are transformed into polynomials if one of the first two pa- 
rameters is either zero or negative integer. From the physical point of view, the quantisation 
condition on the admissible energy levels is possible only for the function u1(Z): 


101 1 


t44/1 44a 
Ve | eee n — 0,1,2,... (2:37) 


the first term describes the contribution to total energy due to the motion along the trans- 
verse coordinate?. The term determined by the quantum number n is due to the motion 
along the z-axis. 
The expressions for the other three combinations of parameters are?: 
1 


1 i 
8--L-Vİ34AL-Ve11-—-n 
177 2 ve i 


1 VIE4A Veml 
-— 7) 
4 4 2 i 


?"The quantisation of this term was derived from the analysis of the radial equation. 
SVVe note that these do not lead to physical spectra. 
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1 VİH4A Veri | 


1 — 
—- 4 2 
To the bound states must correspond everywhere finite solutions. At the point Z = 
0 (z = 47/2), the total wave function vanishes: 
fi(Z) = Zum (Z) = ZOAVU AANA Xo. (2.38) 


To find the behaviour of the solutions at the point Z = 1 (z = 0), we use the Kummer 
formulas. They make it possible to decompose the above solutions in terms of other solutions 
depending on the argument (1 — Z). There exist two such solutions: 


u2(Z) = F(a, B,a+B+1—c¢1-Z), 
ug(Z) = (1— Z)1~* 8 F(y- 0,7 - 8, y+1-—a-6,1-Z), 
and the needed Kummer formula is 


TOL) TƏT 
T(y — c)T(6 — 5) T(o)T(3) 


At the point (Z — 1), this decomposition takes the form 

Ry (y 7 aT B) Ty) (a ub B = be. y-a—B 
+ (1-2) : 

TU - a)T(6 — 6) T(o)T(6) 

In view of y — o: — 6 = 1/2, the previous formula is simplified to 

TUOTUy-——ğ) 

Ivy al PB —2) 


Thus, the correct complete wave function referring to the bound states with the energy 
levels 


u(Z) = u2(Z) + ug(Z) . 


U:(Z > 1) = 


fi(Z — 1) =u (Z — 1) = (2.39) 


1+vV1+4A 
ve-1— —, “On (2.40) 
is given by the expression 
VILE4A 1 V1+4A 
fi(Z) = ZÜüFv1144)/4 — F(—n, = uu. 2 .: (2.41) 


The energy levels related to formula (2.40) are illustrated by Fig. 2.4. 


2.4 Cox particle, analysis in the variable x = tan z 


We start with the equation 


d? B+ Acos? z 
=0. 2.42 
| dz? ae cos? z — ”y? : - 
With the use of the new variable 
d dx d 1 ed d 
17—AR2, dz dede cos?zdi 5 lag? -. 
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we transform the above equation to the form 


d? d  €—1 90 FE 2?) EA 
1--z” 2 =0. 2.44 
[ ə “dr 142 1 — 42(1 + 27)? .. one) 
Further we introduce the variable y: 
.— 
y= = a? — —(1-— 2y)”)  1+27 =4y(1—-y); (2.45) 
the equation takes the form 
d? ie 1 ə I e—11 €—l11 €—121 e—1 1 
di? y 1-y'dy 4-9” 2 gL 4.11-v7 
A+ 1 1 A- 1 1 
7 üə. f=0. (2.46) 
29: ::1-duq— 01) 27 14-4)7(1— ) 2(1-7) 
With the use of the notation, y(1 — y) = f, we obtain the identity 
1 5. doludan...) 
1 — 4yy(1—y) 9(1—9) 3f f 1-4/f f f 1-4yf’ 
that is 
1 ape Sra a dy . 
1—4yy(1-y) ?(1-y) y 1-y 1-4yy(1—-y)’ 
similarly derive 
1 1 kı dy 
— + . 
126802215z205—05::56 
Let us write down the expressions for the singular points: 
1 1-V/1 — 77! 
1 — 4“v/(1 — ay) = .— — — -—— fr. 
yyi-y)=0, yo-yt “7 0 Və 5 
1 .ı 1 577 1 1, 
1— 4yy(1—y) 47 (x — ym)ly —v) 470192 0-0 1”027 
1 1-:./145—-—1 
1+ 4yy(1—y) =0, Payor) ga - ———, 
7 2 
1 2st 1 5 1 . 
1+ 4yy(1— y) 4y (y — y3)(y — ya) 47 3 — ya y-Ys y-Ya 
Thus, the above equation may be presented as follow 
d? me 1 xi -İ e—11 €—l1 €—12)1 e—1 1 
dy) *y 1-y”d, 439 29 21-gy 4 (1-y)? 
YAZI 1 1 1 1 
5 [-4 i + ) 
7 VU “VU 1110210701 U— 2 
A — 1 1 1 1 1 
Ee m ! ! ( |=; (2.47) 
2 LY. 1— “304 Yate ed 
the singular points 
0, 1, Y1; Y2, 03) Va (2.48) 


are regular. 
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Let us study the character of the point y = co. To do this, we recalculate the equation 
to the variable Y = y7!: 


1 Y-1 
— xl — — 
Y=y ? yyə” 1 y= Y ? ü ” OO, Y o 0, 
d 1d Q4 44 ud sid 
dy “gayY dY” ay ay rayı 
so eq. (2.47) takes the form 
ae 
dY? Y-—ldY 


{ e—11 e—11 e—1 1 1 e—-11 1 
4 Y2 2 Y3 2 Y3Y—1 4 Y?(Y —1) 


5715:-. 1 11 ə 
2y İY3” Y3Y—1 ” i—ş.Y3“1—niY 1—şuY 
də 101 1 1 dl 1 |} 
=0. 2.4 
a 27 yelıyay- py. 1 — yəY iy. to —- 


In the neighbourhood of the point y — oo (Y — 0), eq. (2.49) becomes simpler 


d? f df e-1 1 e-l1 1 nola e€—11 1-0 
dY? dY ” 4 Y2 2 Y3 2 Y3 4 Y2 ub. 


or differently, 
df df _ 


dy? dy 
which means that the point y = co (Y = 0) is not singular. 


0, 


2.5 Analysis in the variable cos? z = Z 


Let us apply the more convenient variable cos? z = Z; then eq. (2.42) takes the form 


d? 154 Pe | 
acres er, 42(Z-—1) 
by ET AZ x 
‘wane =° -- 


The equation (2.50) can be written more symmetrically as 


EB 0 1 ik. 7. 
42702  22—1/42 “aç A> iG 


( e+1 ərə 


4 4(1 — 2)/Z2—1 
Ab 1 A—b 1 
8yi1—)2—y “üz — 
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We have four regular singularities: Z = —y, +7, 0, 1; the physical region of the variable is 
the interval Z € [0,+1]. Equation (2.51) can be written in short form 


@ 1/2 1/2.d A. B @ D 
Z)— 2.52 
İz” Gy Z-Laz”ZİZ Cog 7 zal?) co (592) 
where 
şe B- s, Lə ızı ge. 25 
4y 4 47 “alla 87(1 — 7) 8y(1 +7) 


Since the equation does not contain complex values, vve conclude that each complex-valued 
solution will be accompanied by a conjugate one. 
Let us investigate the point z = oo. To this end, we transform the equation to the 
variable y = Z”1: 
d? 1 1/2, dd A B C D 


İm | y? , yy) | y?(1— yy) | (riy) 70) =o, 


dy? G Ly 


or 
= -(İ es a A+B+C+D 
dy? “y 1-—y”dy m 
B+Cy-Dy B-C?? - Də? B Cy Dy? 
+ 5 İr-0. 
y y 1-y l-yy l+yy 


Since we have the identity A+ B+C+D = 0, the equation in the variable y gets simplified 


dq... A Beb 
İrə 
dy y 1-y”dy y 
B+ C7? + Də? B Cy Də? 
y be qa ya fy) - 


vrhence vve conclude that the singularity at Z — oo is also regular. 
Among the five singular points 


1 1 
Z — Ü, 1, —y, +7, oo or gx — oo, 1, —, +-, 0, (2.54) 
2 ? 
only two points are physical: 
bes Faye ə —. 500 (2.55) 


Now we turn to studying solutions of eq. (2.53). There is no difference which variable 
byTis used: Z = cos? z or y= Z~! = cos”? z. For definiteness we consider the variable y. 
Near the physical singular point y = oo, Z = 0 (z = Hr /2), we have 


d2 1/2d A a ae 1 
(saa + Zazt \f =0, f-Z”-y”, vE, VR (2.56) 


Near the physical singular point y= 1, Z = 1 (z = 0) we get 
d? 1/2 d B 
dy? y-ldyə y-l1 (2.57) 

1-2 


fc (6-1) - (277) - (1 - 2)”, 5-0, 1: - 5, 


the solutions tend to zero f = \/y — I, or tend to a constant value f = (yy — 199 —1. 
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Near the (non-physical) singular point y = 0, Z = oo we have the equation 


@ 14 , B+Cy-Dy 
Ge İ y dy İ yp? ) Fy) -0: 


its solutions are constructed in the form 


f=y’, @®+B+(C-D)yy=0, diz — kV/—B — (C -— D)y, 


taking into account the expressions for B,C, D, we obtain 


əzə tvVe+1 ites —Je+1 
17772 7 20—— a 
fly) =y* = Z~*  (cosz) 7“ = (Sym, 


The possible behaviour of the solutions near the points +1/y, —1/7 is given by relations: 


2 aligs Flys ig)’. pre 0,13 


2.59 
ysl, Poy l/y,)*>. “0.1, — 


At these points the solutions vanish or tend to a constant value, and it does not matter 
from which side to approach the point zo. 

When constructing solutions corresponding to bound states, we are primarily interested 
in finite functions. In view of the behaviour of solutions near the points +z, the potential 
discontinuity at the points +29 does not lead to any serious consequences. 

Taking into account the established asymptotics, we will construct the solutions of eq. 
(2.53) of the form f = y*(y — 1)’F(y); we obtain the equation 


pə (ee ee ee _ ö(b- 1) 5/2 


y y-1 mi 570-107 
_—2ab—a/2—b+B+(C+D)y | 2ab+a/2+b-B Cy Dy m 
İ y İ y-1 —1-yy l+y7 


We apply now the already known restrictions 


1 
a +B+(C—-D)y=0 = a=a1,02, b(b—1)+b/2=0 = b=0,- 


2 ? 
further vve obtain 
pr 4 (2851 | .. 
y vol 

“2-5...” , 2ab+a/2+b—B Cy Dy? 220 

İ y | um ole a 

The functions F;(y) are subjected to the equation which is the same 
d 
“M bı a (4 55 \F=0. (2.60) 
Xl xx s li bl 


We multiply eq. (2.60) by 
yy Dy 1 Yel); 
so we get 


vg — 1) (g — 1/7) yt lyk" 
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56 
ees (y+1/y) , .—:—:/: 
y y-1 
dB. 0.5... 
| V ,—l 
(ey — 1)0y — 1/y) 1/9), -—.” 
x 1/7 y+1/7 
or 
İy” -y — g”/a” + 9/7 IF" 4 [lo + Bi)y? — ory? — ae 
22 əə c—d a+B c-d o - 
+[(a+B+e+d)y° (atc+d 7 (“a m ale 0 
Solutions can be built as power series 
50 pə uu 23.5. 
n=0 n=1 n=2 


Further we obtain 


= n42_ > "lv n, iy n= 
So n(n = Panay = So n(n — any”?! — — ə. n(n — Day" + xa ” n(n —1)any”* 


n=2 


= n = n Qi + = n a = n- 
san +81) Yo many? — a1) many - SEES many” + SS many! 
meli meli n=1 


n=1 


n=2 


oo —d 2 
+(a+B+e+d) >> any” (« c+d = ) aw də 


n=0 


(445 2) ons" 14 3 a" =0. 


Bz 


After changing the summation m we get 


oo 


Sik bse 2)(k = 3) dk—2 y* — a = 1)(k = 2) QAk-1 ys 


k=4 k=3 
(pares — k 
3S east +b away 
as üz k=1 
+(a1 + 6 1) Sok — 2)dk-2V " nı > (k — 1)aı-ı y” 
k—3 k—2 
20300 Au sien any y” 
əl k=0 
se c-d\— 
+(a+B+ce+d)S> ax sy* (ate+d v ) XU aay" 
k—3 K=2 


Equating to zero the coefficients at all powers y*: 
(oan a 
7? 


k=0, 
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k=1, .. 256 (EEE ə “a1 0, 
7 7 7 7 7 öy 
k= 2), z 2a24 106 Ov dı 2 t z 3aş 
7 7 1 
c—d a+ c—d a 
(a+tect+d ) ao — ( 3: lan FE S a —Ü, 
7 ay Y 7 
1 1 
k 3, 2a2 5 6a3 + — 12444 (a1 + 81) a1 — 012 a2 Xü 3as4 “das 
öy 7 2 

c—d a+B cd a 
t(a+6+c+d)ao at+c+d a az 4 aş = 0, 
) a0 ~ ( 7 ee + a 

12 20 
k=4, 2a2-64as— a4 + a5 + (on + f1) 202 — on3as FP qa, + Eka 
7 Bi R: 

c—d a+B6 cd a 
t(a+B+c+d)a1—(a+c+d a2 aş 4 da =0, 
a ~ ( uu... 

1 1 
—7. 6, ty . (k 2)(k 3) ak-z (k 1)(k 2) ak-ı k(k 1) ax 4 


s? k(k + 1) Ak+1 


“(aq + B1)(k — 2) ak-ə — a1 (kK — 1) ap_i 21 ko — 


7 bə (k +1) desi 
+(at8+e4+d)ax-3—(atc+d zəl cH zu kan =0, 
we derive the 5-term recurrence relation for the coefficients 
k — 5, 6, 7, ... (a+ 8 Ee FE d)ak-s 


HÜR = 2) 3) +n + 6i)(k-2) (abot d- "Sü 


nye a. — 
1 1 
HE 1:7 7 m Sh 
ae ei Y ” “ 


The Poincare-Perron method is used to analyse the convergence radii of the series. We 
divide the recurrence relation by az_3: 


(a+ 6+c+d) 


HÜR — 2)0k — 8) + (a + 81)(k-2) — (atop d— Sy? 


Y dk—3 
a+ 6 c—d dk—1 dk—2 
k — 1(k-—2) Eoq(k—1)4 
İk — 1)(k — 2) + ai (k— 1) (“a TF is Bie 


ak a = 
m “ah(h 1) -— Q, dk dk-i Ak-2 


T 
727 ay—ı dk—ə dk-3 


1 = = 
Hoek +1) + Gk + DI aha ed ee, 


ük Ak—-1 dk—2 ük—3 
The convergence radius of the power series is the inverse of |r|: 
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In order to find an algebraic equation for r, the resulting equation is multiplied by k~?, and 
we let k tend to k > oo. In this way we obtain 


1 
rot -0 —ə  r(r— 1-9) (r+) =0. 


Reonv “1, —, ©. (2.61) 


We recall that the physical domain for the variable y is y = cos”? z, y € (1, oo). 


2.6 Analysis in the variable sin? z = x 


In the equation 


ae 1/2 1/2 ,.d A B C D 
Z) =0, 
| az ÜZ Z-Tuz 2771 2” 2 1) 
we make the change of the variable to* 
d d 
— — = — — Si 2 — €— — — 
Z=1-2, c«=1-Z=sin'z, WZ da (2.62) 
The equation takes the form 
d? 1/2 1/2, d A B C 
[ae t (5 +) İ/(2) =0. 
dr z—1 zöds «x-1l1 ae x-—(1—7) z-—(l4-?”) 


Let 1 — vy € s, 1 Ho — f: then the above equation can be written as 


d? 1/2 1/2, d A B C D 
Z)=0. 2.63 
GaGa x .. z-l z <«£-8 ll ( ) 
Its solutions are built in the form 
. b 1 1 
f(x) = "(x — 1)”G(z), a=0,5, —-. 


For the function G, we have the equation 


40 a 4b+1 1 .. 4ab—2A+at+b 
dx? 2a-1 2 z dx 2 z—1 


15(25—1) lLa(2a-1) 1-4a5-2B-a-b C D 
> 4 4 1-0. 


2 z ef-s «£-t 
We apply now the already known restrictions a = 0, 1/2, $ = 0, 1/2. The choice a = 0 gives 
symmetrical under the replacement z ~» —z solutions, with the property f(z — 0) = const; 


“This new variable is more convenient, because the physical domain is Z € (0, 1). 
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the choice a = 1/2 gives anti-symmetric under the replacement z x —z solutions, with the 
property f(z > 0) =sinz — 0. In this way, we obtain the equation 


7G — 7:1: 
dx? dx 
(3 4ab -2B—a—b 14ab—2A+a+b C D 


2 x 22-1 


2 z E z—l r-s xX-—t 


1-0. 


We shall follow all four possibilities of the last equation. The functions G) (zz) are subject to 
the equation with the general structure 


qra (Ep. Bala (24 fe a 6-0, (2.64) 


where 


Oq (l+4a), ğı 2 (1445), 


ote 


— 
as 4ab-2B-a-b), B=-= 5 (4ab 2A+a+b), c=-C, d=-D. 
We multiply the equation by x (x — 1) .. (x — t), so we get 


İz? — (14 Et) z5 1 (st ks t)a? — sta] G" 


+ {(ay + 6) a? —[(1+s+t)a, +(s+t) 9ilz? + İ(st ds it) oq + stBi] x — ost) Gİ 
{(a + B+et+d)2°—[(l+stthat(st+t)B+(1t+t)e+(1+s)d]2’ 
+ [(st+s+t)a+stG+ct4+ds]x4—asth}G=0. 


The solutions can be built as power series 


oo oo oo 
G= ğ ant", G= y na,x” i Gs ğ n(n — 1)aaz”?. 
n=0 n=1 n=2 


Further we get 


ın (n — 1)aaz mt? — (14.s 6) >) n(n—l)anc"*? + (st+s+t) 2 7n(n — aaz" 


m2 
29. 1)a, a?” + (ar +61) SD nana? [(1+s+t)ai+(s+t) 2. 
n=2 n=1 
+ İst £ s FE £) aq 4+ sth] Yo mans” “. “Ho 8+c+d) adan 
n=0 
— 94.0) a 4: (s 41) 8 4 (10) a (14-9)41 ana”? 
n=0 
t[(st+s+t)at+st8+ct4 2903000000 ee 
n=0 n=0 


By changing the summation indices, we get 


İdi: 


0 — 2)(k 3)a,-əz” — (1441) ) 0 - )(k — 2)ak-iz” + (st +s +t) k(k — 1)a,z” 
k—3 


> 
lI 
aN 
> 
ül 


2 
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StS 7K (k + 1)akaız” + (a1 + 91) k — 2)ak- oa 
k=3 


k=1 


[(1+s+t)ai+(s+t) 8i1) 70: — Daz-ız” 


st Bi] os kaya" — on st Sok + l)agyiz” +(a+8+e4d) Ap_30* 
ko k=0 k=3 


—[1+s4+t)a+(s+t)8B+(14+t)c+(14 s)d13 "ar-əz" 


+[(st+s+t)a+ st8+ct+ds] 3.7 ayzız" — ast Sana" =0. 


We equate to zero the coefficients at the powers of y*, and we get a system of recurrence 
relations: 


k=0, —oq st aı — o:st ap = 0, 
—2st az + İ(st FE s Et) oq + stiğilai — 204 st ae 
E l(st E s Et) c st6 F ct a dsl ao —asta, =0, 


k —2, 2 (st Es Et) az — 6staş — İ(l FE s Et)on F (s 1) öt a 
2 [(st Es Et) aq + sth] aş — 3 on st aş 
(1 ee 
+([(st+s+t)a4 + et +ds]a; — o staş =0, 
k=8, 7 8 hoe m Es ot) aş —12stag+(a,+ 81) a 
2[1+s+t)a,+(s+t) 9 az +3 İ(st £ s Et) + siğil aş 


—4a, sta, + (a+6+c+4+d) at 
(l+st+t)at+(s+t)8+(14t)c+(14+s)d] a 
t[(st+5+t)a+stG+ct+ds]az-—astaz;=0, 


20 st as +2 (ay + 61) ag 
3 [1+s+t)a,+(s+t) 6] aş +4 [(st+s54+t) a, + siğil a 
—5a,stas+(a+64+c+4+d) a, 
—[1+s+t)a+(s+t)8+(1+t)c+(1+s)dlag 


+ [(st+s+t)at+st6+ct+ds|a3—asta,=0, 


k — 5, 6, 7, ... 


(k — 2)(k — 3) ayə — (14-s 4+) (k — 1)(k — 2) ag_1 + (st 4-s +t) k(k — 1) aş 


—stk(k + 1)akzı + (a1 + 21) (k — 2)a,-ə — [1 +s+t)ar+(s+t) 61] (k- 1)ak-ı 
t[(st +s+t) aq + stiğil kay — a, st(k+1) apy. + (a+ B+e4+d) ap_z 

(l+st+t)at(s+t)8+(14+t)ce+(1+s) d] ag_2 

t[(st+s+t)a+st8+ct+ds]azp_1—astay =0. 
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Thus, we get the 5-term recurrence relations for the coefficients 


k=5,6,7,.. (atB+c+4d) ag_s t+ ((k — 2)(k — 3) + (a1 + 8) (k — 2) 


T ts+t)at(s+t)B+(1+t)c+(14+s)d]}az_2 
H{- (+542) (5—1)(F-2) — [1 45+ t)art (542) Bi] (k-1) 
+(st+s+t)at+st8+ct+ds} ax—it 
+{(st+s+t) k(k—1) + [(st + s+t) a, + stö k — ast} a, 
t{—stk(k+1)-—ayst(k+1)}agui =0. 


The Poincar€-Perron approach is used to analyse the question of the convergence radius 
of the series. The recurrence relation is divided by az_3: 


(a+ B+e+d)+{(k—2)(k— 3) + (on + 6) (k — 2) 


[(d+s+t)at(s+t)B+(14 ()e4 (14-s)d) də 


k—3 
+{—(l+s+t) (k — 1)(k — 2) — İ(1- s E )aq 1“ (s —) i1(:—1) 
+(st+s5+t) Be Le day 

dk—2 ük—3 


+{(st+s+t) k(k —1) 4 İ(st ck s —t)on € siğil k ast}— ar a 
a) —2 —3 


t{—stk(k +1) — ay st(k4 1)} eH Gk dh-ı dk-2 _ 4 
dk dk— dk—2 dk—3 


The convergence radius of power series is the inverse to |r|: 


k->co dk Trl’ 


To find an algebraic equation for r, the resulting equation is multiplied by k~?, and we let 
k tend to k — oo. The result is 


1 1 il 
r — (1 EF s --£)r? 4 (st s Er” — str” -0 = (-si)r(r pr mə )=0; 
S s 
that is, the roots are 
1 1 
suə—5—— 
t t 
Accordingly, the following radii of convergence are possible: 
Reony = oo, 1, İil = |1+7], İsl = 1-1. (2.65) 


Thus, the power series near the point x = 0 is guaranteed to converge in a circle of radius 
Reonv = 1-— İzl: this is the most interesting area from the physical standpoint. We note that 
the convergence may be further extended due to the non-singular behaviour of the solutions 
near the points |z| = |1+ 4]. 
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2.7 Figures 


i a a .—İ Nal 1 
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FIGURE 2.1 
Potential U(z) at y = 0. 
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FIGURE 2.2 
Potential U(z) at y = 75,b = yg; two cases: A=1 and A= 10. 
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FIGURE 2.3 
Potential U(z) at y = 2,b= 107 A — 10. 
FIGURE 2.4 


Three series of energy levels at A = 1,5, 10. 
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3 
Cox particle in the Coulomb field 


Generalised Klein-Fock-Gordon equation for a scalar particle with the Darwin- 
Cox structure, which takes into account the distribution of the electric charge of 
the particle inside a finite spherical region is studied in the presence of the external 
Coulomb field. There are constructed exact Frobenius type solutions of the derived 
equations, convergence of the relevant power series with 8-term recurrent relations is 
studied. As analytical quantisation rule is taken so-called transcendency conditions. 
It provides us with a 4th-order algebraic equation with respect to energy values, 
which has four sets of roots. One set of roots, 0 < En, € 1, depending on the 
angular momentum n = 0,1, 2,... and the main quantum number n = 0,1, 2,..., may 
be interpreted as corresponding to some bound states of the particle in the Coulomb 
field. In the same manner, a generalised nonrelativistic Schrodinger equation for such 
a particle is studied, the final results are similar. 


3.1 Setting the problem 


We start with the tensor system of equations for scalar Cox particle which charge is dis- 
tributed in finite volume (see [1-8]) 


A me 
27u5 D%b, = ““o 3.1 
(de nya) = Dab, Da = 9, (3.1) 
where Dy = iVq + (e/fic)Aq. Nonzero parameter A corresponds to an additional Darwin— 


Cox structure of the particle. In short form, eq. (3.1) reads 


AP bs — D.5, Ds, = ə. (3.2) 


Multiplying the first equation by the inverse matrix (A71) p> we get 
mc mc 


“Şə = (A) "De®, D*G,= Ə, (3.3) 


whence after eliminating the vector component we obtain a generalised Klein—Fock—Gordon 
equation for scalar ö(z) 


(Dp(A-1)"*Da® aut ə ii (3.4) 


m arbitrary curvilinear coordinates with metrics ga (z), the above equation is written as 
follows 


ö — As) möc 


vu < Ay) (A~ m. ats Jeo. (3.5) 


(an 
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3.2 Separating the variables 


Consider the Cox particle in the presence of external Coulomb field 


e 
r?” 


a o Rə ds? = edt? — dr? — r?40? — r? sin? 9d9? . (3.6) 
Tr 


In this case, the above matrix A,” takes the form 


12 
EE 1 0 0 Ae 
= B m r2 ee 5 
0 0 01 
its inverse matrix equals 
2 
waz — ia 0 0 
2 
Al=K= (K,°) = toa 7 0 0 ; (3.8) 
0 1 0 
0 0 0 1 
or differently (note the location of indices) 
2, 
ae “Bae 0 0 
ur? ri 
6428) — Tae r4—p? 0 0 (3.9) 
—1/r? 0 
0 0 0 —1/r? sin? 9 
Let us apply notations 
- i oO € , Ö € 
s” Tagan 9+ pər Peta m yam 
then eq. (3.5) takes the form 
[Dok Do + Dy KD, + Dp K’ Dy  D.K"D, 
A) K€e 973762. mc. - 


Further, we obtain (let o = e?/hc) 
{ (ia + “uu 5 =) + (ido + <)K"id, 


+5 pr? "(Dp s ~) + Ont KO, 


1 1 mö?c? 

— — — “öş sina 40 9-0, 
r?sin0 -— r2 sin? 0 0 hi 

or 


i a\2 ri : o: pre 
{ (ia = >) rt pe (1 3 r4 mi 


a 2 pr 2 o: a 5 
gu.” (ia + =) — “gö, 


1 1 : 1 mc 
+= İm 3 sö) + —z 9904) — 9-0. (3.11) 


Separating the variables 67 
If « = 0, then from eq. (3.11) follows an expected equation 


(ə: 
| 


{ (ido + . ! 54770, . ( göy sin 6 ! 5706) 7 }o=0. 


r2 \sin 


After separating the variables with the use of the substitution 
Bae tH feh y, (0) R(r), €=E'/ch, ld — meter”1 


from eq. (3.10) we get the radial equation 


4 2 
Og oT a T d 
T(e4 
İc = ri-T? . rtp? ap 
gərə a dor d. (1-1) 5 
ero ny eee M*\R = 12 
r ears = ir ru Tlar r? -—. — 
in the following we will apply the notations 
1 

M- 0. Qı pa iln (3.13) 


(6457 r4 He gönd 


r” ptt [2 r’r4+T2 dr 
Qa r? d r? a.\! 2 r o: 
LD ( +<)) ! 
(+ aR aap 5 su ə. 
i r+? +( rt ee 2 rt d lür) Mö)R-0, 
r3-T247r2 r44+T2/ dr rri-T24dr r2 
that is 
{ v €? : İ( rd İ 2 rd d fea oo rt 
r4+7T2dr2 ” rt +72) 7 rr4+T72) dr -— r3-T2 
r? o31” 257 o, (İ(141) 
LIT ( l ET M?) =0. 14 
ese ae aoe m r2 -. (oid) 


Allowing for identities 
2 4 4 


r | r |= ə 4T? ) 
rriET2 ” İyiıT21 7 e442 | r(r3 -T2)/” 


T r? —.. rt 20 al 4(ear+Ta) 
( ay ~)) =ayp(a r4 r4 4+ T2 İ 
vve reduce eq. (3.14) to the form 
( vr 4? re G AT? ) d 
ri +72 dr2 7 pA +T2\r | r(r4 ET?)/ dr 
fest Oye rt rt (75 aT 4(eI'r+ — 
m İ 
r” ptt [2 y44T2İ /3 r4 r4 + [2 
2: oy” o, (1(141) 9 
! ! M ii — 0, 
r3 riLıT2 g T r2 
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or 
{ d? s CG ra 4p3 ) d 
dr? r r(r4+T?)/ dr 
war qda 26h = Or 4 : 
E(e4 yə T pa T yi pa paler To) 
BP 2 x “cə 
1620 - zan M(1+—))R=0. 
Finally, we arrive at the equation 
d2R 72 4T2 14dR rə? 2Qae a? — 1(14-1) 
M?2 
dr? F ə REY dr z i Ü T i r? 


| 
T 


4Pe 300 — T2M2 U(l+1)F?2 4(Ter +a) 
1 = ae İR-0. (3.15) 


Equation (3.15) has four regular and tvvo irregular points 


—. 7)” 
r=0, Rank —3, r — oo, Rank — 2: 


note identities 
c= (eee o? — V-T2—iT, ot =-I’, 
1 1 1 1 } ) 
= ( a iL (3.17) 


ré4+T2 46//-6c r+oa r—-io r+io 


Solutions near regular points behave as follows 


r Fo, B.e (r — o)”),p 0,2: rx —o, R~(r+o)’,p — 0,2: 
(3.18) 
r—>-+io,R~ (r — do)”, p — 0,2: ra —io,R~ (r Hic)”, p — 0,2. 


Because the point r — 0 has the rank 3, Frobenius type solutions (in vicinity of the point 
r — 0) are searched in the form 


R(r) = re eAreB/r eir” Fp) : (3.19) 


emrçr77—  — 
3.3 States with zero angular momentum, / = 0 


If 1 = 0, eq. (3.15) simplifies 


d?R (° Ar? = 


dr? r r4+T?/ dr 
206 a? 4Te 3aT — T?M? (4T(er £ o) 
2 2 
E M? + . git 3 + =A aT? R=0, (3.20) 


it has the same four regular points, and two irregular, r = 0,r = oo, both of the rank 2. 
Allowing for identities (recall that V—T? — o): 


4r3 1 1 1 1 


= 21 
(r4 +1?) T-o r-io r+oa rtio’ eeu) 
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—4Ter—4al 
rt + [2 
= 1755 Teo-aT ee (3.22) 
o T—o T —70 r+o T o 
vve transform eq. (3.20) to the form 
d”R : E 1 1 1 1 |= 
de? "lr r—o r—io ro rtiol dr 
-” M2 4 2 0:€ | a? | 4Te 
T r? r3 
3oT —T?M? Te 1 1 1 1 
ı : 5 ( _) 
ie o T—co T —0 r+o T -2o 
T 1 1 ) ) 
— ( ? . x İR —0 
o T—co r+o T —0 T 06 
or 
56 1 1 1 1 .. 
dr? r r-o r-to ro ri-dfüo/ dr 
[e wes ae, a? | 4Te : 3oT —T?M? 
T r2 r3 r4 
I'(eo+a) 1770) T(—eo Ho) 25 (3.23) 
(r — v)65 (r ic)o3 (r o) o3 (r — io) a8 
Let us specify eq. (3.23) near the point r = 0: 
6 3To — T?M? 
Ru + —R'4 ale - R-0. (3.24) 


We can see that the region in the vicinity of r = 0 is forbidden for the classical motion of 
the particle only if parameter T is negative. Indeed, inequality (3To: — T?M?) < 0 yields 


3 3 
— 5) >0 70: — (3.25) 


T(T 
The variant b) seems to be nonphysical because we assume that parameter T may be as 
small as we wish, including the value T = 0. The inverse of eq. (3.25) restriction 0 o T < 2% 
implies the existence of the above boundary. 
In accordance with the structure of singularity in r = 0, the Frobenius type solutions of 
eq. (3.23) are searched in the form 


R(r) =r eA" cP!” fir), (3.26) 


this results in the following equation for f(r): 


@f 2046 2B 1 1 
dr? 7 ( 2 +24 


1 1 
T T rt+io rt+o r—o r ae 


_ a? —-2AB4+5C+C? 


r r? 
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,40e~ 4B ~ 2BC Bel M” 


r3 r4 
Teo + aT — Ao? +B 21 
oy ə ə o o+Co 
om (r+o) 
—Teo — aT — Ao? +Bo-—Co? 1 
+ 
a (r —c) 
(Teo To — As? — Be —iCo” 1 
a8 (r+ io) 
_ Teo — Ta — Ae” — Bo + iCo* x \f= (3.27) 
a8 (r — io) 
Impose restrictions on A, B,C: 
A? —M? € —0 A— VM?-—€, (3.28) 
3aT -T?M? + B? —0 B — öVT(TM? — 3a), 
Te 2Te 
C=2 1)=-2+6 ; 3.29 
( B ) T(TM? — 3a) (əzə) 
here arise four possibilities: --1, ö = +1. 


For describing the bound states, of interest are solutions tending to zero in infinity, so 
parameter A should be negative 


A=-/M2—@. (3.30) 


Solutions tend to zero at the point r = 0, only at negative B, 


B-— -VI(TM? —3o), [<0 (Ro0). (3.31) 


Let us study the possibility of imaginary B: 


T +iR/r 3a 
PUCM*=30) <0, e”””—e”7/ RO, Te (0, a) T>0. (3.32) 
This implies the following behaviour in vicinity of r = 0: 
1 —,are 
r — 0, Rw —er ər Inr ekiR/r : (3.33) 
r 


which is hardly consistent with any bound states. For this reason, in the following, we 
assume that T < 0. 
Taking in mind restrictions (3.29), we simplify eq. (3.27) to the form 


2 
77 25290 ıl i is ba 
dr? T r? rto r—o rt+io r-—ifo/dr 
2ae+6A4+2AC  a®?-2AB4+5C+C? 
+| + ; 
T T 
eTevdoT- Az” HB Co” Teo — aT — Ao" + Bo — Co? 
o3(r ko) o3(r — o) 
| Teo + Pa — Av” — Bo — io” Teo — ila Ao? - Bo 4 ə. (3.34) 
o3(r + io) o3(r — io) 


States with zero angular momentum, | = 0 


Further, we will apply its short form 


fl (a dı az 1 1 1 1 ) / 
T r) rto r—o rdi r-ito 
ae | bə | By | Be : B3 | Ba )f=o. 
ror? r+taq r—o rt+io r—ic 
Multiplying it by r?(r + 0)(r — o)(r + io)(r — do) = r?(r3 — 4), we obtain 
d? d 
(r° o'r?) = | [ar + (aı —4)r° +a rü — otar? — ota, 7 — olaş d 
[ (1 + By + Bo + B3 + 6a)r” (8: + Bo — ifa + iBa) o + bə)r" 
o? (8) + Bz — B3 — Ba) r° 
+ (—81 + 62 +i83 — iğa) or? — bi or — bə əl =0. 
Solutions can be searched as a power series, 
= n df ~ n-1 d?f ~ n-2 
face : . : s... : 
2 n(n —1)enr"** — ot .. m(n — 1)car" +a ” menr"T” + (ai — 4) > nenr”*4 
n=2 n=2 meli n=1 
-Eaə ə Nenr”t? — ota nenrt? — ota, x NCnr” — 0 a2 x. men” 
n=1 n=1 n=1 n=1 
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(3.35) 


(3.36) 


t+ (br + Bi + B2 + Bs + Ba) 2.7 car”? (ci + Bo — üğa + tBa)o + b2) 2.) cnr ** 


n=0 n=0 
(G1 + B2 — 6s — Ba) — Cara (“ğı + B2 + iB3 — iğa)o” uu 
n=0 n=0 
—bio .. Cnr” tt bot Cnr” =0. 
n=0 n=0 
After changing the summation indices, we obtain 
ın )(k — 5)cp—ar " — ot kk — 1)ckr” x. sr” + (ai — 4) ) 7(k — 4)ekzar” 
k=2 k=5 


k=6 


+a2 Sik — 3)cp_3r* — ola SG _ 1)e,-ır” — ola: 2. kegr® — o"az dk .. 1)ek-r” 


oo 


+ (b1 + 81 + G2 + 93 + Ba) Cr—sr” + [(—61 + 62 — 183 + 7B.) aaz ar® 


k=5 k=4 
oe (81 + B2 — 83 — Ba) azar” + (8: + 62 +183 — iğa) o” ər” 
k=3 k—2 


oo 
4 . : k 4 : k 
—bio Ck—1T —boo Cer =0. 
k=0 


k=1 
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Thus, we get the recurrent formulas 


k=0, az cı + bg co = 0, 


k —1, 2azecz Tarcı HT bi co FE b2ci =0, 
k —2, 2ocə — oaci — 20di ez — 3 oazca + (—ğı + G2 +183 — iğa) co — bioci — bəocə = Ü, 
k —3, -—6o”cs — 207 acz — 3o”aıcs — 407 a2ca + (61 + B2 — B3 — Ba) co 
+ (—61 + B2 + iğə — iB) oci bio”cə — bo07c3 = 0, 
k 4, 12o1ca + aac — 3olaca — 040144 — 5o"azes + [(—B1 + Bo — iğs + iB4) o + bəl co 
ko? (81 + Bo — B3 — Bs) cr + (“ğı + B2 + iB3 — iBa) o”cə — bio"cs — beo*ca = 0, 
k=5, 2067 cs 4 (ai — 4) cı + 2a2ce Ao*aca — o*a15¢s — 6o“asce 
+ (bic. Bi + Bo + Bs + Ba) co + İ(—8i + Bo — 183 + iğa) o + bəlci 
ta? (81 + B2 — Bs — Ba) co + (“ğı + Bo + iB3 — iBs) o”ca — bio? ca — bə ocs = Ü, 
k=6, 2c 30o7cg —- acı 4 2 (aı — 4) cə + 3azca 5oacs — o“a6ce 
T7o"ayer 4 (bi + 61 + 62 + Bs + Ba) ci + İ(-5) + B2 — is + iĞa) o + be] c2 
to” (B1 + 82 — B3 — Ba) es + (—Bi + Bo + 183 — iBa) 0% c4 — bio"es — böo”s = 0, 


the basic 7-term recurrent formula reads 


k — 5, 6, 7,..., [a(k — 5) + (b1 + 81 + Bo + 83 + Ba)] Ces 


+ [(k — 4)(k — 5) + (ai — 4) (k — 4) + {(—B1 + Bo — 183 + 184) o + b2}] Cha 
[a2(ki 3) +07 (81 + Bo — Bs 8a)) cer_3 + (—B1 + Bo “463 — iB) o”, 
+ | oa(k — 1) bo} chi + [ o'k(k — 1) — olaık boo" ] ch — olag(k +1)ce41 = 0. 


Let us divide the last relation by k?c,_5: 


2662550600 


k2 
: , ; Ck—4 
k2 [(k 4)(k 5) (ay 4) (k 4) {( By + Öz — 1834 iB4)o bə) = 
: — = 
Fə [a2 (k — 3) +07 (Bi + Bo — Bs — 5a)) — ce 


1 : Ck—2 Ck—3 Ck—4 
t— (—f1 + Bo + ifs — iB) 0° 
k Ck-3 Ck—4 Ck—5 


1 Ck—1 Ck—2 Ck—3 Ck—4 
+= | ola (k —1) — bio“) 
k Ck—2 Ck—3 Ck—4 Ck—5 
1 Ck Ck—1 Ck—2 Ck—3 Ck—4 
+ = [ o? k(k 1) olaık bə oü) 
k Ck—1 Ck—2 Ck—3 Ck—4 Ck—5 


Ck Ck-1 Ck—2 Ck—3 Ck 2-0 

k? Ck Ck—1 Ck—2 Ck—3 Ck—4 Ck—5 
and tend k —> oo. This results in an algebraic equation which determines possible conver- 
gence radii 


.. r — or =0 


“üz — lim =r 


|r| : k—oco Ck—5 i 
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Whence it follows 


1 
hu əl İVTİ, co. (3.37) 
Because on the boundary of the circle of radius İTİ, behaviour of solutions is quite regular, 
we can assume that the series converges for any finite r. 
To get some quantisation rules, we will apply restriction which determines so called 
transcendental Frobenius solutions [8,9]. To this end, let us turn to recurrent formula 


PresCk—5 + Py-ackca +... + Pece + Prpicky1 =0, k=6,7,8,... (3.38) 


and impose restriction of vanishing the coefficient P,_5 at cx. It should be noted that if 
in addition to constraint Pk = 0, we require six coefficients be vanished 


Ck—4 = 0, Chk-3 = 0, Ck-2 = 0, Ck-1 = 0, Ck = 0, Ck4+1 = 0, (3.39) 


then due to the recurrent formula, the series terminates as a polynomial. Of course, it is 
assumed that equations (3.38) and (3.39) permit consistent solutions. The study below will 
show that for the problem under consideration such consistent solutions do not exist. 


3.4 Studying the states with / = 1,2,3,... 


Now we turn to a more complex case when / = 1) 2, 3,... . Equation (3.15) has the form 
(two additional terms arise in comparison with the case | = 0) 


PR € iL 1 ii if 
dr2 "VX r-o r—-io r-eoc re-ic/ dr 
9 2 L 4T T—T?M? T?L 
+[?-M?4+ 45 dene 
T r? y2 r3 r4 rə 
P(eota) , T(ee dia). T(cec +a) 2—İ (3.40) 
20 Üz)” (r — io) 0% 


In the vicinity of the point r = 0, the form of the equation differs substantially from that 
when / = 0, : 
R" 2R oa —. = 0, 
r r 
whence we conclude that the region near the point r = 0 is forbidden for classical motion 
of the particle, and no constraint for parameter T arises. Now, Frobenius-type solutions are 
searched in the form 


R(r) = eA” eB/t DI? F(r) : (3.41) 


for function f(r) we get equation 


47. pa 2C+6 2B 4D 1 1 1 1 ie 
dr2 7 r r? r3 r-o r—-io rt+or+ioldr 
2ae+6A4+2AC a?4+5C04+0C07-2AB-L 4Te-4B-—2CB-4AD 
+| + 5 + 5 
T T T 
2 \ 2u/2 — T2 2 
ez 6D 5 3aT—T?M 5: | 5... Lə 
Tr m m” 
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Teo tal — Ao? + Bo+Co?-2D  Teo—ila— Bo +iCo? +2iD — Ac? 


(r+a)o8 (r — 1o)o3 
Teo — oT — Ao? HE Bö — Co” F2D Teo HiTao — 2iD — (Co? — Bo — Ao” 
! — İr -0. 
(r — o)o3 (r + ic) 0 
Imposing four restrictions, we find possible values for parameters A, B,C, D: 
A? —M?+2=0 A-— -VM?-— €, 
1 əə 2 077 
6? I*L+4D*=0 D +5 LT, (3.42) 
1000000 - (6D—3aT-T?M?) 
rb” mn mö va? — 4D —. ı 
To bound states there correspond the values 
1 
A--VM?-—€, B=0, D=—5VvLIT|, 
1 . (3.43) 
C= (-svZ|r|-3ar+r?M?). 
2VLITI 
According to this, the previous equation simplifies 
d?T (2C46 2B 4D 1 1 1 1 df 
at 244 r r? r3 T—o r-io ro ala 
pee _@+5C+C?-2AB-L A4Te-4B-2CB-4AD 
T r T 2 T y3 
_-Teo raT-— Ao? + Bo + Co? —2D ; Teo — ila — Bo +iCo? + 2iD — Ao? 
(r+a)o8 (r —io) a8 
Teo — aT — Ao? + Bo— Co? +2D Teo HiTo — 2iD — iCo? — Bo — Ac3 
! 75 İr -0: 
(r — o)o3 (r + io) o3 


below we apply its short form 


dı 2 a3 1 1 1 1 
ft (a T R r+o r—o r+io at 
b b b 
(24+ 3434 0... 0 (3.44) 
r re y rto r—o rt+io r—-ito 


Multiplying this equation by r3(r + o)(r — o)(r + ic)(r — io) = r3(r4 — o1), we get 


+ Hi + (a, — 4)r” + agr® + a3r4 — olar? — olar? — olaşr — aş of] f' 
+{ (b1 + 81 + Be + Bo + Ba) r® + [bo + (—B1 + Bo — ii + ii) olr" 


+ [bs + (61 + Be — Bs — Ba) 07] r4 
“o? (—B1 + Be + 183 — iB4) r° bi ofr? — bal — bs ot bf = 0. (3.45) 


Solutions are constructed as power series, 


~ n df = = n-1 d?f — 
10 x... ı qe 


n=0 


n(n — 1)car"”?, 


iMe 
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oo 


oo 
ıı n( n(n — 1)enr A: gt .. n(n — 1)c,r””1 
m2 n=2 
oo oo co oo 
+a .. nc." (aı — 4) — Near”? Laz oe men” - as ı Near??? 
n=1 n=1 n=1 n=1 
oo oo oo oo 
—o”a . ne." — olar SS negr”t! — ota, Sencar —azo So nenr = 
n=1 n=1 n=1 n=1 


ou 


+ (bi + 9: + Bo + B3 + Ba) a ae + {bo + (8: + B2 — iğs + 1B) 5522 
n=0 


n=0 
+ {bs + (ğı + B2 — Bs — Ba) 07} S car" + 0° (—B1 + Bo + 183 — ifa) S~ ear*® 
n=0 n=0 
—bı ot . Ov"? — bot Ss cnr”?! — bot Se Car” =0. 
n=0 n=0 


Changing the summation indices, we get 


S i(k —5)( k — 6)cr—5r "ot )7(k 1 k — 2)cı- ir® 
k=3 


k=7 


+a Sik — 6)cp_6r* + (a1 — 4) Sik — 5)cp_sr” + a2 Sik — 4)cp_ar® +. a3 .. 
k—7 


k=6 k=5 k= 
oo 


—ola sö m 2)c,-ər” 2 ou = 1)ck—ır” — o laz by key” — aş ot yox + 1)ekrır” 


k=3 k=2 k=1 k=0 


+ (bi + 61 + B2 + 63 + Ba) ə cr—6r” + İbə + (“9:1 + B2 — ifa + ifs) Jal Soe sre 
k=6 


| [bs + (9: + Bo — B3 — Ba)o 1970- ar” o (—8: + B2 + 163 — iB.) 00 
k=3 


Thus, we obtain the recurrent relations 


k= 0, aşcı + b3C9 = 0, 


k= I’ agc, 4 2a3C2 t bəco t b3cy = 0, 


» dıcı + 2azcə + 3aşca + bico + bəci + b3co = 0, 


2ocə + cacy + 20a, c2 + 3oascş + 4aşoca 


+ (81 — Bo — ifa + iB4) co + bioci + beac, + baoca = 0, 
; 6o Tea — asc, + 2o1acə + 3olayca + olaş4c, + Başo”cs 
— [bs + (81 + Be — B3 — 6a) o”) co 
—o7 (—8ı + Bz + 183 — iBa) cı + bioteə + boo*e3 + b304c4 = 0, 


habs 1204¢4 + azcı 4 2a3C2 


304 acs — 4o"aycı — Bolaəcs 
—6aşo "cs + İbə + (—B1 + B2 — ifs + 184) oleo + [bs + (81 + 62 — Bs — Ba) 
+o? (61 + Bo + 183 — iğa) ez — bio"ca — boolca — bac”cş = 0, 


o?) Cl 


(k = 3)ch_3r® 
4 
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k=6, —200%cs + (ai — 4) ci + 2agc2 + 3a3c3 4o"aca — Bolaycş — 6oaəc6 — Taso”c, 
“(bi + By + 52 + B3 + Ba) co + İbə + (—B1 + 62 — 183 + i5a)olci 
[bs + (6 + B2 — B3 — Ba) 07] co + 0° (—B1 + Şə + ifa — iBa) cs 
—bıoq — boo*cs — bac cs = (0; 
k=7, 2c —300%cg + ac; 4 2 (a, — 4) cə + 3agc3 + 4a3c4 Bolacs 


—6ofaıcç — Toflageç — 8a30%cg + (bi + 6) + Bo + 93 + 6a)cı 
+ [bo + (—B + Be — iB3 + ia) o] co + [bs + (81 + 62 — B3 — Ba) 07] es 
to? (—B1 + 62 + iB3 — 184) ca — brates — beo*cg — b30%c7 = 0. 


So the basic 8-term recurrent formula reads 


k — 6, 7, 8,...,  [a(k—6)+(b1+ 61 + Bo + 63 + Ba)] cs 
t {(k — 5)(k — 6) + (a1 — 4) (k — 5) + İbə + (—B1 + 62 — 183 + 14) ol) ces 
+ {az (k — 4) + İbə + (81 + G2 — 53 — Ba) o7|} cha 
+ laş (k — 3) o” (—81 + Bo + iB3 — i$a)) chs 
—o* la (k — 2) +b; ] ek-ə — o? [(k — 1)(k — 2) +a (k — 1) + bəl cı 
—of laz k + bal cp — aş o? (k + 1)ckzı — Ü, (3.46) 


or shortly 


k =6,7,8,..., Pk-sek-s + Pk-sck—s + Pk-ack-a + Pk-ack-3 


+P, 2Ck ot Py 1Ck it Peep + Peyicey1 €. 


(3.47) 


In accordance with the Poincar6-Perron method, we divide the last relation by k?cp_¢: 


[a (k — 6) + (bi + 61 + Bo + 63 + Ba)] 


k2 
1 : : Ck—5 
t pə {(k 5)(k 6) t (ay 4) (k 5) t [be t ( By + Bo — 163 4 164) ol) as 
1 Cha Ch— 
Ey {a2 (R 4): [bs + (61 + 62 — 6: — B4)o7]} * “— 
Ck—5 Ck—6 
1 . : Ck—3 Ck—4 Ck—5 
k — 3) Ho3 + Bo 4 
Bp [as ( ) + 0° (—B1 + B2 + 183 — iğa)l 550 
4 
R [a (k 2) bı) Ck—2 Ck—3 Ck—4 Ck—5 
Ck—3 Ck—4 Ck—5 Ck—6 
4 
2z İ(£ — 1)(k — 2) 4-aı (k — 1) + by) SO HPAES 
k Ck—2 Ck—3 Ck—4 Ck—5 Ck—6 
4 
zə İsə k + bs] Ck Ck—1 Ck—2 Ck—3 Ck—4 Ck—5 
k Ck—1 Ck—2 Ck—3 Ck—4 Ck—5 Ck—6 
73 (h yoz Ck Ck—1 Ck—2 Ck—3 Ck—4 Ck—5 5. 
Ck Ck—1 Ck—2 Ck—3 Ck—4 Ck—5 Ck—6 
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and tend k —+ oo. This results in an algebraic equation 


. Ck—5 
lim 


=r, r— or =0. 
k— oo Ck—6 


So two possible convergence radii are 
1 
aa ial = |VT|, co. (3.48) 
o 


Because on the boundary of the circle of radius ITİ, behaviour of solutions is quite regular, 
we can assume that the series converge for any finite r. In fact, this result coincides with that 
found for the case of | = 0. The deference consists in more complicated recurrent formula, 
8-term instead of 6-term. For states with of / = 1,2,..., the transcendency condition has 
the form 


Ps = a(k — 6) + (bi + Bi + Bo + 83 + B1) =0, k =6,7,8,...; (3.49) 


we will need this relationship in the following. 


3.5 Qualitative study 


Let us examine behaviour of the effective squared momentum for the problem. First consider 
the case of | = 0: 


d?R (2 4r3 ye 


dr? r ri-T2/ dr 
206 a? 4Te 3aT —T?M? (4T(er 1. o) 
2 2 = 
+|e — M*+ ə at 3 + “A 4472 R=0. (3.50) 


Eliminating the first derivative term by simple substitution 


R(r) or) f(r), R-yfrof, R=" f4+2ef ref", 


6 4r3 : 6 4r3 
aç ma +t Z)r+{ +=( —s) 
rv r44P. o o ə 
2ae a?  4Te 3aT — T?M? 40 (er+a) 
2 2 = 
SRRA T 2. rs r4 r4 +7? } Rə 


vve get 


The needed function y(r) is 


6 4r3 vəl riT2 
: 51 
(; r4¢+I2 o ) : s yö (3.51) 
Thus, we reduce the above equation to the form 
df | pə 
2 (r)f =0, 
where the squared momentum is determined by the formula 
2 2— 
P(r) — € — M24 0 m. 
r r 
Ave T (3o -T.M?) 62 — 4Ter — 4oT 121? r? (3.52) 


rs r4 r44 [2 p (r4 Tey : 
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Near the point r = 0, this quantity behaves 


T (3a —TM? 
<0, P?(r)rso~ + . 5 + —00, (3.53) 
r 
3a T (3a — TM? 
üzra P?(r).zo ~ + ( a ) > +00. (3.54) 
In infinity, it behaves as follows: 
T — OO, P?(r) — € — M?. (3.55) 
For states with £ = 1,2,3,..., the main equation is 
d?R @ 4r3 ) dR 
dr? r rimT2/ dr 
206 a? L 4Te 3oT—T?M? T”?L 4T(e o) 
2 2 
M | = 
"İk ” r 2. er r3 r4 rö r4 47? -— 
after eliminating the first derivative term, it takes the form 
[rA+T2 4?f 
R(r) = g(r) f(r), p= 6 ? 2075007 
ül ül 
where 
2 2-6-L 4T T(-3o - TM? 
25-ə 
r r r r 
T?L 6r7—4Ter—4oT 12T?r? 
r er a r 2 (3.56) 
- piar (r5-T2) 
It behaves near the singular points as follows 
(61 
P?(r).-o ~ -T” a 3-00, P?(r)-so “ə €” -— M? <0. (2:57) 
Sri 
3.6 Dimensionless quantities, qualitative study 
Let us take the Compton wave length A of the particle as a unit length 
aac (3.58) 
25 ) 
then there arise a number of dimensionless quantities 
€ 
Mr= b. 5. 
mır : => (3.59) 
Then equation at | = 0 (see eq. (3.20)) is re-written as follows 
PR C Ag ) dR 
dx? z «4+T?/ dr 
2o.E 2 4TE 3oT-—T? A4I(E 
-İE” fe eee Nie Cla an (3.60) 


3 zi z3-4-T2 
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In fact, such a transition is reached through formal changes 
r= 7, M=1, em E, Ts. (3.61) 


After eliminating the first derivative term in eq. (3.60) we obtain the expression for squared 
momentum (see eq. (3.52)) 


P?(z) = BE? -1+ 
x 


4TE T(3a-T) 6z? — 4TEz — 4aT 121? 2? 
+ f + r. t 28 (3.62) 

x3 zü yi-T? (a4 +12) 

The above noticed possibilities for the Cox parameter are now read 
I, T<0O, II, 0<T<3a. (3.63) 
The substitution for Frobenius solutions is 
1-0, R(x) — zCe“reB/z f(x), — —V1 — E?, 
TE 

B=+,/-I(3a—-T), C= —). (3.64) 


For two possibilities in (3.63), we have corresponding expressions for parameters (assuming 
the description of the bound states) 


1, Pc 0, 
—2TE 
A=-vV1-E?, B -— —V-T(3o -T) C= —— —2, (3.65) 
—T(3o:—T) 
Il, 0<T<3a, 
2TE 


A — -V1— E?, B- diÇT(3a-T), C= urun) 2. (3.66) 


Let us study the function P?(z) numerically. We fix the basic parameters as 


0909. 222, x or, 


I 
137” 


1 


The roots of equation P?(z) — 0 are 
zı = +0.0319933, x2 = +7.299278, 


—0.0313352, —0.2118184, 

0.1690023 + 0.1267129-72, 0.0003370 + 0.0315803 - 2, 
—0.0003330 + 0.0019250-2, —0.0652559 + 0.1981235 - s, 
—0.0652559 + 0.1981235-7, —0.0003330 + 0.0019250 - 2, 

0.0003370 + 0.0315803 - ?, 0.1690023 + 0.1267129 - 7. 


The existence of the positive roots zı, zə means that the classical motion of the particle is 
possible in the region x € (zr, zz). 
Let us find the roots of equation P?(z) = 0 at positive T: 


1 
II E 0. x ——, T-—40.001. 
: 0.999, a 137? +0.00 


80 Cox particle in the Coulomb field 


x1 = 0.00222882, x2 = 0.03125030, x3 = 7.2992596, 
za = —0.00156276, zs = —0.03192458, 6 = —0.20709844, 
x7 = 0.17076664 + 0.122378712, xg = 0.170766640 — 0.12237871 7, 
og = —0.06870490 + 0.200663787, x19 = —0.06870490 — 0.20066378 ?, 
£11 = —0.00032889 — 0.031657337, x12 = —0.00032889 + 0.031657337. 


We may note the existence of three positive roots, and the region near the point r = 0 is 
permitted for classical motion. This means that the whole region for variable x is divided 
into parts, permitted (+) and forbidden (—) for classical motion: 


(+) LE (0, zı), () LE (zı £2), (+) LE (x2, £3), (= TE (zs, +00). 


This implies a completely different physical system than in the case when T < 0. 
For the remaining values of the orbital momentum / = 1, 2,3,..., the main equation after 
performing the formal changes 


r=>2, M=>>1, em-E, TssT, 6 — (I? =->d') (3.67) 


takes on the form 


OR 6 1 1 1 1 dR 
dx? x 2X2—X x—iNX e+ 2£t+idi/ dr 


3 204E 62 L 4TE 3oT-T? IL 
| Be 14 +— + 


x 25125 GP x4 x6 
T(EX ro)  T(EXY + ia) 
(ze —)X5 (x + id) u8 


T(-EX+a) T(-EY + ia) 
(a +b) 8 (x — ix) 8 


R=0. (3.68) 


After eliminating the first derivative term, we get an equation with the effective squared 
momentum 


P?(ş)-B”-14- 


20E a?-—6-—L 
+ 
x 


ə? 


eae: T(3a—-T) T?L 6:7—4TEz-—4aT 121? 2? 


| rə b qz əy (3.69) 


s3 07 x4 zü 
Let us study behaviour of the function P?(z) numerically. Let it be 


1 
, BE — 099999, o— —, P=-0.001, L=2 (11). 


if. 
137” 


The roots of the equation P?(z) — 0 are 
zı = +182.75523, x2 = +547.16813, 


0.03675161 + 0.01494842 - 2, 0.01418804 + 0.01428520 - ə, 
0.01486661 + 0.03657386 - 2, —0.01480131 + 0.03678462 - i, 
—0.01432517 + 0.01428510 - 7, —0.03667977 + 0.01473772 - i, 
—0.03667977 + 0.01473772-7, —0.01432517 + 0.01428510 - ?, 
—0.01480131 + 0.03678462 - 2, 0.01486661 + 0.0365739 - 2, 
0.01418804 + 0.01428520 - 2, 0.03675161 + 0.01494842 -72. 


There exists the region x € (zı, zə) permissible for classical motion. 
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3.7 Quantisation of energy, the case of minimal / = 0 


Frobenius solutions are searched in the form 


R(r) = aZ eA® B/%D/*" F(x) : (3.70) 
we will follow both possibilities (assuming description of bound states) 
1, T<0, 
VL 3 36-T 
lz 15000 0 000 Oe : 3.71 
2 27 Oh — 
11, 0<T<3a, 
VL 3 38a-T 
A=25/ (= Pe, Pat, pS ucsuz 3.72 


The bound states are possible only at negative T. We have the following expressions for 
parameters 
—2PE 


A--—V1—?, B-—-—V-T(3a—T), € — —— —-2 (3.73) 


—1(3o —T) 


and the equation for f(x), 


77: 2B 1 1 1 1 a 


dx? z x? a+ z?£-—X @£+i zx-—iüğ)/da 


I 77:77. 


z x2 


TEYraT — AYŞ 54 BX14C€32 1 
yə (c+) 

TES — aT — AYŞ 1 BX—C€32 1 
yə (x — x) 

TEY 4 To — AY? — BX —4C3? 1 
yə (x + id) 

_ PEE — iTo — AY — BY+iCy2 01 
yə (x — id) 


|f=0. 
or shortly (recall that T? = —D*) 


”". dı az 1 1 1 1 r 
f (+245 e+ z—X e£t+iX e-id f 


by be : By Bo Bs ; Bu 5 
( 52— —” ul (8-74) 


Let us consider the transcendency condition (3.38): 


k = 5,6,7,..., Pr_5 = a(k — 5) + (bi + 61 + Bo + 83 + Bs) = 0. (3.75) 
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Taking into account identities 


a=2A=-2/1—EF?, bı =20E+6A+42AC, 


Öl + Bo + 63 + Ba 
-TEY +oaP — AX? + BY + CY? —TEY — al — AX? + BY — Cy? 
= 2 
yə yə 
, TES 4 To — AX’ — BY — iCy)? TED — To — AX? — BY +iCcy? 54 
İ bəzl T yas — ? 


we find analytical form of the above condition 
a (k — 5) + (bi + Bi + Bo + Bs + Ba) 
=2Ak-10A4+2aE+6A+2AC —-4A=2AkK—-8A+20QE+4+2AC=0, 


whence it follows equation for energy 


TE 
k— 6,7,8,9,10,.., 268-2/V1 E(k 6 m. 5) =° (3.76) 
Banu 


or differently 


4 3 
“Ek a 12a + (k12)k-+32) 4 (k — 6)E le 40 (k — 6)E (k—6)? =0 
3a—T T'— 3a VT(T — 3) VTİT — 3a) 
The roots at k = 5,...,28 are: one positive, one negative, and two complex. 
TABLE 3.1 
The energy roots, positive, negative, and complex 
k E 
5 -0.99998675, 0.99992138, 2.3926155 + 0.0192232 2 
6 0, 0, -0.99984749, 0.99984749 
7 | -0.99992138, 0.99998675, -2.3926155 + 0.0192232 7 
8 1 -0.99998936, 0.99999544, -4.7851687 + 0.0178584 7 
9 1 -0.99999600, 0.99999772, -7.1777493 + 0.0176361 ? 
10 | -0.99999792, 0.99999864, -9.5703316 + 0.0175602 7 
11 | -0.99999873, 0.99999909, -11.9629143 + 0.0175254 7 
12) -0.99999915, 0.99999935, -14.355497 + 0.017507 ? 
13 -0.99999939, 0.99999952, -16.748080 + 0.017495 ? 
14) -0.99999954, 0.99999962, -19.140663 + 0.017488 ? 
15) -0.99999964, 0.99999970, -21.533245 + 0.017483 2 
16) -0.99999971, 0.99999975, -23.925828 + 0.017479 ? 


17 | -0.99999976, 0.99999980, -26.318411 + 0.017477 ? 


18 | -0.99999980, 0.99999983, -28.710994 + 0.017475 2 
19) -0.99999983, 0.99999985, -31.103577 + 0.017473 2 
20 1 -0.99999986, 0.99999987, -33.496160 + 0.017472 2 
211 -0.99999987, 0.99999989, -35.888742 + 0.017471 2 
22 | -0.99999989, 0.99999990, -38.281325 + 0.017470 2 
23 | -0.99999990, 0.99999991, -40.673908 + 0.017469 2 


24 | -0.99999991, 0.99999992, -43.066491 + 0.017469 2 
25 | -0.99999992, 0.99999993, -45.459074 + 0.017468 2 
26 1 -0.99999993, 0.99999994, -47.851656 + 0.017468 2 
27 | -0.99999994, 0.99999994, -50.244239 + 0.017468 2 
28 1 -0.99999994, 0.99999995, -52.636822 + 0.017467 2 


Quantisation of energy at | = 1, 2,3,... 


Retain only positive roots 


TABLE 3.2 


The positive energy roots 


İk 


E 


E 


0.99992138 
0.99998675 
0.99999772 
0.99999909 
0.99999952 
0.99999970 
0.99999980 
0.99999985 
0.99999989 
0.99999991 
0.99999993 
0.99999994. 


0.99984749 
0.99999544 
0.99999864 
0.99999935 
0.99999962 
0.99999975 
0.99999983 
0.99999987 
0.99999990 
0.99999992 
0.99999994. 
0.99999995 


All these roots belong to interval 0 < Ey, € 1. 
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3.8 Quantisation of energy at / = 1,2,3,... 


Now let 1 = 1, 2,3,... . The transcendency condition Pk = 0 takes the form 


(2k — 13)V1 — E? = 


Taking the values parameters 


1 


a= —, T — —1077,/ 


“ər 


we get the following the energy levels 


2ak + 


V1 — E7(3a +1) 


VL , 


TABLE 3.3 
The positive energy roots, 
parameters (3.77) 


İk 


E 


E 


0.99989654 
0.99998804 
0.99999782 
0.99999912 
0.99999953 
0.99999970 
0.99999980 
0.99999985 
0.99999989 
0.99999991 
0.99999993 
0.99999994. 


0.99989024 
0.99999571 
0.99999868 
0.99999937 
0.99999963 
0.99999976 
0.99999983 
0.99999987 
0.99999990 
0.99999992 
0.99999994 
0.99999995 


(3.77) 
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At other set of parameters 


we get the energy levels. 


At other set of parameters 


1 
= — T=-— 
= 137” 


we get the energy levels. 
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TABLE 3.4 
The positive energy roots, 
parameters (3.78) 


E 


E 


0.99989525 
0.99998809 
0.99999782 
0.99999912 
0.99999953 
0.99999970 
0.99999980 
0.99999985 
0.99999989 
0.99999991 
0.99999993 
0.99999994 


0.99989162 
0.99999572, 
0.99999868 
0.99999937 
0.99999963 
0.99999976 
0.99999983 
0.99999987 
0.99999990 
0.99999992 
0.99999994 
0.99999995 


1075, 1 


5 (L 


30), k 


TABLE 3.5 
The positive energy roots, 
parameters (3.79) 


İk 


E 


E 


0.99989427 
0.99998813 
0.99999782 
0.99999912 
0.99999953 
0.99999970 
0.99999980 
0.99999985 
0.99999989 
0.99999991 
0.99999993 
0.99999994. 


0.99989264 
0.99999573 
0.99999868 
0.99999937 
0.99999963 
0.99999976 
0.99999983 
0.99999987 
0.99999990 
0.99999992 
0.99999994. 
0.99999995 


(3.78) 


(3.79) 


For comparison of the different series of energy levels we use the quantity k — 5 — n — 


0, 1,2, ..., 


A = Ez(l — 2) — E,((—5) 


Nonrelativistic approximation 


TABLE 3.6 

Differences between the energy values 
n A n A 
0 9.864 - 107 1 —1.024-107” 
2 | —3.745-1075 13 —8.070 - 107? 
4 İ —2.938- 107? İ5 —1.382 . 107? 
6 | —7.564 - 10710 / 7 | —4.5813- 10710 
8 | —2.982- 10710 19 | —2.048 - 10710 
10 | —1.467 . 10710 | 11 —1.086 - 10710 
12 | —8.267 . 1071 | 13 —6.437.107H 
14 | —5.110- 10711 | 15 | —4.124.107H 
16 | —3.376 - 10711 | 17 | —2.798- 10-4 
18 | —2.345 - 1071 | 19 —1.985-107H 
20 | —1.695 - 10711 1211 —1.459-107H 
23 | —1.265 - 10711 1241 —1.103- 1071 
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3.9 Nonrelativistic approximation 


Nonrelativistic equation for Darwin—Cox particle has the form [4] 


1 : 
İD: + 5l(Ko® — Lyme? + KoleDylv 
1 - : 
— - İz Dig" (a) (KyFDi + meK,5)İv, 
where 
rt r? 
r4—p2 r4— pe 0 0 
2 
(Ki) = aap —— 0 01, (ul = meter? 
0 10 
0 0 01 
and 
: e : € R 26 e 
Di = thO; + —Apo, Di = tho, + —Ak, Dy =th On/—9 + —Ak, 
c c v—g c 
10 0 0 
0 —l 0 0 — 
aB = sayar nines: 
g(x) = O Or aa ie 0 , vg “r“sinğ. 
0 0 0 —1/r? sin? 6 


Taking into account the presence of the Coulomb field Ap = £, we can obtain 


: 2 2 
(i —1)mc? + Eyteby- . me? — ihe ÖL, 


ri — u2 ri — u2 
whence allowing for i c T, T” =T we get 
; Tə Pro 
0 2 j — 2 
(Kg — Ime +:Ky"eD; = m. İt ya”r 


(3.80) 


(3.81) 


(3.82) 


(3.83) 
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Then, we find expression for operator from the right 


lt l 0 
—{ 5 Dio" (2) (K;'Di + meK)0)) 


; °) 4 1 9 git, 4 1 am 
T Or ho” /” sind 00 r2 00° Ad r2sin2 9 Od 
m 104 rt mec ur” 

m x 


1 1 2 
m )4 ( 0. .0 1 ö 
r* — u? ör h r+ — p? 


p< 4 ). 
r2 Vsin g 99 ""7 9:7 sin26 O¢? 
Thus, the Sehrödinger-like equation takes the form 


0 2 1 T? 
(on Ee ya me? — he ö,llv 
Oot r 2 ri-T? (3.84) 
a 5 i ra ö me b ) ə 
~~ Om Lr? Or” r3--T? Or h r4*+T? i 
Using the usual substitution for the wave function 


Y= el" yı, (60) R(r) , 
we get the radial equation 


e? —: T? 2 Tr? d 
İc m ( riz "€ Hn TRO) 
_ — a 2/ rod _ me Tr? ) (41) 
2m Lr? dr r3-T24r 


2 het) : 


(3.85) 
h r3-T2? 
Divide the equation by me?: 


1 e? 1 T? h Tr? d 
R 
a 2. r44+T?2 meri-T9? zi (r) 
tA? E dəf r d mc Tr? ) MD Re), 
2 m?c? Lr2 dr r4 +72 dr hb r34T2 r2 
and transform it to dimensionless variables 


€ me 1 €? d e 1 202 
= r —ı — (07 
me? h ” me? r : 


2 he = 137” n —. (3.86) 
Then, we obtain the following equation 


Il 


a T? Tx? d 
AE 4 ( ) 
iz ae si1T? #442 dzr 
Id, 27 eh Ur” i(i +1) 
! R(r) =0, 
z? də r dx a Tə) x2 (r) 
or 


(3.87) 
“ə 4:3 foie 
da? g34T2 ” İda? 
20 Ul+1) 40 T7(28—1) 2072 PAUl+1) daT 

İ R= 0. (3.88 
z x? x3 + x4 ıı x v4+4+T2 ( ) 


+[2E+ 


gö 
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Here, we have an equation with regular four singularities 


r? ET? =(r— eh/AVT) (r+ etin/4,/P) (r- e (r+ erat) : 


: : : : (3.89) 
( ri, ra, Ta, Ta )— (€”"VT, -et/4/T, e“HVT, -ee"/AVT), 
and tvvo irregular 
z — Ü, Rank =8, z — oo, Rank —2. 
Behaviour of solutions near the regular points is 
v— Fo, Re (r—o)), p=0,2; r— —o, R~(rt+o)?, p=0,2; 
(3.90) 
r — Tic, Re —do)), p 0,2: r —to, Re (r do), p=0,2. 
In the case | = 0, the above equation simplifies 
d?R 4:5 FS 6] dR 
dx? ziET? o İda” 
20. 40 oT? Qe a1) Jel 4a. 
2E R=0; 3.91 
x = z m x x4 zə g3-T2 — 
here we have an equation with four regular points and two irregular, 
5 
x=0, Rank = 5, z — oo, Rank=2. 
3.10 Frobenius solutions at / = 1,2,... 
Let us construct the Frobenius solutions of eq. (3.88) in the form 
R(r) = o... : (3.92) 


For f(x) we get equation 


2 3 
af = 6+2C 2B 4D, df 


dx? zirT2)” iz 23 dx 


|e 2A4B+07+5C-—I(l+1)  -2CB-4AD-4BH4T 


z : a? i x 

—4z2C — 4:5A +4¢B 4+ 8D — 4:T 

: EEE” 
(et +1) -. 
—4CD + B? — 6D —T? 1 9T?E 
gö 

4BD + 2al? —T?/((41 4D? 

! aay üzə (3.93) 


zə gö 


Let us fix parameters C, A, B, D: 


2E+A*=0 A=AV-2E, EF <0; (3.94) 
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T TİL 
—T7i(i+1)+4D? =0 D ley) -—. (3.95) 
2 ər. — -alTi. 
4BD 1201? =0 B oi a (3.96) 


—4CD — 6D -- B? -T?(1-2E) -0 => 


3  B? —12(1— 2E) 3 a? İL? -1+2E 
C= = HİT : 3.97 
2 “ 4D 2 ir) 2L 
To describe bound states, we are to use the following parameters 

A=-vV-2E, ev”?ET .0, ro+o; 

İPİL D/x? İ. 
müa. —Ü, r”—ü,: (3.98) 

olT) 3 a?/L? -1+2E 
B=+— — = Tr . 
us ə a 2 | 2L 


The index C might be positive or negative, but near the point x = 0, the main factor 
eP/* — 0 if D € 0. Further, we follow both positive and negative values for T: 
Tü, 


TL oT 3 noa?/17-112E 
A=-y-2E,D=-—,B=—=,C=-5-I ə (3.99) 
T <0, 
TL T 25.0 
A=-V-2E,D=+—>,B= 0 = ... — : (3.100) 


Equation (3.93) simpliftes 


d?f 
da 


pa 2B 4D 43 ız 
x 


x? 5 (at T2)ldr 


T 
z zə gö 


. —4Az3 — 4a5C + 4e(B—T) + 8D 
(24 + T?) 


50 2AB x €? E5C Do 2CB — 4AD —4B 44T 


İr =0, (3.101) 


or in short form 


3 
m ay də aş diz 7 
fu (ao | z Figs ao! 


3 2 
Ca” + CQL ae) 
vt +1? dazı (or) 


(2 (00: 508 


zo a?  z3 
Let us write down the coefficients for both cases: 
T>0, 


22500 — 2aT 


do € —V—SE, a, =3-T T , a "m 
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= —1:2E , a? 
bi = —-3V-2E + 2a +T'V aE ( > m) 


MD og “ib 25-ci). Pda E.ə) 
”... i X L? 


Ter T?a'(-1/2+4£) i 1T2a5 
p L4 4 [8 ” 


al  T?o(2E —1) T?a5 
b3 = —2V —2ETL +40 
; ə Tee L? Tora 


4oT 
dı s mATİL de — 


2T(o2/1? — 1--2E 
yı. 7 gaa) ə (3.103) 


T- 0, 


o2/L? -14+2E 2aT 


ao — —V—SE, ay =34+T L : TY 


1-2E a? 
by = —8\/—28 +20 4+T aE ( = i 


ie 0 
21... T(-2V-2Ea--2E—1) T?(1/4— EE?) 
bz = [*+ + 
4 L r 
"Te. 5 T2a2(-1/2 £ E) 11T2a4 
L3 L4 1/55 
aT — T?a(2E—1) Tae 
= 2V-2ETL +40 4 
bs ns 55” x —” 
4aT 
| sli 
ie 
TV (a2/L? — 1--2E 
məsi FOL o (3.104) 


L 
Multiply eq. (3.102) by z5(z? +T?), we obtain 
a’ f” + a5T?f” + (Tap + 28a, — 40° + 2° ag + z3aş + s5aoT” + z?aiT? + zaiT” + asT”)f” 
+(2®b, + 2®c3 + 2°be + r”c2 + x*bs + xtc, + x?T?b, + 23e9 +: aT”bə + Tbs) f = 0. 


Solutions are searched as power series: 


oo 


f(x) = 27 Fü) 50 f(z) = n(n — yanı 
n=1 n=2 


n=0 
in this way we get 


n(n — 1) Y d.r"ö T?n(n —1) Y d,a"”l + aon ” dnx”t® ban Y d,x"75—4n Y dna” t® 
mə 


n=2 n=2 n=1 n=1 


-Eaən > dnx”** Laşn bə d,a"ü3 + aoT?n .. dnw”t? + a1V?n yy dmx” t! + a1¥?n > dna” 


n=1 n=1 n=1 n=1 n=1 
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+a3l?n 3 d,a"”lLb, 3 dnx”t® +3 Y dna”? 
n=0 n=0 


n=1 


84 by Y dnx”*® +e. ə daa”? ba = d,a" 


n=0 


+e Y dna” ** biT? 3 dna”? + 9 3 dna” *? + bel Y dna”? 
n=0 


n=0 


+ bsI? daz" =0, 
n=0 


n=0 


n=0 
which after changing summation indices leads to 


(n — 5)(n — 6) ).7dA- sz” +T?(n — 1)(n — 2) 150 iz” + ao(n — 6 oan ez" 


n=3 


+ai(n — 5) .. da-sz" — 4(n — 5) bö da-sz"” + +a2(n — 4) .—. da-az" 
n=6 n=6 n=5 


+a3(n — 3 o sz" + aol”(n — 2) ... ord” (n-1 .. iz” diT = So dna” 


n=4 n=3 


n=2 n=1 


+a3l?(n +1) 7 dazqaz"” + by — da-sz" +3 > da-sz" + b2 ə da-sz" 


n=0 n=6 n=6 =5 


+c2 ” dn—5x" + b3 x dan-az” ci Ss dan-az" 
n=5 n=4 n=4 


biT? Y dn—2x” + c9 Y dn-sz" + bər” Y d.-ız" + bər? Y daz" =0. 


n=2 n=3 n=1 


n=0 
So, we get the recurrent relations 


n= 0, aşT?d, + bəT?də — 0, 


n= 1, QaaT "de + baT?d, + aaT”dı + bəT”də = 0, 


n= 2, aıT?dı + 2aiT1”də + 3asT”dş + biT”də + bəT?di) + baT”də = 0, 
n =3, OT da + aoT”di + 26:T7də + 3aiT”dş + 4a30 dy 
+b, 07d, + epdo + bəT”də + bşT”də = 0, 
n=4, (61? + 3aıT? + bəT”)dş + (aş + co)di + (2aoT” + biT?)də 
+4a,T? + bsT7)d, + 5aşT”dş + (b3 + c1)dp = 0, 
n —5, 6aşT?dş + (5aiT? + bəT”)d + (120?  4aiT? + bəT?)d, 
“H(3aoT” + biT?)dş + (2aş + co)də + (az + b3 + c1)dy + +(b2 + €2)do = Ü, 
n — 6, TaşT”dz + (6aıT? + bəT?)de + (20T? + 5aiT? + bel?) ds 
“-(4aoT? + b1T7)da + (3a3 + co)d3 + (2az + b3 + c1)d2 + (a1 


4+ bo+ cə )dı + (by +c3)do — 0, 
n=7, 8aşT”də + (7aiT? + bəT”)d, + (300? + 6a,T? + bol) dg + (5aoT” + 6D ?)ds 
+(4a3 + co)d4 + (3a2 + 63 + c1)d3 + (24 


İ İ 261 8+ b? t cə )də i (ao t b) + ca )dı = 0, 


the main 8-term recurrent formula has the form 


n = 6,7,8,9, 10... 
[ao(n — 6) + by + c3]dn—6 + [(n — 5)(n — 6) “ai (nn — 5) 


+[ag(n = 4) + b3 + C1|dn—a + las (ın ıı 3) + Co|dn—3 
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-HlaoT?(n — 2) + b:T?]dy_2 + İT”(n — 1)(n — 2) + ay TV? (n — 1) + de? ] dni 


+[a,I?n + bsT”ld, s aşT?(n + L)dn4i — 0, 


in symbolical form it reads 


Hud q s bd a a, = (3.105) 


In accordance with the Poincar€-Perron method, we transform the recurrent relation to 
the form 


[ag(n əy 6) + bi + cal 


də 
+ [(n — 5)(n — 6) + a4(n — 5) — 4(n — 5) + be + 2] 5 2 
n—6 

55 

“Hlaz(n —4) + b3 --cil rm a 

dn—3 dn—4 dn—5 

05 d dəə 


da—ə dn—3 da-4 dn_s5 

dn—3 daa dn—5 da-6 

dn—1 dn—2 daa daa da-s 
dn—2 dn—3 daa dn—5 da-6 
da da da-ə dn—3 da-a dn—s 

da—ı da—ə dn—3 daa das dn—6 

dana da dazı dn—2 dn—3 da-a dn_s 


re 1) = 05 3.106 
- ir — dn ida 2 dn 3 dn 4 dn 5 dn—6 ( ) 


+[aoI?(n — 2) biT”) 


--İT”(n — 1)(n— 2)  aıT”(n — 1) + bP] 


-HlaıT”n m bsT”) 


Let it be 4 1 
2 = Ry-1, im. Bacı — R, Reonv =| R | : 
for R it follows a simple algebraic equation 


R+I°R° —0 R=0, 


Vit var” vzir” Vai’ 
so the possible convergence radii are 


Reon» = +00, İTİ. (3.107) 


We may assume convergence of the series for all values of the variable x. 


3.11 Qualitative study of the differential equation 
Let us turn again to eq. (3.88) 


d?R 425 _ 6\dR 2a I(l+1) 
da? 7 ( et +72 7 dr z x? 

Av 17(25-1) 2619 MG+1)  4aT 
"3 zi ed as zi-T2 


+ İZE: 


R=0, (3.108) 
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and eliminate the first derivative term 


R=oRk, RİR", R" “ə” Roy + oR". 
The above equation takes the form 


”. / = m 425 6 Ps, -ə 


da. 10-10) a oP OR =4) . dar? - PGI 4aT 
—İzE4— (m 5. (s) a 


Fə: 3 zi ə iG zi--T2 fea) 
or differently 
R’ 4 — 2 Ə ! EB ur 
o «+I? a ‘Ly vt*+I2 zo 
2 ((141 4T T?2(2E—1 2aT? T?/(141 Axl = 
ə ıı 5 1. N25, 
z x? x3 x4 zəl x6 v4 +7? 
We readily find the needed function o: 
y! 4:5 6 Vat +1? 
2 E— —Ü, = ———, 3.109 
—ün.. (3.109) 
so the last equation takes the form 
” 3 / 
=H yp 4x 6.” 2a 
EF2E 
məl gan rin ə” 
((11 4T T2(2E-—1 2oT? T?(141 dieT 1- 
(+1) 40 1708-1) 2a (1) də jp 
we 73 74 ə FƏ gt +T2 
explicitly it reads 
Pa, br 1.55521:52 7720 ter T1043) 
da? 7 ' 2 x gd | zü sg gö 
deT — 18:7 1275 = 
R=0 3.110 
zt +72 ürəy , ( ) 


or shortly 


Near two physical singularities, the function P?(z) behaves as follows: 


T21(1--1 
z—0, P?(2)x . : 
: (3.111) 
z $ oo, P?(r)ə2B4 4. 2E. 
x 
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3.12 Energy quantisation, non-relativistic case 
Let 1 = 1, 2,3,.... The transcendency condition takes the form 
vv E(-2TE +P — (2k — 13)i(1 + 1)) m v/2o?T,V-E (3.112) 


2a + 


it +1) 


At 1=1, T — —107? and k — 6,..., 29 we have 


TABLE 3.7 
The energy values at 1 = 1, T = —1075, 


non-relativistic case 


Bl + 1)3 


k E k E 
6 | — 0.000106665347 İ 7 | —0.00010645219 
8 | —0.000011835908 İ 9 | —4.2614952 - 1076 
10 | —2.1743565 - 1076 | 11 | —1.3153932 - 1076 
12 | —8.8057025 - 1077 | 13 | —6.3047628 - 1077 
14 | —4.7356259 - 1077 | 15 | —3.6869349 . 1077 
16 | —2.9516088 - 1077 | 17 | —2.4161817 . 1077 
18 | —2.0142543 - 1077 | 19 | —1.7048708 - 1077 
20 | —1.4616563 - 1077 | 21 | —1.2670037 - 1077 
22 | —1.1087955 - 1077 | 23 | —9.7847069 - 1075 
24 | —8.6984198 - 1075 | 25 | —7.7834775 - 1075 
26 | —7.0056512 - 1075 | 27 | —6.3388512 - 1075 
28 | —5.7629102- 1075 İ 29 | —5.2620405 - 1075 
At / — 2 and k = 6,..., 29 we have 

TABLE 3.8 

The energy values at 1 = 2, T = —1075, 

non-relativistic case 
k E k E 
6 | —0.000106594223 İ 7 | —0.00010652317 
8 | —0.000011838539 | 9 | —4.2620633 - 1076 
10 | —2.1745635 - 1076 | 11 | —1.3154906 - 1076 
12 | —8.8062362 - 1077 | 13 | —6.3050861 - 1077 
14 | —4.7358364 - 1077 | 15 | —3.6870795 - 1077 
16 | —2.9517124 . 1077 | 17 | —2.4162584 . 1077 
18 | —2.0143127 . 1077 | 19 | —1.7049163 - 1077 
20 | —1.4616923 - 1077 | 21 | —1.2670328 - 1077 
22 | —1.1088194- 1077 | 23 | —9.7849046 - 1075 
24 | —8.6985855 - 1075 | 25 | —7.7836178 - 1075 
26 | —7.0057710 - 1075 | 27 | —6.3389542 - 1075 
28 | —5.7629995 . 1075 | 29 | —5.2621184 - 1075 


For / — 5 and k = 6,..., 29 we have (Fig. 3.1) 
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TABLE 3.9 
The energy values at 1 = 5, T = —1075, 
non-relativistic case 
k E k E 
6 | —0.000106565793 | 7 —0.00010655158 
8 | —0.000011839591 | 9 | —4.2622907 - 10-6 
10 | —2.1746464 - 1076 | 11 | —1.3155296 - 107” 
12 | —8.8064497 . 1077 | 13 | —6.3052154- 1077 
14 | —4.7359206 - 1077 | 15 | —3.6871373 - 1077 
16 | —2.9517538- 1077 | 17 | —2.4162891 . 1077 
18 | —2.0143361 - 1077 | 19 | —1.7049344 . 1077 
20 | —1.4617068 - 1077 | 21 | —1.2670445 - 1077 
22 | —1.1088289 - 1077 | 23 | —9.7849836 - 1075 
24 | —8.6986518 - 1075 | 25  —7.7836739 - 1075 
26 | —7.0058189 . 1075 | 27 | —6.3389955 - 1075 
28 | —5.7630353 - 1075 | 29 | —5.2621496 - 1075 
Comparison of the energy series 
A= EQ (l= 2)—E, (l=5), n=0,1,2,.... (3.113) 
TABLE 3.10 
The differences between energy values, 
non-relativistic case 
n A n A 
0 2.8430186 - 107” | 1 —2.8413125 . 107” 
2 | —1.0523492 . 107? | 3 | —2.2731308 - 10710 
4 | —8.2841118 . 10711 | 5 | —3.8977675 - 10711 
6 | —2.1348515 - 107111 7 | —1.2933536 - 107H 
8 | —8.4192760 - 1071? | 9 | —5.7836591 . 1071? 
10 | —4.1427564 - 1071? | 11 | —3.0682656 - 1071? 
12 | —2.3354351 - 1071? | 13 | —1.8185771 - 1071? 
14 | —1.4436463 - 1071? | 15 | —1.1650872 - 1071? 
16 | —9.5382260 - 10715 | 17 | —7.9069886 - 10713 
18 | —6.6274890 - 10715 | 19 | —5.6098102 - 10713 
20 | —4.7902667 . 10715 | 21 | —4.12289394 . 10713 
22 | —3.5739498 . 10713 | 29 | —3.1182893 . 10713 


At | = 0, the first energy level is (let T = —10~3) E = 0.9999213823. We can con- 
struct any finite number of terms in the series; for definiteness, let us restrict ourselves by 


polynomials of 10th-order 


f(a) s 


g(x)Pro(z), 


where the coefficient of the series equal 


dy — 1, dı = 565.0253196, də = 75914.6222, ds = —5.9869325 - 10°, 


da = 1.423294 . 10°, d; = —5.33496 - 1011, dg = 2.67316 - 1014, 


giz) 


— re 


Az eb 


(3.114) 


dz = —1.66026 - 1017, dg = 1.22398 - 107°, də = —1.0413 - 1075, dio = 1.0023 - 107°. 


The plot of g is given in Fig. 3.2. The plot of the complete function f(x) is given in Fig. 
3.3. Similarly, examine behaviour of the functions g(x) and f(x) with T = —107? for the 
second energy level EF = 0.9998474908. See Figs. 3.4 and 3.5. 
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3.13 Relativistic problem: polynomial solutions? 


Let us examine the possibility to get exact solutions in polynomials. Recall the structure of 
the recurrent formula 


Pr—oCr—6 + Pe—sCr—s + Pr—acr—a + Ph—3Cr—3 
+Pr—2Ch—2 + Pr-1Ck—-1 + Peck + Prticr+i = 0. (3.115) 


To this end, we equate the coefficients of the power series Pıo(z) = 1+c;r+c927+... (k = 
1,10), obtaining equations with respect to energies E. In this way, we consequently obtain 
the following sets of energies!: 


— E = —7.17766 + 0.03255042, 4.78508 + 0.02143:; 
c2 = 0, 
E = —9.57069 + 0.08716182, —7.17729 + 0.00001471994, 
2.3923 + 0.0199044i, 4.78535 + 3.18263 - 10777, 
cz = 0, 


E = —0.0138482, 0.0136254, —11.9655 + 0.163617, —9.56799 + 0.0001654492, 


—7.17755 + 3.62678 - 10777, 2.3928 + 3.0992 - 10757, 4.78514 + 1.02337 - 10777, 


c4 = 0, 


E = —0.000198405, —0.000197379, —14.364 + —0.2614477, —11.9562 + 0.000825818:, 


—9.56864 + 0.0000803654i, —7.17839 + 0.0000379228%, —2.39173 + 0.0398022%, 
2.39266 + 4.10168 - 1077), 4.78514; 


C5 = 0, 


E = —0.000139544, —0.000139344, —16.7682 + 0.379763:, 
—14.3411 + 0.002720017, —11.9557 + 0.0006338832, 
—9.57531 + 0.000507849:, —7.17506 + 0.0002828677, —4.78491 + 0.1072251, 
—2.39205 + 7.19976 - 10~°%, 2.39266, 4.78514; 


cg = Ü, 


E = —0.000139444, —19.1804 + 0.5170212, —16.7221 + 0.00690396:z, 


—14.3345 + 0.00291035i, —11.9805 + 0.00286058%, —9.5589 + 0.00225326i, 
—7.18462 + 0.196333, —7.17507 + 0.0002306033, —4.78201 + 0.000212772/, 
—2.39251 + 2.05079 - 10767, 2.39266, 4.78514; 


c7 = 0, 


E = —0.000139444, —21.6027 + 0.6710487, —19.0996 + 0.01456412, 


lIn calculations we use the command Chops with default tolerance of 10710, so we ignore imaginary 
additions which are smaller than 10710 in modules. 
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—16.6995 + 0.00979856i, —14.4002 + 0.0106758i, —11.9325 + 0.00972476i, 
—9.59771 — 0.310631i, —9.55899 — 0.0019359i, —7.1766 — 0.0000928371/, 
—7.16875 + 0.00146393i, —4.78519 + 0.0000358196i, —2.39251, 
2.39266, 4.78514; 


cg = 0, 


E = —0.000139444, —24.0367 + 0.8391912, —21.4744 + 0.02665217, —19.0442 + 0.02711542, 


—16.8411 + 0.0311392i, —14.2926 + 0.0303364i, —12.0306 + 0.456284i, 
—11.9332 + 0.00820475/, —9.56708 + 0.000531903i, —9.54983 + 0.00576288i, 
—7.18192 + 0.000166772i, —7.17358 + 0.0000347737i, —4.78519, 
—2.39251, 2.39266, 4.78514; 


Co = 0, 
E = —0.000139444, —0.000139444, —26.4832 + 1.018582, 


—23.8478+0.0435067i, —21.3617--0.06598237, —19.3099--0.0773246/, —16.6408--0.0761181/, 
—14.4848+0.642902i, —14.2954+ 0.0238801i, —11.9585+0.000974102%, —11.921+0.015833%, 
—9.58514 + 0.000664145i, —9.5556 + 0.0000700813%, —7.18193 + 5.31255 - 10784, 
~7.17359 + 9.49047 - 10784, —4.78519 + 7.98381 - 107 19%, —2.39251, 2.39266, 4.78514. 


Evidently, we can see that among the roots know physically interpretable energy levels 
arise, so we conclude that the polynomial solutions do not exist in the problem under 
consideration. 
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FIGURE 3.1 
Energy levels at 1 — 5, T = —1075, and k = 6,29. 
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Plot of g(x) for 1 — 0, T = —1075, the first energy level. 


FIGURE 3.3 
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Plot of f(x) for 1 — 0, T — —1075, the first energy level. 


FIGURE 3.4 
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Plot of g(x) for 1 — 0, T = —1075, the second energy level. 
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FIGURE 3.5 


Plot of f(x) for 1 — 0, T — —1075, the second energy level. 
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A 


Tunnelling Dirac particles through 
Schwarzschild barrier 


For massless Dirac particles, the general mathematical and numerical study of the 
tunnelling process through the effective potential barrier generated by Schwarzschild 
black hole geometry is done. The study will be based on the use of eight Frobenius 
solutions of related 2nd-order differential equations with nonregular singularities 
of the rank 2. We construct these solutions in explicit form and prove that power 
series involved in them are converged in all physical regions of the physical region 
of the variable r € (1,+00). Results for tunnelling effect significantly differ for two 
situations: one when the particle falls on the barrier from within and another when 
the particle falls from outside. The mathematical structure of the derived asymptotic 
relations is exact; however, analytical expressions for involved convergent power 
series are not known, and further study is based on numerical summing the series. 
The calculations are implemented using Mathematica system. 


4.1 Basic facts 


Starting idea on which the present chapter is based appeared many years ago in Regge and 
Wheeler’s work [1], where the stability of the Schwarzschild metric [2] was studied. In [1], a 
linearised wave equation for the spin 2 field on the background of the Schwarzschild metric 
was derived. It was established that a corresponding radial equation is of Schrédinger form 
with potential of barrier type. Similar results have been obtained for particles with different 
spins [3-12]. 

For Schwarzschild metric in the static coordinates «* = (£, 6, ö, r) 


1 1 
ds? = dt? — r?d0? — r? sin” 646” — edn ®=1--, r € (1, Too), (4.1) 
T 


the generally covariant Dirac equation [13] takes the form (we separate a special factor in 
the wave function, U = r~!6-1/4(r)y) 


2104 + do12 cos 6 
sin 6 


ps 
Ve 
Solutions with spherical symmetry are constructed within the following substitution 


(instead of commonly used formalisms of spinor spherical harmonics [14] and spin-weigh 
harmonics [15], we apply a more simple formalism based on the use of the Wigner 


i 
a + iVG779, + “uz +7 ) — M/(x) =0. (4.2) 
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D-functions [16, 17]) 


i )D 

iet 2\r +1/2 

(r) (4.3) 
(r) 


This substitution corresponds to diagonalisation of the total angular momentum I 2 Js, 
and spatial reflection operator. The parity eigenvalues are II = 6(—1)/t', $ = 41. Wigner 
D-functions are designated as follows: D, = 2? 56, 0,0): in this notation, the fixed 
parameters j = 1/2,3/2,... and m € {—j, ...,+j} are omitted for brevity. 
After needed calculation we produce the system of two equations 
d vV® d vyo 
C “əl 


dr İ T )- (e+ MV®) g, Ce 


— 44(e— MVƏ) f, (44) 


vrhere 
f=(fit fe), g — —i(fı — fə), v — ) 1/2, pl sı 
Let us transform eq. (4.4) to the new variable 


V@=4/1-l/r=2, ro1,230, r Hoo, z 541; (4.5) 


the physical region for the variable is the interval x € (0,1). Equation (4.4) take the form 


1-2’)? d 
(“üzə m ref — a?) =-(e— Maya, 
4.6 
.— d a ) Al dafa - 
u z = : 
5 7 g € x)g 
Whence it follows a 2nd-order equation for f(x): 
d? 1 2 2 1 d 
izə 15— —. 
2(1 — 3:7 42 1 2 4(€? — M?x? 
ə 373) V 7 Vv (€ m =0, (4.7) 
a(l—a?)? (l—a@?)? z4e1— 2 z2(1 — x?)4 


an equation for the function g(x) follows from eq. (4.7) by the formal changes f => g, v => 
—L/, € ——t. 

Note that c = e/M > 1; to the massless case, there corresponds the limit c — oo, so 
such a singular point vanishes and we have a simpler equation 


2 
fe@tGtoto)s 


2(1 — 3x?) dv? Ae? m 
"sa? (01-32) 7 (1— ai} i 


(4.8) 
The problem under consideration becomes clearer from a, physical standpoint if one 


transforms equations to other radial variables r,: 


5 r, =7r+ In(r—1), r, € (—oo, +00); (4.9) 
dr dir, 


to points r = +1,+00 there correspond the following values of r,: 


v — Hİ, rx. — —00; r — +00, r, — +00. (4.10) 


Basic facts 


In this variable, the system (4.4) reads 


lan 


2 “— ve(r,)İf =—-(e+ MV®)g, I 


d 
dr, 


— vp(r,)g = +(e- MV9)f, 


where the function y(r,.) is determined as follows 


və 


e(r.) 


: Tx — “OO, 


e(r,) > 0. 
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(4.11) 


(4.12) 


Several typical graphs for potential (r, ) are given in Fig. 4.1. Below we show the 
location of maximum values of the potentials y(r) and y(r.): 


5 Qo Y € Çt fs oo oo 


19, 
20, 


r — 0.186736, 
r = 0.633808, 
r = 1.37398, 
r = 2.41039, 
r = 3.74324, 
r = 5.37252, 
r = 7.29817, 
r = 9.52018, 
r = 12.0385, 
r = 14.8532, 
r = 17.9642, 
r = 21.3715, 
r = 25.0751, 
r = 29.0751, 
r = 33.3713, 
r = 37.9638, 
r = 42.8527, 
r = 48.0378, 
r = 53.5192, 
r = 59.297, 


le 


Tx 


3 


x 
Tx 
Tx 
Tx 
Tx 
Tx 
Tx 
Tx 
Tx 
Ts 


le 


3 


ök 


TA. 


3 


* 


le 


3 


R 
TA. 


TA 


= —0.349256; 


= 0.134404; 
= 0.351799; 
= 0.466459; 
= 0.535869; 
= 0.582072; 
= 0.614938; 
= 0.639478; 
= 0.658483; 
= 0.673629; 
= 0.685979; 
= 0.696239; 
= 0.704898; 
= 0.712303; 
= 0.718706; 
= 0.724298; 
= 0.729225; 
= 0.733597; 
= 0.737503; 
= 0.741014. 


The corresponding 2nd-order equations may be presented as follows 


(€ 


(6- uve) + vy) 


1 


1 d 
(e- me 


dr, 


İc + MV®) (+ vy) 


* 


(«+MV/® 


Equations (4.13)—(4.14) can be reduced to the form 


d? 
dr? 


near the points r — 1, -Hoo they become simpler 


Tr — +1, 


(+ P(r.) F =0, és 


2 
dr? 


vp)g 


M*6)g=0, 


Mar 4+ vy) f + (2 — M2) f =0. 


+ Q(r))9 = 0; 


tier, . 
? 


(4.13) 


(4.14) 


(4.15) 


(4.16) 
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ro, 
də 2 2 d? 2 2 -k?,/€? — M2r, 
ub — M?)f — 0, (ə te — M? —0, f,g ece” (4.17) 


The quantities P?(r,) and Q?(r,) represent squared effective linear momentums. Here vve 
have a problem where the quantum-mechanical tunnelling effect is possible. 


4.2 Analytical study of Frobenius solutions 


Let us turn to consideration of possible solutions for eq. (4.7). It is convenient to apply the 
following form of this equation 


a? 1 2 2 1 \df 
207755: 20 
+{ 25. ər A ə A’ 
z 2 dc (z41) (r—1) 
BO, BO 6€-M?0 €-M?/2 
"u—17” 6-19” w+)? (5-1) 
€” — M? €? — M? 
= 4.1 
TTA Aes He, -. 


where the notations are used 


ə 822 + 356? + 8z — 5M? + 8y/(c— 1) 


8 3 
ağzı +8v? — 35€? + 8v + 5M? — 8y/(c +1) 
= : : 
b —8v" + 19€? — 8z — 5M? 
= 3 : 
Bə. Pena: 2v 


8 c?—1” 
Recall that restriction to massless case is straightforward: M — Ü, c — oo. 
In (4.18) we have an equation with three regular singular points x = Ü, —c, oo and two 
irregular singular points —1,+1 of rank 2. Let us detail the asymptotics near singular points. 
Most interesting are the physical points x = 0, +1: 


a70, fra’, y=+2ie; (4.19) 


z $ 41, fc (r — 1)" sp (77), 

2— M2 2_ M? M? /2 

pp. “nc )+ / : (4.20) 
€? — M2 
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, 
eyy f= 1)” exp.(-—— 
z 1:5: 
?— M? ? — M?) + M?/2 
pies ap 15 577 (4.21) 
2 €? — M? 
z — —c, f “(x £c)”, p=0,2; (4.22) 
ə d?f 24f 1 
z $ co (yz 27 (ia ape ) fy ~z.7=0,3 (4.23) 
gü du x 


Let us construct Frobenius solutions for eq. (4.18). It is convenient to introduce short- 
ening notations 
(€ — MÜA — E, 


then eq. (4.18) is written as 


€? — M? /2 — E”, 


ef 0. 1 mı 
dx? x «et+l'a2—-l1 «2«te'dz 
+{ 2/0 4e? 6: D A a A’ B B 
z x? cc (z41) (r—1) | (x +1)?  (:—1)? 
5 77 5 (4.24) 
(r 8133 (r—1)3 © (29 +1)4 (zs—1)1/” i 
VVe construct solutions using the substitution 
f(x) — 27(« —1)” s rad exp ( zi )F(a) . (4.25) 
z—l xa+1 
We get an equation for F'(x): 
dF  [1+2y  242a” 2420 1 28" 28 dF 
da? 7” x zl z—l z-c (x +1)? (x —1)? dx 
_[136—6'+4a+2a0'—BB'+2a0'+4y+4ya+4 7B —-—ap'+Ba'+2A’ 
HE z—1 
B o zağ”  -—E 268 
(1--c)(e-1) (14c)(z—1)  (z—1)” — (r—1)” 
_E'-20'p' 12B Y202-481426-448-286 88 8 EY” 
(e+ 2 (z — 1)” (w=)? (1) (241) 
_ 2B — 2a — 26 — 2a? + 4cB — 208’ — 4/8 + 2Bc + 20/?c — BB + 2ca + 4y8'c + 2a8'c + BB'c 


(a + 1)22(c —1) 
ca + 2ya'c— 278’ c—cB-2ve-—y 27Bo~2yac+ co’ — of! 4€ +7 


zi 2 

cx x 
_1 -4a’ -20:a” - 4yo” - Ba H66” 36” oğ” Y448”-8-47Y-202A 
ə zadı 

s” a! 
(-1+4c)*(@+1) (-14c)(r41) 

| 1 1 5 q il il . 44 il 5 if 3 
ten 1yet 17x4-e PP” + (y+ata’)ce+(-2D+a'+B+6'-a)c 


+ (“a 


2 


126” —28 
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Imposing needed constraints 


ey? + 4c? =0 => y = A2ie ; 


= E 
—2a8 — El =0, 8? EE — 0 — 8 — HiVE, a=+i——; 
5 5 B 2/B (4.26) 
EF 
—2o0/69”-E -0,8”7:E-—0-—9”—-HVE,o —xi— 


(here vve have eight variants), vve arrive at the equation 


PF (Gee _20/+2 2042 29" 28 1 ə 
da? xo 7” z41 ” z—l1 (z 412 (:-—1)? ax+c/ dr 


.2-—. o — 8" -—-0—29—12 
z 
day 487 + 2aa’ Laf 8 — af’ — BB’ +4a4+ 38 + 4y + 2a’ — 8” E2A” ər ayr 
il 


2(: —1) 
476 + 20? — 208 + BB’ — 48 + 2a + 2B' + 28, 
2(: — 1)? 


da” + 48’y — 2aa! — a! B + a8’ + BB’ — 4a! + 3B’ — 4y—-2a—-B+2A— 2% 28) 
| 


c—1 (e—1)2 
2(:--1) 
“Bİ 4.20? H.2oğİ + BB! + 46! +20! + 2B + 2% 
ol , 2(@ +1)? 
il Lə a il a il B il ğ il 1 
2 5c—1  cHE1 7 (c—1)? ” (e+1)2 tD) fF =O. en) 
For theoretical consideration, it is enough to use its shortened form 
iL Ny ne n3 4 Ts 
r" i ( I I =e ii 
z 2—1 (6—12 za” (541) xz+t+e 
m my mea mə M4 Tn: ) 
F=0. 4.28 
G 2—1 (z—1)? wx+1 (z41)2? ete .. 


Multiplying this by x(a + c)(z — 1)?(z + 1)”, we get 


İz” + cx? 223 — 2ca5 +274 ez iF" 


[(n + ny +n3+ns) 2° + ((n tn, +n3)e+n, +n2—73 +74) 24 


+ (ni + neg — ng t+ na)e—2n—7ny + 2ne— na — 2nu — 2ns)a5 


+ ((—2n—1ny+2ng—ng—2n4)e—my + ng +ng +4) 2? 
+ (Eni tng +n3+n4)e+n+n5) x + nc} F’ 


+ [(m+my,+m3+ms) a? + ((m. dimi HE ma)c mi +m 


4 
İ 


mə “b m4) x 
il 


+ ((m, + mə — mə FE ma)c —2m — mi E2mə — m3 —2ma : 


2ms) x 


+ ((—2m — mı + 2m2 — m3 — 2ma4) ce — m +m2+ mə + m4) 2 


((—m, + mə + mə +m4)c+m+ms)a+mceF=0. 


Solutions of the last equation may be searched in the form of power series 


x382158n-5—.32.2.:.5 
k=0 k=1 k=2 
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further, we produce 7-term recurrent relations: 


1 —Ü, nby+mbo cü, 


i=1, 2 cho + 2nebə + (ni +2 +73 +n4)e+n+ 75] by + mebi 
+[(—m1 + mə +m3+m4)e+m-+ms]bo = 0, 


i= 2, +3 ncb3 + 6 cb3 + 2b2 + 2 1(—ni + no FE nş +n4)c+n 4+ ns] bg + mebə 


-- (2 — ni E2nə — niş —2n4)e— mn +n2 + n3 + na] by 


+[(—m1 + mə +m3 + m4) e+ m+ ms] bi 


+ [( 2m my + 2m Ts 2maA) ce — mı FE mə EF mə Ema bo = 0, 


i = 3, 12 cba + 4 neb, + 6b3 + 3 1(—ni + no +n3 +74) c+n+4+ ns] b3 + mebş 


—4cbə + 21(-2n — ny FE 2nə — naş — 2n4)c — ny + ng +73 + 4] be 


+ [(—m, + m2 + m3 — mə)e kim + ms] be 


t[(my +n2g—n3+n4)e—-2n—-—ny +2ng—n3—-2n4 — 2nəlbi 


+ [(—2m — m, + 2mə — məş — 2ma)c — mi FE mə + mə + malbi 


+ [(m, + mə — mə Ema)c -2m — mn, mə — m3 — 2ma — 2məslbo = Ü, 


i= 6,7, 8... (m. “Emi mc məş + ms) bis 

(64 — 4)(3 — 5) + (nm +73 +5) (¢— 4) 
“(m FE mi 14. ma)c FE mi +m — m3 + malbi-a 

+ {c(i — 3)(? — 4) + [(n Eni FE na)e Eni + rg — 73 + ng] (t — 3) 


+ [(my +m — mə +m4)C— 2m — my, + 2m. — mş —2ma — 2məl) bis 


T { 2(i 2)(i 3) İ [(m4 + nə n3 4 n4) Cc 2n ny +2ng — nz —2n4 — 25] (i — 2) 


+ [(—2m — m, E2mə — m3 — 2m4) eC — mi + m2 + mə + Ma4]} b)-ə 


+ {-2 c(i — 1)(i — 2) + [(-2n — ni +2 ng —n3 — 214) c— ni + ng +3 + Nag] (i — 1) 


+ [(—m1 + m2 + m3 +ma)e+m+ms5]} bi-1 


+f{i(t-1) 4 [(—nitnetng3+n4)ctnt+nsli+me} b, 
+[ci(@i+1)+nc(t+1)] bi41 = 0. 


In accordance with Poincar€-Perron method, we divide the main recurrent relation by 
bjs: 
(m +m, mə + ms) 


bi-4 
-(m+m,+m3)e+m, + mo ms + ma] > ; 
{c(i — 3)(@-—4) + [m+n, + n3)e+ ny + ng — ng 4 nal (i — 3) 
4-3 Dj 
+ [(m, + mə —m3+m4)e—2m mi + 2mz— ma — 2ma — 2ms]} 5 . 3 
2—4 U:—5 


+ {—2(i — 2)(¢ — 3) + İ(ni + ng — ng Ena)e—2n-— ni 1202 — nş — 2ma — 25] (i —2) 


106 Tunnelling Dirac particles through Schwarzschild barrier 
bi-2 bi-3 Dia 

bi-3 bi-a di-5 

+ {-2 c(t — 1)(¢ — 2) + [(—2n — ni +22 — ng — 2ma)c — ni + rg “nə + Ng] (i — 1) 
bi-1 bi-2 Di-g bi-4 

bi-2 bi-3 Dia bi-s5 

bi: bi—i Di-2 bi_-3 bi—4 

bi-1 5i-2 0i-3 bi-a 5i—5 
big bi bii bi-2 Di-g Di—a 
bi bii 5i—ə bj-3 Dia )i-5 


+ [(—2m — m, + 2mə — mz — 2ma)c — mi FE mə FE mə + mal) 


+ [(—m1 mə + m3 +ma4)c+m+mes]} 


+ {i(i — 1) + (mi + nə + ng + n4)e+ n+ n5]i + me) 


+[ci@¢@+1)+nc(i+ 1)] =0. 


After that we multiply the last relation by i~? and tend i — oo, so deriving an algebraic 
equation for R, which determines possible convergence radii 


b; 
R= lim : , Reonv = Tə: 
i oo bj_1 Hi (4.29) 


R+cR? — Rr? —2cR*+ R°+cR°=0 — (14cR) R(R?-1)?=0; 


the roots are R = 0, R = +1, and R = —1/c. Therefore, possible convergence radii 
are 1,c > 1,oo. Note that the convergence radius Reon, = 1 covers all physical region 
for the variable z € (0,1). In accordance with the above-mentioned symmetry, solutions 
for function g(x) are constructed in a similar way, it is enough to make formal changes 
VU oL, € =>-c. 


4.3 Numerical study 


Let us list the above eight solutions (note the change (z — 1) € 0 to (1 — z) > Ü, it makes 
the involved functions single-valued in physical region z € (0, 1)) 


, 
f(x) = x9(1-— x)” exp (-— )(z + 1)” exp ( R pF) : (4.30) 
where 
8 di”, a=tid, MW =A, a’ =+tid, 
2. n/2 2. m2 4.31 
pes M. aş M a, G2) 
2 e — M2 


In order to get the massless particle, it suffices to make the formal changes in parameters: 


1 
c — oo, eS ei x 


Il 


(4.32) 


In the following we study the most simple massless case. Correspondingly, we use the fol- 
lowing substitutions 


gi(x) ə h(z)ese”n Tan (1 — 2) a(x + 1)-*, 


oe m. (4.33) 
g2(x) —ç h(ax)e 2(:—1) Betty (1 = x) ten Pie (x a 1)*; 


Numerical study 107 


gs(z) — h(z)e” ren FEF (1 — 2) a(x + 1), 


1 er (4.34) 
ga(x) o h(z)eze”n ein (1 — x)" 7(r + 1)-*; 
x shinee ze 1— 222 (p Li ic, 
2..........0 . 
ge(z) o h(x)e7@*D ~ 2@=0 (1 — x) “a 2"(x 4-1)”, 
qı x hirlarn (1 — zy eyni 41)”, 
gr(z) o h(a) (1-z) (x +1) (4.36) 


gg(x) > h(a )exe”n 2 (1 — z)”z ?"(r 1)”. 


We need an explicit form of 2nd-order equations for all h;(a); it suffices to write down 
only four cases, hr, )ş, hs, and h7, because all equations and solutions are divided into pairs 
of conjugated ones: 


35e€? 12€? 13€? 11€? 5e? 11:€ 
451)” r  4(s41) 4(:-1)) etl?  2(r-1) 
3ö€ DLE u? u? vy? u? 
x 2(z-41) | x-l a@4+1 (#-1)? (z41) 
V 2v V V U 
121. £  xı1 ZE? wane) 
22€ die 20€ 1€ € 2 1 2 


Heats x+l (:—1) («#+1)? 


13€? 12€? : 35€? 5e? R. lle? 52€ 3i€ 1lie 
4(6—1) oz © 4@+1) 4(:—1)? 4(z-1)  2(r—1) 2  2(r-1) 


py? v? u? u? U 2v Vv Vv U 


h 
"qi gol gn mu)” si o ast Gate usm” 
226 die 2te 1€ 1€ 2 1 2 
Tİ 2: ui —.: h3(x) + hs (r) — 0, 
zx-—l «@ «+1 (:—1)? (s412 z—l zo dl a(t) + hs (2) 
12? . 12c? i de? 2 4283 . Sie Sie 
z-—1 rel (r—1)) (z41)2 “2-1 #41 
4: vy? u? u? vy? m U 2v U 5 U U hb (x) 
x 
z—1 zl (z—1)) (+1)? 2-1 z etl (z—1)2 (z-1)1” 
226 Ate 22€ 1€ 1€ 2 1 2 
Tİ a a Mü .— hs (ə) “hs (z) — 0, 
zx-l zo «+1 (#-1) (:412 z-l zo «+1 s(z) + hs (x) 
u? u? u? u? 4 U -. V & U U İR ) 
x 
z—1 xal (z—1) (@+1)? 2-1 rz cl (x—-1)? (z-1)177 
276 Mie 21€ 1€ 1€ 2 1 2 
+ — +4 he he (a) = 
ul x-l z za Gade 231 2-1 x «+1 6. 


Below symbols R, (z) and I;(x) (6 = 1,3, 5, 7) will designate real and imaginary parts of 
four converging series (they depend on quantum numbers ¢,v = 7 + 1/2). Several typical 
graphs of series are given in Figs. 4.2-4.5. 
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Numerical study shows that real and imaginary parts of the series sums R,(r.) + hr.) 
demonstrate evident asymptotical behaviour at r, — +00: 


Re hy: 1 1.0133, ə — 1.0043, 25 — 1.0021, 
a = 1.0012, a = 1.0008, hı (1500) = 12092.5427, 
(4.37) 
m hy: ə — 1.0349, ae = 1.0112, = = 1.0055, 
m. — 1.0033, əsr) — 1.0021, hı: (1500) = 279.9890; 
Re hə sə — 1.0138, ə 1.0045, 25 — 1.00224, 
aa = = 1.0013, əsi) — 1.0008, hə (1500) = 22583.1144 
(4.38) 
Im hs : ea = 0.9290, ” — 0.9744, m — 0.9868, 
m) — 0.9920, En = 0.9946, h3(1500) = 284.8543: 
Re hs : 27 — 1.0170, 2 — 1.0055, 7 — 1.0027, 
20. — 1.0016, Has) — 1.0011, hs (1500) = 1206.6537, 
(4.39) 
Im hs : ae = 1.0132, ə — 1.0043, ərə — 1.0021, 
a = 1.0012, ae = 1.0000, hs(1500) = —11203.6223; 
Re hr: ae = 1.0170, ən — 1.0055, əə — 1.0027, 
oo) — 1.0016, PB) — 1.0011, h7(1500) = 1206.6537, 
hz(500) hr(750) hz(1000) — 
Im hz i or un... 0007 1.0043, 0,7 1.0021, 
dn — 1.0012, dn — 1.0009, hr(1500) = —11203.62231. 


4.4 "Tunnelling process 


Let us examine tunnelling effect for the particle, which moves from the right of the barrier. 
To this end, we start with the solution gə (z), its asymptotic behaviour at z > 0 (r, — —co) 
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is given by the formula 


go(x) =e X.. te _ 6 . den, (4.41) 
Let us use notation 
Go(x) — eT”gə(r), Gö(r o —oo) —e Tə. (4.42) 


We may formulate the following Cauchy problem: 
Go(x), —Go(z), zo=107°, (re)gp = —22. (4.43) 
The tunnelling process is described by the general formula 
—ier —ier +ier 1 —ier —ier B +ier 
em <=> Ac Ün + Be™™, or via <=> Ae ku. mə (4.44) 
reflection and transmission coefficients are defined as 
B 1 
R=|-|?, D=|-|?. 4.45 
ISP, D=I5I (4.45) 


Let us take in the region r, — +00 two close points, si = eri,, sə = erə,. They give two 
linear equations 


e*tA+etB=N,, € A+ et? B= Ny. (4.46) 


The values N; and Və are known from results of solving the Cauchy problem, so this linear 
system may be resolved with respect to variables A and B. Numerical study yields 


si = 100, sə = 101, 
D| = 2.5871172808253399483182956090916 x 1079 
RI = 0.999999999999330 


$1 = 200, sz = 201, 
D| = 2.5877017935952845053539711845416 x 1079 
R) = 0.999999999999330 


sı = 300, sə = 301, 
D| = 2.5880854478636695997420096062116 x 1079 
RI = 0.999999999999330 


8 = 400, sə = 401, 
D| = 2.5882480599386513075141952768516 x 1079 
RI = 0.999999999999330 


sı = 500, sz = 501, 
Dİ = 2.5882683602272274835321197825816 x 1079 
0.999999999999330 


sı = 600, sə = 601, 


D) = 2.5882297117443874845102673598216 x 107? 
R| = 0.999999999999330 


(4.47) 
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We have calculated coefficients D and R at different values of energy: 


€ — D= R= 

1 2.58797810456648907512855372994 x 1079 0.999999999999330 
3/2 1.7582387448296178946869483542314 x 1077 0.999999996908314 
2 6.56453757573836720679166237235681 x 1076 0.999995690201453 
5/2 9.89428770502314826328280079367695 x 1077 0.999990208695562 
3 9.99753889216766613205611530112792 x 1075 0.999989999254247 
7/2 0.00001000098762059780 0.999989999540272 
4 9.99989634576822762177881423838663 x 1076 0.999990000509748 


(4.48) 


In a similar manner, we could examine tunnelling effect for the particle, which moves 
from the left on the barrier. 


4.5 Conclusions 


For the Dirac particle, the general mathematical and numerical study of the tunnelling 
process through the potential barrier generated by the Schwarzschild black hole metric 
has been done. We construct solutions in explicit form and prove that the power series 
involved in them are converged in all physical regions of the physical region of the variable 
r € (1, +00). Results for tunnelling effect significantly differ for two situations: one when the 
particle falls on the barrier from within and another when the particle falls from outside. 
The mathematical structure of the derived asymptotic relations is exact; however, analytical 
expressions for involved convergent power series are not known, and further study is based 
on numerical summing of the series. The calculations are implemented using Mathematica 
system. 
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4.6 Figures 


FIGURE 4.1 
Potential function ö(r.). 
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FIGURE 4.2 
The graph of the series ha (r, ), €=1,v =5. 
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Tunnelling Dirac particles through Schwarzschild barrier 
Re(hs), İm(h:) 


FIGURE 4.3 


The graph of the series hş(r, ), € — 1,x—5 
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The graph of the series hs (r, ), € — 1, uv —5. 


113 


Figures 
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FIGURE 4.5 


The graph of the series he (r, ), € — 1, v =5. 
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On Maxwell equations in 
Schwarzschild space-time 


It is shown that the generally covariant extended method of Riemann- 
Silberstein—Majorana—Oppenheimer in electrodynamics, specified in Schwarzschild 
metrics, after separating the variables, provides us with the possibility of reducing 
the problem to a differential equation similar to that arising in the case of a scalar 
field in the Schwarzschild space-time. This differential equation is recognised as a 
confluent Hein equation. 

We have considered the electromagnetic field on the basis of the 10-dimensional 
Duffin-Kemmer approach, when in addition to six components of the strength tensor, 
one uses four components of an electromagnetic potential. After separation of the 
variable, we have arrived at a system of ten radial equations, which were simplified 
by the use of additional constraints followed by an eigenvalue equation for the spatial 
parity operator İV = PW; the radial system has been divided into two subsystems 
of four and six equations, respectively. In this second approach, the problem of 
electromagnetic field has been reduced to the confluent Hein differential equation as 
well. 

In particular, we have shown explicitly how solutions found in complex form 
are embedded in matrix 10-dimensional formalism; besides, we determine radial 
functions that are responsible for gauge degrees of freedom. 

The chapter is based on [1]-[24]. 


NN UTXTUXUXU NN —,—o,—,. —,.,...... . ”,.,.. 


5.1 Introduction 


Usually, when treating electromagnetic field in a curved space-time background [1, 2], for 
instance, in Schwarzschild space-time geometry [3], they use a real vector description of an 
electromagnetic tensor [4]. In the frames of Newman-—Penrose formalism [5] for description 
of components of the electromagnetic tensor a spinor technique is used. 

In [6], a general covariant approach to the Maxwell theory based on the use of the 
Riemann-—Silberstein—Majorana—Oppenheimer complex representation was elaborated. Here 
it is used to treat Maxwell field in the background of Schwarzschild black hole. It is shown 
that this technique provides us with possibilities after separating the variables to reduce the 
problem of the Maxwell field to a differential equation similar to that arising in the case of 
a scalar field in the Schwarzschild space-time. This differential equation is recognised as a 
confluent Hein equation. 

After that we turn to consideration of the electromagnetic field on the basis of a 10- 
dimensional description, when in addition to six components of the strength tensor, one uses 
four components of electromagnetic potential. Such a description of the electromagnetic field 


DOI: 10.1201/9781003472377-5 115 


116 On Maruell equations in Schwarzschild space-time 


is more informative because it includes gauge degrees of freedom. However, this method to 
describe electromagnetic field is more complicated. We use it in the matrix form of Duffin— 
Kemmer-Peteau (recent consideration and big list of references see in [7]). After separation 
of the variable, we arrive at a system of ten radial equations, which can be simplified 
by the use of additional constraints followed by an eigenvalue equation for the spatial 
parity operator IW = PW; the radial system is divided into two subsystems of four and 
six equations, respectively. In this second approach, the problem of electromagnetic field 
reduces to the confluent Hein differential equation as well. In particular, we show explicitly 
how previously found solutions in complex form are embedded into matrix Duffin-Kemmer— 
Peteau formalism; besides, we determine radial functions that are responsible for gauge 
degrees of freedom. 


5.2 Separating the variables, Wigner functions 


Matrix Maxwell equation in Schwarzschild space-time 


dr? 
ds? = o di? — = —r(a6? + sin? ddd”), o —1- Mir, 


€(0) — (Fg 0400) €(3) = (0, V®, 0, 0), 
1 1 (5.1) 
€(1) — (0, 0, 0), €tə) — (1, 0, 0, alm" 
o” ve ve cos 6 
Yo30 = Ve’ Y311 = r. 322 = “pe? 7122 = rae 


has the following form (assume the use of cyclic basis when the matrix $3 is diagonal) 


id orlsə — a?s o” 
[-—  vo(o5ö, + or : + 5583) 


Vo 
2 Og + 83 Cos 


1 0 
2. = 
+ ü 0,6) | ” | 0, 


(5.2) 


a 
29.0 Ög +a 
ip 


: , wW=Es+ iB. 
sin 0 
Let us diaginalise the square and the third projection of the total angular momentum of 
the electromagnetic field, J?, J*; correspondingly, we apply the substitution 


0 
gı(r)D-ı 
gə(r)Do 1” 
y3(r)Dy1 


.— du (5.3) 


where Wigner function are used, Dz = TF 0). o = —1,0,+1. With the use of the 
known recurrent formulas 


1 m — cos@ 1 
ö9.D-ı — 3 (aD-2 — vDo), aa D_\ = (aD-ə + vDo), 
j= 00 Did. 0 ua 
0 O= 20727-1 x. m —.. +1); (5.4) 
1 m + cos 6 1 
Op D441 = 5 (¥Do — aD,ə), nag “Hu = 2 (vDo + aD,ə) , 


yv=VjG+), azcv0-—1)0 +2) 


Separating the variables, Wigner functions 117 


we obtain (the factor €” “”” is omitted) 


(y1 + y3)Do 
yV —t o: 
Yes’ = — |. : 5.5 
m. və | 1(gı — ¥3)Do ə) 
+4 oo 


To simplify the formula, vve change the notation 


vy _ İi(-1) 
və 2 


Turning to the matrix eq. (5.2), we derive the radial system of four equations 


— Hn. (5.6) 


— d 2 Vv 
1) V® (z+ =) ə bz (gi vs) =0, 


02 d ve o” iv 
9 "VƏ : . = 
) ( vo a Vo dr a r iə (21 m (22 0, 
02 gə (5.7) 
3 = 0, 
) “r (£ı — 93) 
02 i d | Ve ss o” ə 
4) ( ve re Ve dr re r I ar, 341 r 2 — 0 
Combining eqs. 2) and 4), instead of eq. (5.7) we obtain 
Ww d vo o” 
2) + 4), i(Vb— 4 =0, 
)+4) Je” ps) — a eg və gs) 
Ww d ve o” Qiv 
ıq i(Vb— 4 — — oz —0, (5.8) 
)—4), va gs) (və 2 oya, in + ga) — —— gə = 0, 
(ə) də d 2 U 
3) və” .. (zı — gs) — Ü, 1) 5 əz En (zı + ga) — 0. 


It is readily checked that eq. 1) turns out to be identity when taking into account three 
remaining equations. Therefore, we have only three independent equations 


(ə) w 
və”? ə (zı — ga) = Ü, 
Ww d vo o” 
i (VS — + + —_ = 0, 5.9 
Je? 3) ( ap P və, in gs) (5.9) 
Ww d vo o” Qiv 
) ® t t t =0 
vət” ys) —4 (0 R və in ga) ae ee 
Introducing new variables 
f çi kos, 9 — $1 — £3, 
vve transform eq. (5.9) to 
öv Vo Ww d 1 9” 
227” el ir iri 20970, (5.10) 
w? ( d zə 1 : o” )f4 Qv? 0 
® ge dr r 26 İ r2 gə 
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By using the substitutions, 


1 1 
= G(r), = Fir); 
10.” f ə (r) 
we get more simple equations 
w 1 d d gə? 2v2 
- — —Ğ iw F = 0 —G mi F G G=0. 5.11 
GÖN (r); dr ” mir 7 ® r? .. 


The 2nd-order equation for the primary variable G(r) reads 


PG 8 dG  (ə” üs 
dr? 7 ® dr | (zz y2b 6-0 (5.12) 
or 
2G M dG ur? Gl fe 1) 
dr? T=) dr Gam M)” (5.13) 


It is convenient to apply the variable z = r/M, then we have 


— 1 Ree 


dx? x-1 z/ dz 
(g+1)  2M2u2? — /(4 41) Mw? 
+ (Mu? 4 FG +1)  2Mur “id Mtv )G=0. (5.14) 
x z—l (a — 1)? 


With the use of the substitution G = (a — 1)” xe g(x) , from (5.14) we get 


d?g Ee 1-2 EF 
27 


dx? z—l z dx 
+ [Maat 492+ 2 Fe (6(5-3) fire Be 00060 
(a — 1)? x? x 
2M202 — i(6 +1 +B+y7+2aB+2 

MU DOTA) BBs qı? 27) 9 =0. (5.15) 

x-1 

Imposing restrictions on parameters a, 3,7 
a=+tiMw, B=0, 2, y Mu, (5.16) 


vve simplify eq. (5.15): 


d?g 1l+2a 1-26 
a + 2y 


T 


dg | ee ese eee 


də? ' La—1 z dx x 
2M?u? — j(f 4 1) — 2 +2 
| o? —j(f+1l)—-at+8+74+208 27) 9 =0, (5.17) 
z—l 
which is identified as the confluent Heun equation 
d?Z , [A 1+8B "ə dz 
dz2 7 zo 70 z—lldz. 
5. m. A+B+C+AC+BC+42D+42F f=0 
2 z 2 2—1 a 


with parameters 


A=27, B=268-2, C=20, D-2M?u”, F=1-—j(j4+1). (5.18) 
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5.3 Duffin-—Kemmer formalism 


Matrix 10-dimensional Duffin-Kemmer equation in Schwarzschild space-time takes the form 


(16 stands for the projective operator on tensor subspace) 
: : 1 : : 
[ iB dd ə (B79, + = (BF + 675%) 


a! ve 
+— Gü + —X§ 4 - lev | öz) — 0, 
“a 


i0g + 1717cos9 
sin 9 


¥e,6 = i ğlö, + 8? 


We use the following substitution for solutions in the form of spherical waves 


Dəşmia) =e | falr)Do, falr)D-1, fal) Do, fal) D1, 


fs(r) D-1, fe(r) Do, fe(r) Dia, far) D-i, folr) Do, fitr) Das İ. 


(5.19) 


(5.20) 


After separating the variables, we get ten radial equations (where v = ,/j(j + 1)/2) 


d 2 ve 
ur + —)fe —v—(fs + fr) =9, 
r T Tr 
: ad 1 o” : ve 
iw fs + izə ... 548 m. fo =0, 


iw fe + wv? (—fg + fio) = 0, 


. o” vo 
iw fz i®( + ) fio w fo = 0, 
2® r 


iw fo 4 2 V®fs — 0, 
iw f3 — Ö( : 1 5: V® fe = 0, 


dr 20 

—tw fa + pe f - vey: =0, 

LU 7 7 Vo fg — 0, 
Tr r Tr 


zım — fa) — VƏ fə — 0, 


a(S + fa +f — V® fio = 0. 


(5.21) 
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Let us additionally diagonalise the space reflection operator 


£10 OOO 08 0 0 0: 20 
0.00 0) 100° 0 0) 000 
0010000 0 0 0 
0100000 0 0 0 

ei’ «| 20" 0 et) 30:.:0v Oi! 70: 30 0 : 

Por =l0 000010 0 0 019?” 
0.0 0.0. 1 °O 0° O° 6.10 
0000000 0 0 -1 
0000000 0 -1 0 
0000000 -1 0 0 


from the eigenvalue equation 5 Dim = P ®jm, we get two sets of restrictions 


P= (-1)”T1, 


İr fa — fs — Ü, fa — — fə, fr =—fs, fro = HFİs: (5.22) 


fo m Ü, fa=+f2, fr =+fs, fro — —İs. (5.23) 
Allowing for eqs. (5.22) and (5.23), we get two more simple subsystems. The first is 
P= 3 


d 1 o” . vo . — 
2062000055 ~iw fo —V® fs — 0, 
dr r 20 (5.24) 
“əd vil >, vi? = 
ib (— + -) fo — V@fg=0, i2v— fo — VƏ fy =0. 
dr r T 
Whence it follows a 2nd-order equation for the primary variable fa: 
d? fo o” x dfə w 2? . ob” 1 
dr? He +7) dr 7 iə ro o ə. = 0, 
it yields (let fo = r”1F)) 
da? Fy o” dF» w? ne) + 1) 
! + ( Fi -0 
dr? ® dr ob2 r2® 
which coincides with eq. (5.12) for G. 
In the case P = (—1)/, we get six equations 
d 2 2 d 1 
Of 0 ee. o bl SO, 
dr r T dr r 
2 
iene 4 FL Sigs 0) (5.25) 
r r 
d d 1 
iwFy +P +6R=0, (8 +-)R4+i-h+h=0, 
dr dr r r 
where 
Fi, — VƏ fi, Fo = fə, Fp = VO fs, 
ı fi, Fi fn, Bs fs (5.26) 


Fy — VO fs, Fo = fs, Fa =V® fa. 
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5.4 Relation between two formalisms 
We start with the following identities 
Bay = Fea, Fey = Foe, FE) = Foe) 
Ba) = —Fya), Bay m —Ftsya), Bis) = —Fuyo) 
and the known expressions for complex 3-vector and tensor: 
0 
wae wt] 1P-1) get LF Do, foD-1, faDo, faDa1, 


p2Do 
p3sD41 


fsD_-1, feDo, frD41, fgD-1, fəDo, fioD +1], 

thus we find three relations 

Dova(r) = Ev) + i Bia) = Fo)tə) — *F(3)(1) = fe(r) Do +ifo(r) Do, 

D-igi(r) = Eq) + iBay = Foyay — “FTo)ta) = fs(r) D-1 — 7 fa(r) D-1, 

Dsi93(r = Es) + 1Bi3) = Fos — iFi2 = fr(r) Dai —tfio(r) Dai, 

whence it follows 
gə = fe +7 fo, ~1 = fs —1 İs, 3 = fr —1 fio. 
Taking into account the spatial parity restrictions (5.22) and (5.23), we obtain 


P=(-1y", fe =9, fr =—fs, fio = Hİ: => 
y2 Hi fo, gi =fs—t İs, y3 — İs — İs: 


Pe, fo = 0, fr = +f, fio = —fs => 
Qə — fs, 01 İs—1 İs, 63” İsTİ İs: 


the inverse relations are 


. . ? 1 
P=(-1)*1, fo — —igə, fs (çı +3), fs= rica — 93): 

: ve Ve 
P=(-1), F6e— oo, Fs= rece +3), Fs— (— (çı — 3). 


(5.27) 


(5.28) 


(5.29) 


(5.30) 


(5.31) 


(5.32) 


(5.33) 


5.5 Studying equations for states with P = (—1)/ 


First consider the case P = (—1)/. In six equations (5.25), we are to take into account 


(5.33). Three first equations (containing Fs, Fe, and Fg) 


2 d 2 2 “ə 
iwFs —i—Fy = 0, D(— +—)Fo + —Fs = 0, iwFs +19(— + —)Fs = 0 


dr dr 
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in the new variables read 


: 2.47 
iw po — . iV® (yi — ga) = 0, 


d 2 U 
® (5 + yyət — VO (gi + ys) = 0, (5.34) 
roo r 
: . d 1. 
iw V® (gi + gs) ib Cr of a iV® (gı — gs) = 0. 
Equations (5.34) may be compared with (5.8) 
W w 
3 + = 0, 
) re ı (6 3) 
d 2 U 
1) ee a öz + T (2 İ gs) — 0, (5 a6) 
Ww d vo o” : 
2)+4) — (y+ (VƏ + + —— =0, 
) ) vəsi 3) — it zı ” və ə 3) 
w d vo 9” 2iv 
4 (WD İ İ =0. 
2) — 4) vət gs) 2 ... və in ga) ... 0 


Three first equations coincide, but the last is the consequence of these three. Recall that 
60, gə, and v3 are determined by the primary function G: 


lv 1 V® d 1 
p2= aay pe G(r), gitys= əə qe 61 — $3 = mə G(r), (5.36) 
where G obeys the equation 
dc M dG wr? jG +1) 
dr? 170 =) dr iz M) ”0 pen) 


Remaining three equation in eq. (5.25) relate the radial functions F3, Fə, and F3 of the 
electromagnetic 4-vector with the radial functions Fs, Fe, and Fg of the electromagnetic 
tensor by equations 


d 
RO Yer). “ons bp, 
dr r (5.38) 
mə 
dr 
whence with the help of eq. (5.33) we derive 


1 U 
+ —)F2 +i-F3 + Fg =0; 
r r 


d 
iwF,+O— Fy + Sp) =0, why +—Fi- (yi + gə) = 0. 
. A (5.39) 


a 1 Vv “vo 
ir. 1 “5 2 (dı ga) = 0. 


In turn, from eq. (5.39), with the help of eq. (5.36), we obtain 


102 d ly 
PF3 T ae par) = 9; 
1 $ö d 
iw ./2r dr 

1 


U 
)Fo + -F34 
r 


3 Vy 
—iwk> + —. G(r) — 0, (5.40) 
d 1 


47 


Tae =0. 
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It should be emphasised that all terms with F) cancel each other. This means that the 
function F) may be arbitrary. This fact is the result of the known gauge symmetry in the 
electromagnetic 4-vector at the fixed electromagnetic tensor. The system (5.40) is equivalent 
to 


"ödün Ov ow ® ddtr) 
Bo age ee fa Bet ya dr ” (5.41) 
d?G(r) 6” dG(r) vu əzə 
dr? 7” $ dr ro G4 per) z: 
5B--.———.— xi 
5.6 Studying the case P = (—1)/71 
m the system (5.24), let us take into account (5.32): 
P=(-1)", -iwf,- VƏf: — 0, 
: pene hae, _ vi 
iw fs 4 izn 1. ag fs + fə = 0, 
d 1 b 
is zi -)h vo fs — 0, iv 5 — Vf = 0, 
which yields 
a 
ox — 0, 
“ə” (zı — gs) 
02 d 1 $” 2iv 
bü = 5.42 
vəs gs) —. or 5g )¥1 + və) + — gə = 0, (5.42) 
d 2 U T 
vo 2.2... 


Note that the variable Ff) referring to the electromagnetic 4-vector is determined uniquely 
by the components of the electromagnetic tensor. This means that this class of solutions 
does not contain any gauge degrees of freedom. 

Let us compare eq. (5.42) with the first three equations in eq. (5.8) (the last equation 
2)+4) in eq. (5.8) turns out to be identity) 


Ww Ww d 2 Vy 
3) Jat (zı — ga) = 0, 1) və + zə + =(y1 + ys) = 0, 


(5.43) 
0) d və o 2iv 
2)—4 (vo — — = 0. 
hal vət gs) (vo dəə və ən ua. 
The systems (5.42) and (5.43) differ only in notation. 
In eq. (5.42), let us introduce new variables 
Fomo: 9” i—çə, 
then we get the system 
w VO . d 2 ve Ww 
y2=-———~g, iV®(— +-)——g+—f =0, 
WwW T dr rv” r T (5.44) 
w? lal. = 
BING TF 267° m. 
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The system (5.44) is simplified by the substitution 


1 1 
m G(r), = Fir), 
en (r) f ə (r) 
as a result vve obtain 
dö d w? d 2? 
— F — —io ) F — 0. 5.45 
(pa or G, ul a .. 0 G Bə + 2 G=0 ( ) 


So, the problem reduces to the equation 


d?G M dG ( wr? jG +1) 


dr? ü r(r = M) dr (r m M) r(r _ me = 0. (5.46) 


All concomitant functions are determined from eq. (5.46) as follows 


P= (-1)”71, 
U vo d 1 
nı — — = —— 5 A 
yo2=—-t- 5G, gitys=—i FG, vi— ə ..” (5.47) 
In turn, for solutions with opposite parity we have 
P=(-1), 
V vo d 1 
2x0r.00.-:55- ee (5.48) 


Relations between two methods to describe the Maxwell field may be expressed as follows 


Majorana—Oppenheimer => goz, +1 "3, 

P — (—1)/, Duffin-Kemmer = +2, (61, 3, 

P — (—1)7"1, Duffin-Kemmer — 2, Pi, P3- 
es 


5.7 The gauge degrees of freedom 


Maxwell equations permit the existence of pure gauge solutions, for which the following 
initial substitution should be used 


Ou jm(2) = erent fi Do, feD-1, f3Do, faDaı, 0, 0, 0, 0, 0, 0 i (5.49) 
For states with parity P = (—1)/T1 we have 


P=(-1)*", fi = fg =0, fa = —fa, 


d 1 ® 
0=0, —iwf,=0, —i6(> +-) fo =0, inv? fo =0, 


whence it follows fə = 0. This means that any pure gauge states do not exist with the parity 
P — (-1)/71. 
For states with the parity P = (—1)/, we have 


P=(-1¥, 0 fi=+he 
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(Fi — VƏ fi, Fa = fo, Fs =V fs), 
0= 0, 0= 0, 0 — 0, 
d d 1 
wy =F, — 0, tory OP, = 0) 10(— 4) Ri, 
T dr dr r T 
whence it follows 
d 


d 
iwh="F,, iwF;=-0°F,, i0(— 
Tr 


1 v 
—)E. ,—Fs = 0. 
dr ane —” oo 


Eliminating the variables F2, F3, we get an identity of 0 = 0. Therefore, the function F" (r) 
may be arbitrary, and the concomitant functions are defined by relations 


d 
WSR m0. (5.50) 
T dr 


The last relations may be verified with the use of the Lorentz gauge. In radial form, it reads 


—iw d 2 o” U 
vh x. t+ 55) fs— = (fat fa) =O. (5.51) 


This constraint turns to be an identity for states with the parity P = (—1)/Tİ: for states 
with the parity P = (—1)/, it takes the form 


iw d 2 9” 2v 
vo =0; 52 
Jet Get pop de 0) (5.52) 
whence, taking into account (5.26), we obtain 
= ad. 2 2 
5:55:5—:5 (5.53) 
® dr r T 


From this, allowing for (5.50), we derive an equation 


B 2 9” d ww (Ül) 


m. İT ə br? 


F, = 0. 54 
dr? r © .. -—. 


Let us compare this result with the radial form of the wave equation for massless scalar 
field in Schwarzschild space-time, V°V,,VU = 0. This wave equation reads 


1 2 
V°V UU = Taj oov—99 nü 


ra 
1957 105-0 4.0.41 0 ı öz 
“5 ar vər sing 80 e200 2700. 


so the radial equation is 


( 7 ai Or 7 r? re) =e 


which coincides with eq. (5.54). 
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5.8 Conclusions 


Let us summarise results. It is shown that the generally covariant extended 
method of Riemann-—Silberstein—Majorana—Oppenheimer in electrodynamics, specified in 
Schwarzschild metrics, after separating the variables, provide us with the possibility to 
have reduce the problem to a differential equation similar to that arising in case of a scalar 
filed in the Schwarzschild space-time. This differential equation is recognised as a confluent 
Heun equation. 

We have considered the electromagnetic field on the basis of 10-dimensional Duffin— 
Kemmer approach, when in addition to six components of the strength tensor, one uses 
four components of an electromagnetic potential. After separation of the variables, we have 
arrive at a system of ten radial equations, which were simplified by the use of additional 
constraints followed from eigenvalue equation for spatial parity operator Tv = PW; the 
radial system has been divided into two subsystems of four and six equations, respectively. 
In this second approach, the problem of the electromagnetic field has been reduced to the 
confluent Heun differential equation as well. 

In particular, we have shown explicitly how solutions found in complex form are embed- 
ded into matrix 10-dimensional formalism; besides, we determine radial functions that are 
responsible for gauge degrees of freedom. 
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6 


Particle with polarisability in the 
Coulomb field 


Methods for solving the differential equation describing the wave functions of a 
polarisable particle in the Coulomb potential are discussed. Relations between the 
coefficients under which the general solutions of this equation can be found in an- 
alytical form are detailed. For the case of zero polarisability, the general solution 
to this equation in terms of special functions is obtained; for the first values of the 
parameter ?, plots of the corresponding solutions are presented. For nonzero polar- 
isability and certain specially chosen values of the parameters, solutions possessing 
the required physical properties are constructed with the use of numerical methods 
and functional objects of the type DifferentialRoot. Instructions in Mathematica are 
presented which permit to apply elaborated methods in studying other problems in 
physics and mathematics. 

The chapter is based on [1-15]. 


6.1 Introduction: starting equation 


There is known the generalised Klein-Fock-Gordon wave equation for a scalar charged 
particle with additional electromagnetic characteristic, polarisability [1]. In the presence of 
the external Coulomb field, this equation after separation of the variables, gives the following 
radial equation 


= m 2d ış 1 ( =) məc? 
dR? RdR  h2e ' R h2 
2050) € 21 h ə 
aa +0 azə F(R) 0, (6.1) 


where the quantum number of the angular momentum takes the values 7 = 0,1, 2, 3, ...: the 
dimensionless parameter o is responsible for additional electromagnetic characteristics of 
the particle associated with its polarisability. In dimensionless units: 


BE ho oe on 
me” me 7” he 137” my 
eq. (6.1) reads 
@ 2d a.» jG+1). 
— + -— 1 =0. a2 
(870560) r? ra . (6.2) 


This equation is related to the known class of Heun type. In the present chapter, we will 
perform analytical and numerical study of the problem. 
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a eel 
6.2 Formal exact solutions 
Let us re-write eq. (6.2) as an equation with polynomial coefficients 


rf! +2r? f’ 4 [a’o Er? (a? 7 j) + ri (€ — 1) 2or”el f =0. (6.3) 


Note that standard requirements for solutions describing bound quantum-mechanical states 
are 


f(r) 30 at r — 0, and f(r) 30 at rom. (6.4) 


Let us construct solutions of eq. (6.3) as functions obeying the additional 1st-order con- 
straint 


2 

yar" + Vir + Yo 
fe = PEED iq, (6.5) 
where y2, “yı, and yo are some numerical coefficients. After simple calculations, we arrive 
at the set of constraints on parameters 


ao + “o —_ 0, 27071 = 0, 
ar +97 diyi “27072 — 7? — / — Ü, 
2ae + 27172 + 2yə = 0, 


72 €? —1 —0. 


(6.6) 


In general, the system (6.6) permits six different solutions. When o 4 0 only two solu- 
tions are possible: 


a a? + 1 (a? — j? — j) 

2 = ~ pa ”ı = 0, 5709 ? 
oz 1 2a (6.7) 
_ (741 (e”-77-3) Za 

- 4o4 a. OT 

= —— “ =0 Yo = aaah en ey) 

— Alaa: müb: .- 20: ? 
A 6.8 
—— (o +1) (-0? +72 +5)? al —. 

.. dat i ES ere 


Because the energy values do not depend on the number 7 and the parameter o must have 
a different value depending on j, we can conclude that such solutions are of small physical 
interest in the context of quantum mechanics. Nevertheless, let us complete this line of 
consideration. In the case (6.7), eq. (6.5) results in 
20063 10006” 
— Ci fh(r), r) = ex ; 6.9 

f ifilr) fir) p Uz (6.9) 
where Ci stands for an arbitrary constant. Relation (6.9) provides us with the one- 
parametric set of solutions of eq. (6.3) 


2 2002. 32 
ry" | 25 His +1) (a 2 j) İ zə (a? 2 4) 


4a? J 
1 Jar 
1)r*4 = 0. 1 
Gar r 2 : (6-10) 
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A second particular solution can be easily found (see, for instance, in [2]) 


jj +1) - of +0? (5? + j - 2? -1) 
fa(r) = exp ( Senate ) 
ata? (j?4j—2r?—-1) +5 G+) 
x il oo ( : — | 2 (6.11) 
General solution of eq. (6.10) reads 
f(r) =Cifi(r) + Cəfər), (6.12) 


where C) and C are arbitrary constants. To investigate the behaviour of the solution at 
the boundary points, we plot three particular solutions determined by eq. (6.12) (see Fig. 
6.1). 


6.3 Zero polarisability, numerical simulation 


Let us consider the case when o = 0. The main equation takes the form 
rf" (r) + 2rf'(r) + f(r) İ(o” — 9? — 3) dir? (€” — 1) + 2are] =0. (6.13) 


We will specify a solutions which tend to zero when r — 0; it can be expressed through 
confluent hypergeometric functions as follows: 


flr) = Cen F pV GHB a8 -1/2 


1 
xU(5 - — vü 1--1/2)7 — a2, 2\/G 1 1/2)2 —2--1,2rV1- 2). 
To have polynomial solutions, we must require 
1 ae 
-—— + j++ 1/2)? — a? =—n, n=0,1,2,...; 6.14 
5 at VOID (6.14) 


this leads to the known energy spectrum 


1 1 
N==+n+VJ/G+1/2?—e. 


~ J1 + a2/N? ’ 2 
If n = 0, then from eq. (6.14) it follows 
[28 k 425 — 2 (0? — 1)? — 202) + a? ÜV(2i x 1)? — de? + 1) 
€ — : 6.15 
V2/e 477 -—. 


at ? — 1,..., 10, we obtain ten energy levels 


j m 1:6 — 0.9999933400, 7 = 2: « = 0.9999970400, 7 = 3: € = 0.9999983350, 


j =4:€ =0.9999989344, 7 = 5: € = 0.9999992600, 7 = 6: € = 0.9999994563, 
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j=7:€ =0.9999995838, 7 = 8: « = 0.9999996711, 7 = 9: € = 0.9999997336, 
j = 10: € — 0.9999997798. 


Note that all values for € belong to vicinity of 1 (from the left) and they become closer to 
1 as 7 increases. 

Taking into account the value € (n = 0, 7 = 1), we get expressions for two asymptotical 
terms 


f(r) =e vf SSS VISRTT p  VTREOTT 2, (6.16) 


the relevant graph is given in Fig. 6.2. Evidently, this solution satisfies condition (6.4). 
Now, let it bon =1 


Qe 
1 — €? 


1 1 
“ 2777 x.2.-... (6.17) 


resolving equation under € we obtain 


vr + 49? —2(02 +3) 78 —2(a2 +4) j +08 (3/27 + 1)? — 40? + 13) +8 
V2y/902 + (7? + 1 — 2)” 


Taking for 7 the values 1, ..., 10 we get 


e= 


j =1:¢€=0.9999970400, 7 = 2: « = 0.9999983350, 7 = 3: — 0.9999989344, 


j =4:€ — 0.9999992600, 7 = 5: € = 0.9999994563, 7 = 6: € = 0.9999995838, 
j=7:¢€=0.9999996711, 7 = 8: € = 0.9999997336, 7 = 9: € = 0.9999997798, 
j = 10: € = 0.9999998150. 


Energy € becomes closer to 1 when j increases. Besides, all these values are bigger than the 
values for € from eq. (6.15). Substituting 7 = 1 and respective € (n = 1, / = 1), we get the 
asymptotic behaviour 


f(r) = " . “nə (,/s22 (a = V168917 İr - (137 4: V168917) } 
its graph is given in Fig. 6.3. Note that this function has only one zero. The graphs for 
functions at 
j=2, C=1, andj =3, C=10°%, (6.18) 


demonstrates the same behaviour, see Fig. 6.4. 
Let us consider other series of levels at n = 2: 


yi" + 498 — 2 (a2 4-11) j2 — 2 (o2 4-12) 7 +02 (5v 0) +1)? — 4a? +37) +72 


500? +2(j2 + j — 6)” 


e= 


Taking ? = 1,...,10, we obtain ten energy levels 
g =1:€ — 0.9999983350, 7 = 2: € = 0.9999989344, 7 = 3: € = 0.9999992600, 


j =4:€ — 0.9999994563, 7 = 5: € = 0.9999995838, 7 = 6: « = 0.9999996711, 
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j = 7: € = 0.9999997336, j = 8 : € = 0.9999997798, j = 9 : € = 0.9999998150, 
j = 10: € = 0,9999998424. 


As j increases, the energy € increases as well. 
Substituting 7 = 1 and the respective value € (n = 2, / = 1), we derive the following 
expression (let C = 1) 
f(r) —r 274 2 som 
eee 75056V168917 10V/168917r? 34r? 
1370 187699 41145073 300329 


33783A İ1 412878 ? 1 
144/ a 1 
41145073 Li + “137 \ 41145073 i. —- 


where 6 = 2329 — 5V 168917, its graph is given in Fig. 6.5. 
Now, let it be n = 3: 


Qe 
v1 — €? 


In the case € (n = 3, / = 1), we derive an explicit expression of the complete solution (let 
C=1) 


(1:51/207 — a2 3. (6.20) 


— ,M397T8-T0r 9 1 
f =e V514284026 927472 


= (0 — VTAV/370 + 17787 + 137) 


74 ae 3973 — 70 


6 
xu( "137 +} a57142013 ) 


0 = V 168917, its graph is given in Fig. 6.6; the corresponding function has three zeros. 
Behaviour of the function f(r) at n = 3, for 7 = 2, 3, 4, and 5 is illustrated by Fig. 6.7. 
It should be noted that graphs for functions f(r) are very sensible under small shifts 

of the values e€. Indeed, let us take a value € = 0.999995, that is located between € = 


qa eae (j = 1) ande= Va (411 + V168917) (j = 1). 


6.4 Numerical study at nonzero polarisability 


Now we will examine eq. (6.3) for nonzero polarisability. We will apply numerical calculation 
and computer modelling with the use of the functional object DifferentialRoot [5]. Applying 
visualizing tools, we will compare the final results. For definiteness, let r varies in the interval 
(0, 7000], and o = —1075: the sign is substantial for having bound states (at negative o, 
the bound state does not exist). 

In order to fix the initial data, we use the approximate equation in the vicinity of the 
singular point r = 0 


ər). @Pof(r) 


r r4 


=0. (6.21) 


Allowing for the values a = = —1075, and integrating eq. (6.21), we get 


1 
137: € 


f(r) = Ci cosh ( (6.22) 


1 .. 1 
movin) — aaa) 
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To obtain a solution that tends to zero near the singular point r = 0, we choose the arbitrary 
constants as C) = 1 and Oş = —i, which yields 


f = exp ( = mam): (6.23) 


The graph of this solution is given in Fig. 6.8. As a start, we take the value ro = 107”. 
Therefore, the starting value for f(r) is 


f(10~°) = 9.450969564 - 10711, (6.24) 
Further, we obtain the starting value for the first derivative 
f’(10~°) = 0.0002181502914. (6.25) 
For simplicity, we will use the energy values when polarisability equals zero 
€ — (a? +274 +. 473 — 27? (a? + 2n(n + 1) — 1) 
+a?/(2j +1)? — 40? — 2/ (o? + 2n(n + 1)) 
+2a?nv/(2j +1)? — 4a? + 2n(n +1) (3a? + n? + n))/? 


x (v2VG — n)?(g En-1) r (a+ 2an)?) ğ (6.26) 


where a = m” 2 EN, n — 0,1,2,... . Relation (6.26) arises as a solution of eq. (6.14). It 
is the first approximation, it is reasonable because little perturbation of parameters should 
produce a, small perturbation of corresponding solutions. 

When o = —1075, n = Ü, and j = 1 the energy is 


. (= + ¥ 168917 


6.27 
20571098 ( ) 


To numerically solve eq. (6.3) at initial conditions (6.24), (6.25), we use the Command 


il: 
1 = 20570413 + 168917 
p1 (a ə zı s -10 , € + 50571098 F 
soll = N DSolvelf0 == eqle, o, £,r1/.p1./9 — 1, 
£1075) = N[¢0, 100], f’[10~°] = Nöş, 1001), f, (r, 0.0001, 7000}]// First 
where 0 == eqle, o, 7,1] determines eq. (6.4). It provides us with interpolation for 


{f — mterpolatingFunctionl110.0001, 7000)), <>]} 
its graph is given in Fig. 6.9 and constructed with the help of the Command 
gr1 = Plot|Evaluate[{ f[r]/.sol1}], (r, 0.0001, 7000}, PlotRange o All, 


PlotStyle + (Black, Thickness — 0.005}, AzesStyle > Directive[13], 
AzesLabel — {Style[r, 14], Style[“ f(r)”, 14]}] 


In order to find a solution in symbolic form, we use the Command 


sol2 = DSolve[{0 == (eqle, o, j,T]/.p1-/7 — 1, fH107”) = oo, 
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f'[(10~°] = 66, f, 7]//First 
which results in 


{f > DifferentialRoot[Function[y, x, {(—75077 — 2818165349000x? + 1000x 


V 20571098(20570413 + V168917)x? — 46922500z7 + 68500V1689172")y[a]+ 


2818240426000z57/ [x] + 1409120213000z4y” [x] == 0, 
1 108271 1: 220588659091 


-—— / - 
Vİlqooool ~~ 1145607329178882” ” lTp0000! — 1011177467159038 Hİ 
the graph of this solution is given in Fig. 6.10 and constructed by means of the Command 


gr2 = PlotlEvaluatellflr/.sol2), {r, 0.0001, 7000}, PlotRange — All, 


PlotStyle + {Gray, Dashingl(0.03, 0.04}], Thickness > 0.02}], AvesStyle > Directive[13], 
AzesLabel — {Style[r, 13], Style[“f” , 13] }] 


Let us compare curves in Figs. 6.9 and 6.10. With the use of the Command Shovvlgr1, 
gr2], we get Fig. 6.11 — these graphs coincide ideally in the interval 10,70001. 
Similarly, we can examine other energy levels. For instance, let us take 


ab ae eh azn + V/168917). (6.28) 


Then, for numerical integration of eq. (6.3), we use the Command 


1 1 
2— a —1073 / 411 + V168917)): 
P 1a— 137” o —” 0 ? € — 399 | 7 )}; 


sol3 = N DSolvelf0 == eqle, o, £,r1/.p2./9 — 1, 
f[10~°] = do, //1077) = gp), f, {r, 0.001, 7000)1/ / First 
Here, 0 == eqle, o, /, r) determines eq. (6.4). In this way we produce interpolation for 
{ f — mterpolatingFunctionl110.001, 7000}}, <>]} 

its graph is given in Fig. 6.12 and constructed with the help of the Command 

gr3 = Plot|f|[r]/.sol3, (r, 0.0001, 7000}, PlotRange — All, 

PlotStyle o— (Black, Thickness — 0.005}, AzesStyle + Directive[13], 
AzesLabel — {Style[r, 13], Style[“f(r)” , 13]}] 
To find solution in symbolic form we will apply the Command 
sol4 = DSolve[{0 == (eqle, 0, j,7]/.02-/7 4 1, f{10~°] = oo, 
f'[LO-?] = $0, f.7]//First 

which results in 


— DifferentialRoot|F'unction|y, x, {(—3 — 112611000x? + 1000x 
ei y 


V 882(411 + v/168917)z? — 28153500z7 + 68500V168917x*)y[a]+ 
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1126140002°y’ İz) + 5630700024y" [x] == 0, 


1 103/10 1 108 103/10 
So a ee a Se 0: 
Vİrtooool ST: ./İlnooool”” rar 107 ”” İİN 


Its graph (Fig. 6.13) is produced through the Command 


gr4 = Plotlflrl/.sol 41, {r, 0.0001, 7000}, PlotRange o All, 


PlotStyle > {Gray, Dashingl(10.04, 0.05}], Thickness > 0.015)), AzesSiyle > Directivell3), 
AzesLabel — {Style[r, 13], Style[“ f(r)” , 3] }] 


The last two curves are coincided excellently in the interval [0, 7000] (Fig. 6.14). 

While changing 7 = 1 to 7 = 2, ? = 3 and so on, the general behaviour of curves remains 
the same, though the amplitude increases as ? becomes greater. 

The present section provides the testing of possible computational methods rather than 
a detailed examination of the real physical problem of searching perturbations for energy 
levels due to o 4 0. Evidently, we need additional study of this problem. 


6.5 Conclusions 


Methods for solving the differential equation describing the wave functions of a polarisable 
particle in the Coulomb potential are discussed. Relations between the coefficients under 
which the general solutions of this equation can be found in analytical form are detailed. 
For the case of zero polarisability, the general solution to this equation in terms of special 
functions is obtained; for the first values of the parameter j, plots of the corresponding 
solutions are presented. For nonzero polarisability and certain specially chosen values of the 
parameters, solutions possessing the required physical properties are constructed with the 
use of numerical methods and functional objects of the type DifferentialRoot. Instructions 
in Mathematica are presented which permit to apply elaborated methods in studing other 
problems in physics and mathematics. 
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6.6 Figures 
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FIGURE 6.1 
Graphs for solutions (6.12) r € 10.2, 1001. 
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FIGURE 6.2 
Plot of function (6.16) on the interval [0, 2000]. 
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FIGURE 6.3 


Plot of function (6.18) on the interval [0, 8000]. 


f 
500000 | a me 
. . “ . 5 
——— Ae r 
“əş ! 8000 10000 
və e2 : 
L , 
-500 000İ- 1 PY 
s , 
Yi 2 
L . 3," 
-1.0x105- 8) 77 
. , 
. ” 
M ’ 
[ ee ə" 
-1.5x 105İ- 


FIGURE 6.4 


Plots of functions (6.14) on the interval [0, 10000) corresponding to parameters (6.18). 
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FIGURE 6.5 


Plot of function (6.19) on the interval [0, 7000]. 
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FIGURE 6.6 
Plot of function (6.21) on the interval [0, 10000]. 
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FIGURE 6.7 
Plots of function (6.14), (6.20), C — 1076, / = 2,3,4, 5 on the interval [0, 25000]. 
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FIGURE 6.8 
Plot of function (6.23) in the region close to r = 0. 
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FIGURE 6.9 
Plot of Interpolating Function sol1. 
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FIGURE 6.10 
Plot of the function sol2. 
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FIGURE 6.11 
Comparing functions sol1 and sol2. 
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FIGURE 6.12 


Plot of the Interpolating Function sol8. 
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FIGURE 6.13 
Plot of the function sol{. 
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FIGURE 6.14 
Comparing functions sol3 and sol{. 
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Dirac particle in the Coulomb field 
in curved models 


The known systems of radial equations describing relativistic hydrogen atoms 
on the basis of the Dirac equation in spherical Riemann spaces are investigated. 
The relevant 2nd-order differential equations have six regular singular points, and 
there solutions of Frobenius type are constructed. To produce the quantisation rule 
for energy values, we use the known condition separating transcendental Frobenius 
solutions. This provides us with energy spectra that are physically interpretable 
and similar to spectra arising from the scalar Klein—Fock—Gordon equation in these 
geometrical models. The spectra coincide with those previously found when studying 
the same radial equations within the semi-classical method. The convergence of the 
series involved is proved analytically and numerically. The squared integrability of 
solutions is demonstrated numerically. Visualisation of the results is given. 


7.1 Introduction 


Quantum mechanics had been started with the theory of the hydrogen atom, so when 
considering quantum mechanics in Riemannian spaces, it is natural to turn first to just 
this simplest system. A common quantum-mechanical hydrogen atom description is based 
materially on the assumption of the Euclidean character of the physical 3-space geometry. 
In this context, natural questions arise: what in the description is determined by this special 
assumption, and which changes will be entailed by allowing for other spatial geometries, for 
instance, Lobachevsky’s H3 or Riemann’s $3. The questions are of fundamental significance, 
even beyond their possible experimental testing. 

For the first time, the hydrogen atom in a 3-dimensional space of constant positive 
curvature Ss was considered by Schrédinger [1]. He had studied the so-called factorisation 
method. in quantum mechanics; in particular, the application of this technique to a discrete 
part of the energy spectrum for hydrogen atoms had been elaborated. An idea was to modify 
the basic atom system in such a way that to cover all the energy spectrum including the 
region EF > 0 as well. However, the placing of the atom system inside a finite box in order 
to make the whole energy spectrum discrete did not seem attractive, so Schrodinger had 
placed the atom into the curved background of the Riemann space model 53. Due to its 
compactness, this geometry may simulate the effect of the finite box. 

The hydrogen atom in the Lobachevsky space H3 was first considered by Infeld and 
Shild [2]. It turned out that the number of discrete levels in Lobachevsky space is always 
finite, and the number of levels varies and depends on the value of the curvature radius. 

Thus, the models of the hydrogen atom in Euclid, Riemann, and Lobachevsky spaces sig- 
nificantly differ from each other, which is the result of differences in three spatial geometries: 
Eş, Hs, and S3. 
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At present, we see plenty of investigations on this subject. In the first place, it concerns 
details of relevant wave functions, generalised spectra, and the role of spin effects [2,5,6,15, 
20, 22,25, 26, 28,32,34,36,39,40,43,47]. Also, there were discussed the role of hydrogen atoms 
as a probe system in the cosmology context: 14, 11, 13, 14, 16-18, 23,24]. Much interest was 
given to studying the hidden symmetry in the nonrelativistic description of the hydrogen 
in curved geometrical models, see [7-10], and the role of generalised parabolic coordinates 
in this context: 112, 19, 29, 44, 461. A number of papers on other aspects were published: 
scattering theory [41,45]; path integral treatment [27, 31,32]; classical Coulomb problem 
[33, 35]; quasi-classical approach [26,42]. A comprehensive account of the matter was given 
in the books [48, 49]. 

The most difficult and still unsolved is the case of spin 1/2 particle in the Coulomb field 
on the background of curved models. For this system, resulting radial 2nd-order differential 
equation turns out to be rather complicated, it contains six regular singularities, and with 
the help of special transformation the task may be reduced to a 2nd-order equation with 
five singular points (see [48,49]). In [26,42], some energy spectra were found on the basis of 
semi-classical approximation, which seems to be quite appropriate from a physical point of 
view. Besides they are similar to the spectra arising when solving the Klein—Fock—Gordon 
equation for this system. 

In the present chapter, we have studied exact solutions of the Frobenius type for these 
radial equations. As a quantisation rule, we apply the transcendency condition to Frobe- 
nius solutions, so producing simple algebraic equations, which provide us with physically 
reasonable energy spectra. In fact, they coincide with those obtained from a semiclassical 
study [26,42]. It should be noted that for spherical Riemann space, exactly the same spec- 
trum was derived as well in [37], though it was claimed mistakenly that this spectrum refers 
to polynomial solutions. 


7.2 Hydrogen atom in the Lobachevsky space 


In spherical coordinates of the space H3, a diagonal tetrad is taken in the form 


dS? = dt? — dr? — sinh? r(d6? + sin? dd’), r € (0,00), 
€(0) m (1, 0, 0, 0) , €(3) .. (0, LU... (7.1) 


1 1 
) 


eti) = (0,0 0), ef) = (0, 0,0 


” sinhr” ” sinhr sin 9 
the radial variable is dimensionless due to dividing by the curvature radius p. For this tetrad, 
the Ricci rotation coefficients are 7apo = Ü, “Yaba = 0, and 


0 0 0 0 
_ | 0 0 0 — cothr 
Tab” 0 0 0 i 
0 +cothr 0 0 


0 0 0 0 
... 0 cot 9 sinh” İr 0 

TYabğ 1 0 — cot @sinh! r 0 —cothr 
0 0 +cothr 0 
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Generally covariant Dirac equation (the notation according to 148, 49) is used) 
-~c[ a i “ab 
liv (Ca + pu “ate iz m) U=0 
takes the form (let Y = sinh”! rw) 
il 


ö ö - 
- 0 - 3 eel 
yü m| © =0, Yeg =1y 0 
k öt ə. ör | sinhr °? — are 


2104 bio? 


2 
sin 9 .. 


To diagonalise the operators i0;, 12, Jz, one takes the wave function in the form [48, 49] 


Doy” 


(r) 
y= en iet 7 D41/2 (7.3) 
fa(r) Darye 


where the Wigner functions [50] are noted as D, = D’,, (6, 0.0). After separating the 


variables we get four radial equations (let 7 + 1/2 = v) .. 


_d 2 .d Hə 
ef.“ müÜ, cfaoi— 0 —— mü 0, 
dr sinhr dr sinh r (7.4) 
_d 5” _d . M . 
ch yon. 2. ig,” ‘ane mün 


In spherical tetrad (7.1), the space reflection operator is given by the formula 


S P, P(0,¢) — (r — 0, 6 Hn). 


From eigenvalues equation İz Vim = H Vjm we obtain 


T= 6 (-1)77), 6=41, A-öf, f:3— öh. (7.5) 
This simplifies the system (7.4) 
d U d U 
— = 7.6 
© ə Phe rom) g=0; . anə 1 6—— ee) 
where instead of fı and fə, the new variables f and g are used 
po hth g- La 


In presence of the Coulomb field, we have equations 


d V € 
5 ii “ur, : (F tanhr — m) m. 77 
d U 2 - 
Üz, Suny) (F tanhr m) f = 
After transforming the system (7.7) to the variable tanh 5 = z, z € (0,1), we obtain 
d -E-e-m E- 
(x2:-(£ e m. "TH =0, 
dz Zz z z—l z+1 (7.8) 
d v (< eae Bos) . 
de” Zz z 2—1 zt+l1 m 
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Whence it follows a 2nd-order equation for f(z): 


df E 2410291 2 eze+E+m df 
dz? İz” z-1 ° z+1 ez? +2(E+m)zt+el dz 
6-7 5. 
ez z—1 zt+l1 
Oe =e v (Ee? me) 656 
0 (z — 1)? (z +1)? 
2vlez(E +m) +2(E +m) — €?) 
=0. 7.9 
7 e[ez*+2(F+m)z+t+e] İ (73) 
The last equation has six singular points (let #4" = o > 0): 


0, wo, Hİ, z,2 ——odE4Vo?2—1 


Eq. (7.9) may be re-written differently 


(2122 =1, zi Ezo = —2o) 


@f lo. 1 1 1 4df 
+| + ! 
dz? z z—l z4+1l z—z z—zəldz 
4Ee -20vu (Ede) —-m?—v (E-e?-m?—v €?—u2 
il ! ms 
z 2—1 zt+1 2 
SE ey a 15” A 
€ 0020 (z+1) 
where 


oz4202—1 
2v 
(z — 21)(z — 22) 


dazı oy 72 +207-1 


A B 
m + 
Z— Ry 


,? 
z— 22 


, B=2 
21 — 22 


022 +207-1 
U 2 
For shortness let us apply notations 


22721 


C — (Ee)? — m?, 


(7.10) 


(7.11) 


D-—(E-e) m”, 4Ee—C-D, 
then eq. (7.11) reads 
5:5. 1 —. 
də Vz72—17”z41 2—z) z—əzə/ dz 
C—-D-20v C-v D-uv €?—ıu? 
( + 
z 2—1 z+l1 2 
C D A B 
=0. 7.12 
Fa . 
Near the points z = Ü, H1, —1, 21, zə solutions behave as 
fr (z — 1)”, a=4Vv-C; f~(zt+l)®, B=4+v-D; (7.13) 
2 =A Yr =e, fr (z— nt, fr (z- 2a)", y= 0,2. 
Let us search Frobenius type solutions in the form 


f(z) = @™ (2 — 1)”(z + 1)9 F(z) = (2) F (2); 


(7. 


14) 
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for function F(z) we derive the equation 


d?F 557555 1 1 dF 
dz? Zz "2-1 zt z—z 2—2l dz 
“7 B?+D 
z? (z —1)?) (z41)? 
ə 1 tas aun!) M (zi +20 zi 22 + 22) 
z Z 2221 
“di e/a pC proMaroğ o: (1-— zi zə) 
z—l (z — 1) (zı — 1)(zə —1) 
M+a/2+8/2-—D Urolğraıı. 6 (1-— zı 22) 
z+1 (z +1) (41 +1) (22 +1) 
1 M 1 M 
! (4- — . )+ (5- — b )| P=o. 
Z— 24 21—l1 2441 21 z — zo 22—1 wt 22 
Impose restrictions on parameters M, a, 9: 
M=+ v2 — e?, 
a=+V-C =+\/m? — (E+e)?, (7.15) 
8 =4V—D =4Vm? —(E— ə), 


it should be emphasised that bound states may correspond to the following values for 
parameters 


M. — 1412 — €, a=+V/m-(E+e)?, B=+V/m?-(E-e)?. (7.16) 


With (7.16) in mind, for function F(z) we obtain the equation 


@F (2M+1,2a+1 2841 1 1 dF 
dz | Zz re ep z— 21 | dz 
Eee 
z 2 2221 
YU C et aia oe o: (1 — zı 22) 
z—1 (z — 1) (zı — 1)(zə —1) 
MPO PRES DAY eM eae 4, B (1 = zı zə) 
zl (z £ 1)(zı E 1) (224+1) 
pı (4- — b ki : (5- — B “le. 
2 — 21 2—1 2441 21 z — 22 Zg-1 z+ 2ə 


It is convenient to use its shortening presentation 


Fr (<4 Pə il Ps 1 1 b 

də ' \z 2” LT zə ee 

“. Qə | Qs | Qa | Qs )F = 
z z-1l 241 2-2 2— zo 


Multiplying the last equation by z(z — 1)(z + 1)(z — 21) (z — zə) we get 
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Pı Pə P3) zə + Pə — P3} 23 


+ |(P, + Pi + P3—2)24+{(1-P,-—P2—P3)a4+(1 
+(2 Py Py zi + P3 zə + Po zy 22 + Py zi zz + Pa zi zə + P3 21 — Po 22) 2” 


+ ( 21 zə EP), Paz + Pi 22 + Pym 22) 2— Pizzilan 


+[(Qi + Q2 + Q3 + Qa + Qs)z* + {(-Qi — Qə — Qə — Qs)zı 
HQ) — Qə — Qs — Qa)z2 + Qə — Q3} 2° 


+ (Q3 21 22 + Qa zi 22 + Q3 zə — Qı — Qa — Qs HE Qı zi zə + Q3 zı — Qə zə — Qə zi) 2? 


“(Qı zə + Qo 21 224+ Qs 21 + Q1 21 — Qazı 22+ Q422)z — Qı ı zəl F —0. 


Solutions F(z) may be constructed in the form of power series, F(z) = Ş€ o daz”: after 
performing needed calculation, vve derive 6-term recurrent relations: 


k>4, (Qı + Qə + Qə + Q44+ Qs) dia 
+ [(k — 3)(k — 4) + (Pi + Po + Pi — 2) (k — 3) 
Qa — Qs) zı + (—Q1 — Q2 — Qə — Qa) zə + Qə — Qal di-s 


+ (—Qi — Qe 
+ [( Zı 22) (k 2)(k 3) t {qd Py Pə Ps) act (1 Py Pə Ps) zə + Po Ps) (k 2) 


+ Q32122 + Qəzzə + Q3z2 — Qı — Qa — Qs + Qızızə + Qə zi — Qəzə — Qəzildi-ə 
t[(z1z2 — 1)(k — 1)(k — 2) + (2 — Py — Pozi + P3z2 
EPezizə + Pizizo + P32z1z2 + Pazı — Poz2)(k —1) 
+Q1 zə + Qə zi zə + Qs zı + Qızı — Qazı zə + Qa zəl dizi 
+ [(21 + zə) k(k — 1) + (“zi — zə + Ph zi — P3 zi zə + Py zə + Po zi zə) k — Qı zı zəl di, 


ET zi za(k+1)k Py zi 22(k+1)] deqi = 0. 


(7.17) 


To analyse convergence of power series, we apply Poincar€-Perron method, so divide 
relation (7.17) by k?d,_4 


(Qı + Qə + Q3 + Qa t Qs) 
+ [(k 3)(k 4) i (Pi + Py + Ps 2) (k 3) 


dp 
Qs) zi + (—Qi — Qə — Qa — Qa) 22 + Qə — Qəl — 


+ | ( Zı zə )(k 2)(k 3) + {(1 Pi Pə Pə)zı t (1 Py Pə P3)z2 + Pə P3}(k 2) 
dp—2 dpr—3 


Qı — Qa — Qs + Qızızə + Qazı — Qəzə — Qəzil 
d,—s dp—a 


+ (—Qi — 02 — Qs 


+ Q32122 + Qəzzə + Qazz 
+ | (2122 1)(k 1)(k 2) t (2 Py Paz, + P3zq + Pözizə 
tP1 2122 + Pazızo + P3z1 — P2z2)(k — 1) 
d,—ı dp—2 dp 
+Q1 zə + Qə zi zə EF Q5 21+ Q1 21 — Qa zı zə + Qa zəl —— 
d,.-o dk-a d,-a 


t[(21 + zə )k(k — 1) + (-21 — 22 + Pizi — Pazizo 
dy dii dk-ə dk-3 
P. P. k— 
+Pizq + P2222) Qızızalq 154315 
dp41 de dizi dp—2 d,-3 
k+DR=P k4+1 —0, 
İ-zizə( ) — ) dy dk—1 dk-ə dr—3 d,-a 


and tend k — oo. In this way, for quantity R = lim, ə (dk /dk-a) we derive an algebraic 


equation with simple roots: 


R- (zı +22) R? + (2122 — 1) R?-+ (41 + 22) R* — nziR” —0 R=0,+ 5 
1 22 
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Therefore, possible convergence radii are 
1 
Reonv = R = +1, +00, |z1|, İzəl. (7.18) 


Turning to recurrent formulas (7.17), we can see that coefficient at d,_4 vanish identi- 
cally: 
Qı + Qə EF Qa FE Q4+Q5 = 0. 


This means that (7.17) actually leads to a 5-term recurrent relation 


Sp—3de—3 + 5k-ədkcə + Sk-idizı + Skdy + Skpidgti = 0. (7.19) 


As a quantisation rule, let us apply transcendency condition for Frobenius type functions, 
this yields 


Sp-3=0, k>3, (k — 3)(k — 4) + (Pi + Pə + P3 — 2) (k — 3) 
+ (—Q1 — Qə — Qə — Qs) zi + (—Qi — Qə — Qə — Qa) 22 + Q2 — Qə = 0,~ (7.20) 


with the use of the above formulas for coefficients it reads 


k?e+(2M+20+28-6)k-(B-—2o0v)z,—-(A—-—2ev) x 


Il 
” 


+ (2M +28-—6)a+(2M—6)8B-6M—C—D+2v49 


Whence substituting expressions for A, B,C, D, we derive 


k>3, dk? T2(MrTa416-3)k E2ov(z +2) +2(M+6-3)a 
+2 (M —3)8+9-—6M + 2m? + 407v — 2e? — 2E” = 0. (7.21) 


Now let us allow for expressions for parameters 


o HV m? —(E+e)?, — kv m3 — (E — e)?, 


Emdm. 
e ” 


M — Vu? —€?, ziz? —1, zi Hz? — —2o — —2 


then eq. (7.21) takes the form (two variants arise depending on the choice for 6): 


B= +,/m? — (E- e)2, (m? =( (E +e)? + v/m? — (E — e)2 
+k—-34+ Vv 36) - (v? — €?) —0, (7.22) 


“vim? — (E —eğ), (fm? — (Ee) — vm? — (5-— ey 
tk-3+~V/v? ey (v? - €) —0. (7.23) 


We will follow both variants (+ signs). Let us factorise expressions (7.22) and (7.23) in 
product of two terms (let k — 3 =n, n=0,1,...): 


(m? =( (E +e)? + ym? — (E — e)? +n4+ Vv? — €? — Vv? ©) 


x (Vn? = (E+ ep? dk Vm? — (B= ef tnt Vo? — e? + Vv? =e?) =0, 
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that is 


(Vn? = (E ey) + Vin? — (E — e? +n) 
x (m? = ( (Ee) Pt yim? = (E — 67 tnt 2-2 + Vv? 2) =0. (7.24) 


For upper sign (when 6 > 0), the first multiplier is positive and cannot be equal to zero; 
therefore, it remains only the following equation 


B>O, (Vin? =( (E +e) + m2 (E €)? t+n+ Vv? e2 + /v2 2) =0; 


however, it does not have any physical solutions because all terms are positive. 
For lower sign (when $ < 0), we have an equation 


(Vin? (E +e)? — vm? — (E e) +n) 


x (Vin? (E +e)? — im? — (Ee)? +n4+ Vv? +2 — ee) =0. 


There arise two possibilities: 


/m? — (E +e)? — ym? — (E—e)?+n=0, (7.25) 


and 


vim? — (E +e)? — vm? — (E — €)? tnt Vu? — €? 4+ Vv? — €? =0. (7.26) 


Equation (7.25) does not contain the angular parameter v = j 1/2, and it is of no physical 
interest. The most promising is the variant (7.26): 


Vm? — F2 — €? + 2eE — Vim? — FE? — €? —2eF=n4+2Vv2—e2 =2N>0. (7.27) 


This equation gives 


m? — E? — €? + 2eE = m? — E? — €? — 2eE + 4N\V/ m2 — E2 — e? — 2eE + 4N?, 


that is eE — N? — +N\/m? — E? — e? — 2eF, and further 
E?(e? + N?) = N?(m? — €?) —N", 


whence we arrive at the following formula for energy spectrum 


E 1 — 2 N2 2 
= 500110 ha ae, (7.28) 
m 1+ 2 


Expression under the square root in eq. (7.28) must be positive, this provides us with the 
restriction 
e2 + N2 


2— <1. (7.29) 


m, 


Note that this spectrum coincides with that found in [10, 14] when studying the same 
problem for the Dirac equation in Lobachevsky space within the WKB-approach. 
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TABLE 7.1 


The values of € and € = E/m 


m EB € 

350 349.9926417 0.9999790 
500 499.9918300 0.9999837 
105 999.9870350 0.9999870 
5-105 999.9870350 0.9999881 
101 9999.8814869 1 0.9999881 
1.5 - 104 | 14999.8223240 | 0.9999882 
2.105 19999.7631425 | 0.9999882 


The next question may be posed: does there exist or not the possibility to get the 
energy spectrum (7.28) by imposing polynomial conditions? To this end, we should turn to 
the recurrent formula (7.19) 


Sk-sda-a + Sp—odp—2 + Sk-idkzi + Skdi + Skaideyi = 0 


and for energies given by eq. (7.28) check the values of three coefficients of the power series: 
d,-2 =0, di “Ü, di =0. (7.30) 


If the equalities (7.30) are valid, then from the recurrent formula, it follows that the series 
becomes polynomials 


dr41 €, dizə € Ü, dada =0, 


Numerical study in the next section shows that eq. (7.30) cannot be satisfied. 


7.3 Numerical study 


Let us fix the parameters 


— a m- 105, v=1(j=—), nl, en-i =0.99998703496159; (7.31) 


recall that in this case, k — 3 = n = 1. For different parameters m, we have the values for 
energy € see the Table 7.1 


I. Consider the variant (see Figs. 7.1—7.3): 


1 
e= ay m=2- 105, v=1, n=5, HE = 1999.9925881514 ; (7.32) 


for these parameters the corresponding series F(z) = baa d;z' explicitly reads (restricting 
ourselves by 12 terms in the variable z) 


F(z) = 1+ 730657.434 - z — 4.57148738 - 10°z? + 5.274935 - 10°z? — 602972.6478 - 4 
+591399.332 - z° + 586542.255 - 2° + 634277.967 - z” + 680299.381272 . z5 
+723806.99277 . z? + 764600.05174 - 210 + 802779.5976 - z!! + 838564.1712- z!2 +... 
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Evidently, here we have an infinite series, so conditions (7.30) cannot be valid. Therefore, 
exact solutions do not exist in polynomials. It is readily checked that equation F(z) = 0 
has two roots in the physical region 


F(z)=0, 2, = 0.209647, zə = 0.612462. (7.33) 


II. Consider the variant (see Figs. 7.4—7.6): 


1 
e— yg m=2- 105, v=1, n=5, E — 19999.956199892. (7.34) 


construct the series for F(z), equation F(z) = 0 has two roots in physical region 
zı = 0.0195201, zə = 0.0549307. (7.35) 


III. Consider the variant (see Figs. 7.7—7.9): 


1 
du 5-103, v=1, n — 10, E = 4999.99270004484. (7.36) 


construct the series for F(z); eq. F(z) = 0 has four roots in physical region 
zı = 0.0745704, zə = 0.186869, z3 = 0.366653, za = 0.65265. (7.37) 


IV. Consider the variant (see Figs. 7.10-7.12): 


1 
€— şə m= 105, iz 51, n — 10, E — 9999.990800048 : (7.38) 


construct the series for F(z); eq. F(z) = 0 has four roots in physical region 


zı = 0.0363635, zə = 0.0889571, z3 = 0.169237, z4 = 0.293264. (7.39) 


7.4 Hydrogen atom is spherical Riemann space 


In spherical Riemann space $3, we use the following coordinates and tetrad 


dS? = dt? — dr? — sin” r(d6? + sin” dö”), r € (0,7), 


e(o) = (1,0,0,0), es) = (0, 1,0, 0), (7.40) 
1 1 

A 10 — a (0,0 

ea) = (0, ”sinr” —. ” sinr sin 9 


After separating the variables, we obtain the radial system [18, 201: 


(ə/h (B+ Gap tm)o=0. (7.41) 


(+ aa)! (Ores m) f= 0: 


the radial coordinate varies in the interval r € İ0, rl. In other variable 


m . —2iz 
sinr = 


. T 
x cos ? = 
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the above system takes the form 


df ov e tH-et+tim —-iH-—e-—im 
+-ft+(=4 # -— 
dz oz z z—l zıl 
: : , (7.43) 
dy iv | ( € SE Perit aren); 0 
dz 29 z 2—1 z+l1 ) 


whence it follows the 2nd-order equation for f(z): 


df [: + E.ə x —ez HiE kim İB 
de? İs z—17 41 ez? — 2i(E+m)z+eldz 
+ o 2B (EF xm)v P= | (Ede) -mökv — (E + ie)? +m? 
? 
ez z? 2—1 (251) 


-(B—4e) an — (E — ie)” +m? 


z+1 : (2-1) 
_2v İez(E +m) +2(E+m)?+e7]) 
: e[—ez? + 2i(E +m) z — e] |f= (7.44) 


Equation (7.44) has six singular points (let Sm =o > 0) 


Onto He ə =i(o pony ər 1) ; (7.45) 


physical region for the variable z is the interval z € [0, +700). 
Equation (7.44) may be written differently 


df E > a 1 1 1 ie 
də lz z-1 241 2-m 2z—zəldz 
—4iEe+2Qiov €?—u?2 (E+ie)?—m?+v “(Ede)” +m? 
+ | + + + i 
Zz z2 z—l (z—1) 
—(E —4e)”--m2— — (E — ie)” +m? A B 
rf (E —06) av (E — ie) 7 a | 1:-0, (7.46) 
zı (241) Z- 2) z — zə 
where 
əzə 2v (üzro +14 207) B- 2v (izə 014-202) 
m ” m 22 — 21 


21 — 22 


and 
C=-(E+ie)+m?, D-— -(E-ie)” +m’, -4iEe=C—D. 


Then eq. (7.46) takes the form 
. Box. 1 1 iz 


de 1z7z—17”z41 z—z z—əşldz 

İlan €? —v? (C-u C 

Zz z? z2—1 (z—1)” 
D-v D A B 

+ | s+ + =0. 
z+l1 (z+1) Z—- 2 2Z—22 


Hydrogen atom is spherical Riemann space 155 
Frobenius solutions in vicinity of the point z = 0 are searched in the form 
f(z) = 2 (2-1)*(z +1)? g(z) = e(z)9(2): (7.47) 


the function g(z) obeys the equation 


d?g 7 1 1 1dg 
dz? Zz 2 “0431 z—z 2-291 dz 
..— atlıC  B72+D 
z? (z—1)? (z41)? 
_C-D—(a—B)(2QM+1)+2iov+M) M (zı — 2üc zı 2 + 29) 
z Z 2221 
Mta/2+B/2-C+v+2Mat oB o: (1— zi zə) 
gə | (z — 1)(zı — 1)(z2 —1) 
M+a/2+B/2—-D+v+2MB+a8 | B (1-21 zə) 
zı — (z +1) (41 +1) (22 +1) 
1 M 1 M 
+ (4-— b ) (5-— ğ 9-0. 
2 — 21 2—101 zıl 21 z — 22 22—l1 zoml1 22 
Impose restrictions 
M=+ v2 — €?, 
a — EV —C = 4)/(E + ie)” — m2 — EV E? — m? — €? + 2iecE , 


(7.48) 


B=4+V—D =4)/(E - ie)” — m? = +VE? — m2 — €? — 2ieE. 


To have solutions vanishing at the point z = 0 (r = 0), we must use positive value for M: 
M — 1V12 — €? : near the point z = +00 (r = r) the multiplier y before g(z) behaves as 
follows 


go — zM(z — 1)7(z 4.1)” x em HOF8) 2 ün, (7.49) 


depending on signs at a, 9 there exist four possibilities: 


(—,—) a+ B= —V/E? — m? — €? + 2icE — vE? — m2 — €? — 2ieE <0; 
(4,4) a 4-6 — VE? — m2 — €? + 2ieE + VE? — m? — €? —2ieE 50, 
(4, —) a+ B= VE? — m? — €? 4 2icE — vE? — m2 — e? — 2ieE imaginary : 
(—, +) a+ B= —v/E? — m2 — e2 4-2ieE + VE? — m2 — €? — 2ieE imaginary . 


We can see that only two first variants may give multipliers tending to zero; this requires 
the following inequality: M+a+ 9: € 0. The inequality M+a+ $ € 0 is definitely true 
for the case (—, —). 

Now we turn to equation for g(z): 


pee 1 1 4dg 


z əsə)” Bae Z—-2, 2-221 dz 


_———E , Mia — 2i9 21 22 + 2) 
z Z 2221 
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Mta/2+B/2-C+v+2Ma+t oB o: (1 — zı zə) 
2—1 (z — 1)(zı —1)(z2—1) 
M+a/2+8/2—-D+v+2MB+a8 | 6 (1-— zı zə) 
z+1 — (+1) (4. +1) (2 +1) 
ül a B M 1 a B M 
B m 
5” 2—1 zl . — 22—1 z4+1 FL Os 
re-write it shorter 
41.0: Py P3 1 1 2 
dz2' \z z-1l 241 z—z z—z/dz 
Oi. SOs 77 v 7” - 
Hs ae ee se ee pa - , oy) 


and multiply it by z(z — 1)(z + 1)(z — 21)(z — zə): 


[2° + (—21 = zə) 2 + (zi 22 1) 2 i (21 t zo) z? ZY 22 zl R 


(Pi + Po + P3 — 2) 244+ {(1 Py Pə Plc (1 Pı Pə P3) zə + Pə — P3} 23 


+(2 Py Pi zi Pə zə İ Pe zi 22 + Py zi zz + Pa zi zə + P3 zi — Pp 22) 2 


d. 
+ ( 21 z2 Pi zı P32 29+ Piza 4 Paz zə) z — Pizi ilar 


+[(Q1 + Qa + Qs + Qa + Qs)2* + {(-Qi - Qə — Os — Os) 
HQ) — Qə — Qs — Qa)az + Qə — Qə)ə” 
+ (Q3 zi zə + Qə 21 zə + Qs 22 — Qı — Qa — Os + Qi zi zə + Q3 zi — Qə zə — Qa zı)z? 
+ (Q1 22 + Qo 21 22 + Qs 21 EQızı “Qazı 22 + Q4z2)z Qizi zilg”0. 
Solutions for g(z) are constructed as power series with 6-term recurrent relations 
k>A4, (Qı Qə HE Qa FE QA Hs) dia 
+ [(k — 3)(k — 4) + (Pi + Pp + Pa —2) (k—3) 
bi—ğı— 02-01 Qs) 41 (=O Oa Qa Qu) 0 Qal dae 
H(—zi — zə) (k — 2)(k -30540-- Pi - Po- Pi)lz 
+(1— Pi — Py — Ps) zə + Py — Pi) (k —2) 
+ Qs 21 22 Qə zi zə + Q3 zz — Qı — Qa — Qs + Qı zı 22 + Qs zi — Qə 22 — Qə zil di-ə 
“(ee —1) (6— 1)65—2) 4 (2— P.— Peay + Pye 
+P 2129 + Pizizə + Pazizo + Pisi — Poz2)(k — 1) 
“Qı 22 + Qə zi zə + Qs zi + Qı zi — Qa 21 zə + Qa zəldi-ı 
“b İzi + zə) k (k — 1) 4 (-21 — zə EPİ zi — Pa zi zə + Pi zə + Po zi zə) k — Qı zı zəl di, 


+ [=z 22 (k+ 1) k — P, Z| 22 (k+1)] dk —0: (7.51) 


Possible convergence radii are 


1 
.. GÜ DİLİ (7.52) 


Reonv = | R 


Hydrogen atom is spherical Riemann space 157 


It is readily checked that the coefficient at d,—4 (7.51) vanishes identically, so in (7.51) we 
have 5-term recurrent relations 


k>4, Sp—3dp—3 + Sp—adp—2 + 9k-idizı + Skdk + Spyidgi1 =0. (7.53) 


As a quantisation rule, we apply the known transcendency condition 


ka, Sos=0, &-)G=—O4 2 SRP 27-3) 
+ (Q: — Qə — Qə — Qs) 21 + (—Qi — Qə — Qə — Qa) 22 HQ? — Q3 =0,~ (7.54) 


which yields 


k?+(2M+2a+26-—6)k—(B+2iov) z,—(A+2iov) z 


+(2M +26-6)a+(2M-—6)B-6M-—-C-—D+2v4+9=0. 


Whence, taking into account expressions for A, B,C, D: 


A= 260005 B- 20015. 


21 — 22 22 21 


C=-(E+ie’ +m, D=—(E-ie)?+m?, -4iEBe—C-D, 
we arrive at 
k? +2k(M+a+ 6-3) -2iov (z+ 2)+2(M+B-3)a+2(M—3)8 
196M —2m? —4vo72—2€” r2E? =0. (7.55) 


We will follow two possibilities. The first one is 


M — Vu2 — €?, a=4\/(E+ie)?—m?, B=+\/(E-ie)* — m2, (7.56) 


then eq. (7.55) takes the form 


x (B+ ie? mö +\/(E ie)” —m2 +k 3+ 2V/v? — 2) =0. 


Here arise two equations, both of small physical interest (let n = k — 3): 


VE + de)” — m24 VE ie)” —m?+n=0, (7.57) 


VE + ie)? — m? 4 VE ie)” — m? +n+2Vv?—e2 =0. (7.58) 


Now consider the second variant 


M — vu — €?, a= —Vİ(E F.de)” — m2, B=-1/(E-ie)*—m?, (7.59) 
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then we have transcendency condition in the form 


(/(B+ ie? — m+ Ve ie)” m2 — (k —3) ə ey (v? e?) =0 


or differently 


(\/(e+ ie? mö +4/(E — de)? — m? — (k 3)) 


x (VE + ie)? — mz + V(E ie)” — m? — (k — 3) — 2V/u2 e) =0. 
So we obtain two alternative equations 
v/(E + ie)? — m2 + \/(E — de)? —m? —n=0, (7.60) 


v/(E + ie)? — m2 + V(E — ie)? — m2 — n — 2V/12 — €? = 0. (7.61) 


Interesting is only the second one (7.61), it yields 


(E + ie)? — m? =2N — Ç(E — ie)? — m?, N=n/24+ Vv? — €? 


OT 


N vE? — m2 — €? — 2iEe =—iEe+N?. 


Further, we obtain 
N?(E? — m? — €?” — 2ieE) = N* — 2ieHN? — e”E?, 


whence it follows the needed energy spectrum 


1+2/N2 ” NS uv? — e2, mn. (7.62) 


1 24 N? 2 M 
E-m i +(e? + N?)/m n cp 
This spectrum coincides with that found in [26,42], when studying the same problem for 
the Dirac equation in the spherical Riemann space within the semi-classical approach. 
Below, we will demonstrate that there is no possibility to get the energy spectrum (7.62) 
in polynomials. 


7.5 Numerical study 


It is convenient to use a dimensionless parameter € = E/m. Let us present the expression for 
€ in the product form € = eşez, where €, determines the energy spectrum in flat Minkowski 
space and € describes the influence of cirved geometry (it depends on parameter m). 


Numerical study 


€ı 

0.9999881599, 
0.9999933400, 
0.9999957376, 
0.9999970400, 
0.9999978253, 
0.9999983350, 
0.9999986844, 
0.9999989344, 
0.9999991193, 
0.9999992600, 
0.9999993695, 
0.9999994563, 


€2 

1.802768249, 
2.236056064, 
2.692567563, 
3.162260811, 
3.640036648, 
4.123086242, 
4.609752002, 
5.098998615, 
5.590148499, 
6.082740632, 
6.576450940, 
7.071045207, 


€1€2 

1.802746904, 
2.236041171, 
2.692556086, 
3.162251451, 
3.640028732, 
4.123079377, 
4.609745938, 
5.098993182, 
5.590143576, 
6.082736131, 
6.576446793, 
7.071041363, 


Let us calculate the values for ei, €2, and € at n = 1,12 and m = 1, 105, 104: 


n=1,m=1 


n=2,m=1 
n=3,m=1 
n=4,m=1 
n=5,m=1 
n=6,m=1 
n=7,m=1 
n=8,m=1 
n=9,m=1 


n=10,m=1 
n=11l,m=1 
n=12,m=1 
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€1 

0.9999881599, 
0.9999933400, 
0.9999957376, 
0.9999970400, 
0.9999978253, 
0.9999983350, 
0.9999986844, 
0.9999989344, 
0.9999991193, 
0.9999992600, 
0.9999993695, 
0.9999994563, 


€ı 

0.9999881599, 
0.9999933400, 
0.9999957376, 
0.9999970400, 
0.9999978253, 
0.9999983350, 
0.9999986844, 
0.9999989344, 
0.9999991193, 
0.9999992600, 
0.9999993695, 
0.9999994563, 


€2 

1.000001125, 
1.000002000, 
1.000003125, 
1.000004500, 
1.000006125, 
1.000008000, 
1.000010125, 
1.000012500, 
1.000015125, 
1.000018000, 
1.000021125, 
1.000024500, 


€2 

1.000000011, 
1.000000020, 
1.000000031, 
1.000000045, 
1.000000061, 
1.000000080, 
1.000000101, 
1.000000125, 
1.000000151, 
1.000000180, 
1.000000211, 
1.000000245, 


€ı€2 
0.9999892849, 
0.9999953399, 
0.9999988625, 
1.000001540, 
1.000003950, 
1.000006335, 
1.000008809, 
1.000011434, 
1.000014244, 
1.000017260, 
1.000020494, 
1.000023956, 


€1€2 

0.9999881712, 
0.9999933600, 
0.9999957688, 
0.9999970850, 
0.9999978866, 
0.9999984150, 
0.9999987857, 
0.9999990594, 
0.9999992706, 
0.9999994400, 
0.9999995807, 
0.9999997013, 


Let us find the values for the possible convergence radii 


n = 1,m = 1000 
m = 2,m = 1000 
n = 3,m = 1000 
m = 4,m = 1000 
m = 5, m = 1000 
n = 6,m = 1000 
m = 7,m = 1000 
n = 8,m = 1000 
m = 9,m = 1000 
m = 10,m = 1000 
n = 11,m = 1000 
m = 12,m = 1000 


n=1,m = 101 
n= 2,m = 10° 
n= 3,m — 10: 
n= 4,m = 104 
n=5,m = 10° 
n = 6,m = 104 
n — T,m = 10° 
n = 8,m = 10° 
n — 9,m = 101 


n — 10, m — 104 
n — 11,m — 105 
n — 12, m — 105 


İziça)l and İzəça)l at n = 1, 10. 
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Let m = 1: 


Ön) 

383.9763259 
443.3376405 
505.8801838 
570.2284488 
635.6839363 
701.8618747 
768.5351935 
835.5620659 
902.8496699 
970.3348500 


IZ1(n)| 
767.9539539 
886.6764088 
1011.7613559 
1140.4577745 
1271.3686592 
1403.724462 
1537.071037 
1671.124730 
1805.699894 
1940.670215 


|Z2(n)| 
0.0013022 
0.0011278 
0.0009884 
0.0008768 
0.0007866 
0.000712 
0.000651 
0.000598 
0.000554 
0.000515 


Now let m = 105: 


On) 

273998.53203243916184 
273999.36157030053471 
273999.84416671429123 
274000.21096908314543 
274000.54117852697293 
274000.86787818381619 
274001.20687271021047 
274001.56648614990005 
274001.95144098015059 
274002.36457819477482 


IZ1(n)| 

547997.06406670315098 
547998.72314242589120 
547999.68833525340102 
548000.42193999110697 
548001.08235887875978 
548001.73575819244411 
548002.41374724523043 
548003.13297412460718 
548003.90288378510571 
548004.72915821435140 


|Za(n)| 

1.82482729 - 
1.82482177 - 
1.82481856 - 
1.82481611 - 
1.82481391 - 
1.82481174 - 
1.82480948 - 
1.82480709 - 
1.82480452 - 
1.82480177 - 


Let m = 103: 


İzə(n)l 

1.824828 . 
1.824824 . 
1.824821 . 
1.824820 . 
1.824819 . 
1.824819 . 
1.824819 . 
1.824818 . 
1.824818 . 
1.824818 . 


İzi(a)l 

5.4799675890479628579 - 106 
5.4799818063200676787 - 106 
5.4799884066173725025 - 106 
5.4799920128902431654 - 106 
5.4799942091639024299 - 106 
5.4799956571044500644 - 106 
5.4799966728088693474 - 106 
5.4799974227624013747 - 106 
5.4799980014194712913 - 106 
5.4799984656053487881 - 106 


On) 

2.7399837945238901875 - 10° 
2.7399909031599425982 - 10° 
2.7399942033085950102 - 10° 
2.7399960064450303417 - 10° 
2.7399971045818599740 - 10° 
2.7399978285521337912 - 10° 
2.7399983364043434328 - 10° 
2.7399987113811094465 - 10° 
2.7399990007096444048 - 10° 
2.7399992328025831516 - 10° 


Because solutions near the points zı, zə are given by the formulas 


f(z) oy (z " zı)” (z zo 22)", where a = 0, 2, 
we may state that at these points, the series has no singular behaviour. Therefore, we may 
assume that the convergence radius of the power series under consideration equals the unit, 


Reonv = 1. 
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7.6 Solutions in the half-spaces, r € (0,7/2) and r € (r/2, r) 


The complete spherical space consists of two-half spaces: 


oF, r € (0,5); z m $ tan — — iz, «x € (0,41); 


Ss, r € (5.7), z=i tan5 —iz, x € (41, +00). 


Fig. 7.13, shows behaviour of the factor lo, (z)) in the half-space S}; Fig. 7.14 shows 
behaviour of the complete solution |f,,(x)|, m = 1, in the same half-space S$}. This figure 
proves the finiteness of solutions in Se , they are quadratically integrable. 


In order to construct solutions f(z) in the half-space S, . To this end, let us transform 
eq. (7.44) 


af E (01 2 1 —ez+iE+im | 
dz? z7z—1 zül” ez?-2%(E+m)z+eldz 
| oj 2He -(Ekm)v e? — u? Ezel) 7 — (E de)? +m? 
ez z2 er ay 
_—(B- ie? +m -v — (E — ie)? +m? 1505: - = 
zl i (ei e —ez? + 2i(E+m)z—e| f 
to the new variable 
1 1 
yz - ——i— mif, £ € (—oo,0). (7.63) 
z x 


Frobenius type solutions in vicinity of the point y = 0 (r = 7) are searched in the form 


f(y) yu —1)*(y +1)’9y) = v(y)gly)- (7.64) 


To bound states there corresponds the following parameters 


c= Vu? — e?, a= V—€2 + 2iee — m2 + €2, b = V —e2 — Lice — m2 + €?, (7.65) 


Solutions for g(y) are given by power series with 5-term recurrence relations (details are 
omitted). The transcendency condition gives yet another known formula (7.62) for energy 
levels. We have studied constructed solutions in the half-space S, numerically (in the 
domain £ € (—1,0)). Fig. 7.15 demonstrates behaviour of complete solutions with different 
energies: 

lfn(y)|, n=1, v=1, m=10+. 


The Fig. 7.15 proves the finiteness of solutions in this half-space, they are quadratically 
integrable. 

Let us compare the values of solutions at contiguity point r = 7/2 (both functions are 
defined up to multipliers): 


f-(@3 41-0) 812-10", f.(z — —1--0) re 6.2. 107””, 
whence we find the relative parameter A: 
FA Ac”. 


All graphs may be re-calculated to the initial variable r. Let us illustrate this for one case, 
m — 105, vz —1, n —1- see Figs. 7.16 and 7.17. 
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7.7 Conclusion 


The known systems of radial equations describing relativistic hydrogen atoms on the basis 
of Dirac equation in spherical Riemann spaces are investigated. The relevant 2nd-order 
differential equations have six regular singular points, there solutions of Frobenius type are 
constructed. To produce the quantisation rule for energy values, we use the known condition 
separating transcendental Frobenius solutions. This provides us with energy spectra which 
are physically interpretable and similar to spectra arising from scalar Klein-Fock-Gordon 
equation in these geometrical models. The spectra coincide with those previously found 
when studying the same radial equations within the semi-classical method. The squared 
of the series involved is proved analytically and numerically. The squared integrability of 
solutions is demonstrated numerically. A visualisation of the results is given. 


7.8 Figures for the problem in Lobachevsky space 
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FIGURE 7.1 
The graphs of the factors y(z) and g(r), at m = 2. 105,n — 5. 
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FIGURE 7.2 
The graphs of the series F(z) and F(r), at m — 2. 105,n —5. 
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FIGURE 7.3 
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The graphs of the function f(z) and f(r), at m — 2-105,n — 5. 
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FIGURE 7.4 
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The graphs of the factors p(z) and o(r), at m = 2-10*,n — 5. 
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The graphs of the series F(z) and F(r), at m — 2. 105,n — 5. 
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FIGURE 7.6 
The graphs of the function f(z) and f(r), atm — 2-105,n — 5. 


FIGURE 7.7 
The graphs of the factors p(z) and g(r), atm — 5.- 105, n = 10. 
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The graphs of the series F(z) and F(r), at m — 5. 105,n = 10. 
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FIGURE 7.9 
The graphs of the function f(z) and f(r), at m £— 5. 105, n = 10. 
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The graphs of the factors y(z) and y(r), at m = 105, n = 10. 
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FIGURE 7.11 
The graphs of the series F(z) and F(r), at m — 104,n = 10. 
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FIGURE 7.12 


The graphs of the function f(z) and f(r), at m — 101, n = 10. 
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The graph for on (x), when m = 105, n — 1,6. 
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Figures for the problem in spherical space 
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FIGURE 7.14 


n=2 


0.2 0.4 0.6 0.8 1.0 1.2 14 


Graphs for |fn(x)|, when n = 1,6. 
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FIGURE 7.15 
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Graphs for |fn(x)|, when n = 1,6. 
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FIGURE 7.16 
Graphs for |f(r)| in r € (0,7/2), whenn =1. 
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FIGURE 7.17 
Graphs for |f(r)| inr € (x/2, x), when n = 1. 
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8 


Particle with spin 1 in the Coulomb 
field 


We have studied the system of six equations which describe the quantum states 
of a spin 1 particle with parity P = (—1)/ in the external Coulomb field. It is shown 
that due to the Lorentz condition, one of the radial functions must be equal to zero. 
Any of five remaining functions may be taken as a primary one. For such a primary 
function, we derive two different 2nd-order differential equations. Their Frobenius 
solutions are constructed, and the convergence of the involved power series is studied. 
As a quantisation rule, we apply so called transcendency condition to Frobenius 
solutions. In this way, for both equations, we have found different reasonable, from 
physical point of view, energy spectra. 


8.1 Separation of the variables 


Many years ago, a very peculiar behaviour of a spin 1 particle in the presence of the external 
Coulomb field was noticed by I.E. Tamm [1]. As far as we know the whole situation with 
this system stays much the same. In the present chapter, we examine the problem anew 
on the basis of the Duffin-Kemmer-Petiau formalism with the use of the tetrad generally 
covariant tetrad technique, it turns out to be more convenient than a common Proca tensor 
approach: 


1 
-2c}-7 8B -ab / — 
{is [ile a + ə) Yabe(Z)) — eAc| - M)v = 0. (8.1) 
Choosing a diagonal spherical tetrad 


dS? = dt? — dr? — r?(d6? + sin? 6d¢”), 


ef) = (1,0,0,0), ef) = (0, 1,0, 0), (8.2) 
5... 1 a .—. 
€tı) = (0, 0, 0). £Q).— (1,0, 0, sinə.” 
we reduce the above eq. (8.1) to the form 
1 1 
E (« + 2 + i6°9, sd (ce — 80) + nəə — MİŞ(z) “0, Bə) 


where € = E/ (ch), o: = e?/(ch), and M = mc/h. The angular operator Xiə,ə is given by the 
formula, 


20 + if"? cos 0 


.....7 


, (8.4) 
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its form signifies that we have here a generalised Schrodinger—Pauli basis. 
Spherical waves with (j,m) quantum numbers should be constructed within the following 
general substitution 
V(a) = 1 Oo(z), P(x), E(w), Hüz) }, 


. s : bi (r) D.. 
®o(x) — € "Et/h gör) Do, Ö(z) — e “FU | Ba(r) Do |, 
@3(r) D 
... (8.5) 
: E\(r) D_\ : Hı(r) D.. 
E(x) = e““FHh | Ey(r) Do |, H(z) — e““FUh | Hə(r) Do |; 
E3(r) Daq Hs(r) D44 
short notation for Wigner functions is used: Ds = DI 0, 0), o — Ü, +1, —1. The 
quantum number ? takes values 0, 1, 2,... . With the help of recurrent formulas 
y=VjGt1), a-VÜ-10 2), 
1 m — cos@ 1 
D-- —- D-2—vD —— — — 1): —— D_ D 
Öp D_-1 5 (a 2—vDo), m9 1 5 (a 2+vDo), 
1 1 
06 Do = 5 (v D-1—v Di), ang DO = 3 (¥ D-1t+¥ D1); (8.6) 
1 m+ cosğ 1 
D — —. D m D Yə o r == D Ds 
Öp Diy 207 o—aDiızş), sind m ə. om aDız,), 


after simple algebraic calculation, vve arrive at the radial equations (for clarity, the corre- 
sponding Proca tensor equations are written down as well; the notation iz = \/j(j + 1)/2 
is used): 


D> ə, = M ö,, 


15 
( i İZ “(Ei + Bs) = Müo, 


dr r 
1 
+i(e+ € +i(£ 42) m+ itm = Mü), 
aor ae (8.7) 
ri(e+ =) Ep i (Hh — Hy) = Ms, 
bi(e+ =) By (= + <)Hs — i= Ha = Müs: 
Da, Py — Dö, — M Pap, 
a V 
i(e ə 1 76 — ME, — 0, 
r T 
a d 
i(e+ İL by — ME — 0, 
T dr 
i(e ~) & , 6) — MES = 0, 
T r 
(fd 1 Vv (8.8) 
i( + ə 76, — MH, =0, 
dr r T 
WV 
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Concurrently with 27, J3, let us diagonalise the operator of the spacial inversion İL After 
transition to spherical tetrad basis, and also to cyclic representation for DKP-matrices 97, 
for this discrete operator we get 


il — . P, H-il 0 -1 OQ}. (8.9) 
0 0 Ts 0 527 
0 0 0 -liş 


Eigenvalue equation IV = P W results in two classes of states different in parity: 


P=(-1)*', 60 — 0, 03 — —ğ), öz =0, E5 =—E,, Ey=0, Hş — Hi; (8.10) 


P — (-1)İ, əş — ör, Eş — HE), Hs — —Hi, Hə—0. (8.11) 


Correspondingly, 10 equations in (8.7)-(8.8) yield subsystems of four and six equations: 


3 d di 
P=(-1)), +i(e+ 5) Bi 4 (kk Hi 37 Hs — MO), 
r dr r r (8.12) 
d 1 : 
Lieto) OS MB, ıı r ə = 
T dr r r 
whence excluding FE), Hi, and Hz, we get a 2nd-order differential equation for b? 
d 2d Qa) 2”: 
M? $) — 0. 1 
dr? rdr Te R. r? ı -. 


It coincides with that arising in the case of a scalar particle in Coulomb potential. Its 
solution is well known and provides us with the following energy spectrum (in usual units) 


2 
1 
pee Nant5+VQG+1/2? - ağ, (8.14) 


J1+a2/N?’ 


For states with parity P = (—1)’, we have the system 


d 2 V 
Ey +2—E, + M& = 
a zi ” : r ğ : 
9000007057 
2 + 2 + = 
€ di dr Z 1 1 ? 
+i(e + 2)Eə — 217 Hi — Möz — 0, 
T Tr 
a 3 (8.15) 
i(e + ) İ Do ME, = 0, 
T T 
d 
ied = Os +654 MB zü, 
r dr 
d 1 
ib 0 43 I, SO, 
dr r r 
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8.2 The case of minimal value 7 = 0 


States with the minimal value 7 = 0 should be treated separately. In this case, we should 
start with a more simple substitution for the wave function 


0 
®o(x) =e" Go(r), B(x) =e * a(r) 

ı | F ı | : (8.16) 

Bie) Seo ev . Hüb-e” 0 


The operator Xo,g acts on this wave function as a zero operator, and the parity for this 
state equals P = (—1)771 = —1. 

The corresponding radial system is as follows (for eliminating imaginary unit 7, we use 
slightly different variables: ®y = yo, —i®1 = gi, —i®2 = Yo) 


d 2 
Ha =0, -( 9 2 )Eə = Mvo, 
dr r 


(8.17) 
ol a d 
(«+ o):  Mvə, («+ — və — = ¥0 = ME». 
r r dr 
Whence it follows a 2nd-order equation (let E2(r) = r”17(r)) 
d? 2 2. 206 2—02 
sat (6-M?. f=. (8.18) 
In dimensionless variables 
rE M? mict ö 
SAM cg Na 
it reads 
d? 2a 2— o? 
QZ 1 2 ) — 0. Ll 
— as x x? f Oo) 


With the substitution f(x) = s“e7”7 F(x), for F(x) we obtain 


0 
ə a gt ha ohn tone ə 


g EF + (Qa —2be)F" + 


z 
Requiring 
1+ V9 — 4a? b od vm?ct — E? 
a— ———— =x =x 
2 i E : 


the choice of upper signs in the formulas provides us with appropriate parameters for bound 
states, we get 
z F" + 2(a — br) F’ + 2(a—ab) F=0. 
In the variable y = 2bz, it takes the form of the confluent hypergeometric equation 
d? d ab—a 


-— F (2 F F=0. 
apt De ) 
To get polynomial solutions, we must require (ab — o) /5 = —n, which leads to the quanti- 
sation formula for energies 
2 1+ V9 — 4a? 
E= — m (8.20) 


VT o2/(T “-n)z” 2 
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8.3 Nonrelativistic approximation, energy spectra 


In this section, we examine nonrelativistic approximation in the theory. First, consider states 
with parity P = (—1)/T1: 


d 1 
i(c -)B . i( Hi Li Hy = Moy, 
T dr r T 


(8.21) 


də 
—ife a —)ə: — MF,, -i(— z 0: = MH ho, = 
T dr r T 


Here the H,, Hz represent so-called non-dynamical variables, excluding them we obtain 


a 1/d 142 2:2 a 
(86 Be ez) Si — Möi,-i(e 29) — MEL (8. 
iG >) it 7 dr r + Mr2-* 2 r/7 : -- 


Now we should make special substitutions, introducing the big and small constituents, V(r) 
and ün (r): 


Ə) — Ü, Toy, ify — V,) — ayı, (8.23) 
correspondingly eq. (8.21) take the form 
d 2v 


(e+ =) (va v1) + as ~) (U1 +41) - cars +h) (8.24) 


= M(V, +71), («+ x) +41) = MÜV: — yn). 


Summing and subtracting these two equations, we get 


2(e+ 2) v1 4 1 (2 +2) an) - 270 dn) - 2M, 


M\d Mr? (8.25) 
1/d 1y2 2v? , 
220012 


Now we should separate the rest energy. To this end, it suffices to make a formal change 
€ => e HM, which results in 

Qu? 
Mr? 


sila ts) tt) — gə +1) =0, 


dr r 


a(e+“)ui + 
T 


1 /d 142 2p? 
(e+ 2)oi+ (E+ 2) om +0) Phew sə ün, 


Thus, we produce equation for the big V(r) and small (7) components: 


a 1/d 132. /(/—1) 
6 

ae 25v d i Mr? 
d 1342 (9-1 

(5-z)m is dp = 4M yy, 


dr r 


Vi =0, 
(8.26) 


Equation for the big component Y;(r) can be written as a Sehrödinger-like equation: 


OC Id. «, Oh “oralı 
la 5— 7 


r dr T T 


7:—0. (8.27) 
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Now let us consider radial equations for states with the opposite parity P = (—1)/: 


2 i 
m m İz 27E, = Möv, +i(e+ € +i(£ +2) a, = May, 
Tr T T T Tr 


‘ a VU . a VU 
udu ~) Bs 2/7 Hi = Müs, i(e4 ƏL: 1 ~6,=ME, (8.28) 


. a d fd 1 LV 
ie | İZ by = MEn, i( ! )o (76, = MHh. 
T dr T 
Among the four dynamical functions ©), öz, Eq, Eş, the separation of big and small con- 
stituents is performed as follows 
®=W+%, Öz — Uz oy, El — Vi — yı, TE = Vo — v2. (8.29) 


Excluding the nondynamical variables Öç, H,, we obtain the system (the rest energy is 
separated by the formal change € => «+ M) 


a 1 d 1 d 1 Vv.) 
ik . "Min ə 5 .. 7 | — 
2 1 1 
i(e+M . —)P: = [(< ə "ə,) = Mop, 
? Mrikdr r ril (8.30) 
( M4 *)o a (< »2)n 2v ME ı 
poz r? 777 Mr de? pol ve 
a Ree ee ə 
~i(fe+M ək ar . -. r z 5—- 
Taking into account relations (8.29), we transform eq. (8.30) into the form 
a 1/d 142 v/d 0141 
FM-”)0v ka ) 4 + (= +=) = (Wes — M(U 
(8442)- 3 (mə) Gite) +O (2 +=) (bot tə) = Mh +1) 


(« 1M 4 =) (we x e a bn + 1) 2 (Wo + (ə) = M(Ü? + da), 


T MrvVdr r Mr? 
d 2 Qu? 
(« + M 4 le + wy) —(— =) (Wo və) vn dı) — M(V: — yı), 
1 ded 2 2ud1 
(ee M+ <) (Wa + va) + yə, İq + =) (Wa — ve) + SH (fi — fi) = M(U2 — və). 
Whence we get 
a lsd 142 vd 1\1 
(« -) v1) 4 we .. (i + 41) 4 r i ~) 5 


d 2 
(82). )- iy (G+ 5) la We) - pa ni) - 2 


a 


d 2 
(662) - 8 - a, (zə pi) - Gaal a a) = 12M ga, 
a 1d,/d 2 2ud1 
(c+ 7 (7 + we) .. "(ə a) 4 War — . 


Summing and subtracting equations within the first pair and doing the same within the 
second pair, we arrive at 


(65-ə id İynə (he tle evn 
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.......... 
22000 


2 d 1 Qv? 
G0-27:—— 


Mr 
a 1 d/7d 2 2v d1 
"(ez 5) (2+ v2) 4 (G+ 5) 25005 v1) 0, 
2v id 2/2 


(c+ 2000: = va) - (E+ 2) +) — (Wa + Wy) 


1d,/d 2 2ud1 
-(e4- =) (U2 + və) ( +) (We Wa) - = pte — ğı) = +4M yo. 


M dr \dr 

Now, taking in mind that W,, Üz are big components, and 1,72 are small, we arrive 

at two equations for the big components, and two equations defining the small components 
through the big ones: 


lsd 142 d TNA. d 2 Qv? 
(Latins (snes (H+ Ane + Bu ma 


M \dr ) dr r/r Mr \dr Mr? 
52027 
ə 


The last two equations provide us with the nonrelativistic radial equations, which can 
be written as follows 


2 2d 2v? 
Lİ yap pom (e+ 2) - wy = 2 ar vi, 
m 


dr? rd 
(8.31) 
a 24 a 2:7? 
2 1 1 1 — 
el zar 4+2M(e+ =) - =] = 2 We. 
It is convenient to presents eq. (8.31) in the matrix form 
1 2 Wy Hə 0 UV Wy 
sr A] gt |= | “57 (8.32) 


The right-hand part can be brought to a, diagonal form 


nızın dA hil 0 fi 
Po d b İl We |’ Po 0 iz 
the last task reduces to the following equation 
a c BÜ: 0 ae 
d b 22 11:70 2X» db” 
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whence it follows 


‘1 a—-QWe=0 ayr ur a — 
—L a HE (A —1)c —, A= 2 Sct ? x”. 
224-295 —0 —1-V14+47G4+1 __.. Az 
7:7:- Az = 2 — lə 5 
Thus, the needed transformation reads 
fi ə a AXa/2u Wy 
fo id Azd /2v Wo (8.33) 
In this way, we obtain two separate 2nd-order differential equations: 
d? 2d Qu? 2 
5576067 
dr? rdr T r? 2 (8.34) 
dq. 03 2? 0222 
Fe "pdr 2m (« r r? r? İp m 


Note tvvo identities 


22 2M _ G41) +2041) 041000 52) 
21 27 2 2 ? 


T T T T 
av? 2) 1011)-2) (—1)/ 
v2 y2 7” r2 = 2 : 


Here we have two problems of the same type (below the equations for fı and fə, corre- 
spond to uy = / — land vu = j +1, respectively) 


da əd a, put) 
İz +25 Me 2) - BES Co, (8.35) 
Changing the variable z = 2,/—2eM r, we obtain 
qan Dod. al aM (je + 1) 
Ee - adr 4 gy /—%M a? İre) R. 


Further, introducing the substitution f(x) = 2%e~>” F(a), we arrive at 


d?F dF 
+ (2a+2-—2 
zə (2a bax) Aa 
1) — 1 M 1 
“p- 1 0. )alF-0. 
x v—2eM 4 
When b = 1/2, a — Hu, the last equation simplifies 
2F dF aM 
+ (2v +2 14 F=0, 
2” H əl 


what is the confluent hypergeometric equation for F(A, C, x) with parameters given by 


aM 
A=1+py—-— —, C=2p+4+2. 
HU VM i 
The quantisation condition is A = —n, which gives the following energy spectrum 
M 2M Me 


v—2eM 2117 1n)2  2h2(11- a 1-n)2” 


recall that to linearly independent solutions correspond the different values of uw: w= 7 — 1 
and w=j+1. 
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H-———.. 
8.4 "he Lorentz condition in presence of the Coulomb field 


As shown above, the states with parity P = (—1)/ are described by six equations 


d 2 d 1 
(= +=) 422E) +m =0, i(e+ =) EB. 4 i( fe hm mö, — 0, 
Tor T T dr r 


i(e *) Es 1-H; — mö = 0, i(e+ 5) ğı + 4G) — mE, =0, (8.37) 
Tr Tr ili Tr 


d d 1 
i(e+ — ə: Bi A i=, i(= ip —)o, q al, +m, =0. 
T dr dr r T 
There is known that for the spin 1 particle in the presence of electromagnetic fields there 
must exist a generalised Lorentz condition. In radial form for states with P = (—1)/, it has 
the form [2] 


. a d 2 2v mz 

? («+ ~) Po m -) 2 r mi 2mə? — (ese) 
Taking into account (8.38), from the system (8.37), we may derive an additional constraint 
on radial functions. Indeed, from eq. (8.38), let us exclude the function ®2 with the help of 
the third equation in eq. (8.37) 


d 2 22 2 ) 
i («+ —) mo ( + ) [ite “107 ul 7 o, = —. Es, 
T dr T T 


r 


whence it follows 


d 2 22 d 1 2 ) 
i (c+ =) mo +i(e+ 20( Nl İz ~( zə Hü — ne 
T T Tr 


r/\dr r dr r 


Transforming the second and the third terms with the help of the first and the second 
equations in eq. (8.37), we obtain 
“By — Ez—0. (8.39) 


a (687) my — im (e+ £)00- 
r T 2r 


Thus, in the system (8.37) we have six equations for only five unknown functions. Al- 
lowing for the constraint Eş = 0, we reduce the system (8.37) to the form 


d 1 
1) 27E +m) —0, 2) +i(e+ XE +i(= + =) - me, =0, 
r r dr r 


.V : a uv 
3) — 2/7 Hi — mö —0, 4) i(e ! S +“) — mE) -0, (840) 


: a d fd 1 Vv 
5) i(e+ 7 0 += =0, 6) i(— +—), +120, 4 mi =0. 
T dr dr r T 


Introducing new variables i®; = çı, ?Öə = yo, we may exclude the imaginary unit from 
equations: 


d 1 
1) mE, = ro, 2) (« . <) mE ie (— ra min + my, — 0, 


2 
8) mH; = spree 4) (e+ əki — <p + mE, = 0, (8.41) 


5) (c+ Pəri Sa =0, 6) (< ! “Yer ! = p2 kama 0; 


r 
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With the help of equations 1) and 3), we may exclude E,, Hj, then remain four equations 
for the variables Öç, o? Ya: 


o, m? d 1x4m3 2 
2) - (e+ 5) Forde + (5. +5) Spree t mer = 0, 
2 


4) (« ! əz 3 eee (8.42) 
T T 2v 
d d 1 2 
5) (c+ 79 + = =0, 6) ( + a + yo + rps =0. 
T dr dr r T 2v 


It is evident that from physical point of view, there must exist two independent classes 
of states described within the initial system (8.37) and the system (8.42) as well. 

There exist two simple possibilities to get second order differential equations for functions 
gı and gə. The first is as follows: from equation 2) with the use of equation 6) we exclude 
the variable gə, and then with the help of equation 4) we exclude the variable pı, so we get 


d?o, (: 2r ye 
dr? r r? 202 /m2/ dr 
2 0:€ 2 —2v?+a7+2 
2,2 
m t = 0. 8.43 
+( 220003 95 a R (8.43) 


This equation has four singular points: three are regular points, and the point r — oo is 
an irregular one of rank 2. Only two singular points belong to the physical region of the 
variable r. Having known the function o, we may find all remaining functions. 

Consider the second possibility: from 4) we express Öp through o then from 2) express 
q through qə and substitute these in equation 6): in this way, we obtain the following 
equation for function yo: 


Pips | E 2m?r : 2(-mör + €?r Eve) doz 
dr? Lr | mör2-4-212 7 mör2 — er? — 2aer 4-22 — o2l dr 
2 2 
2 i 2ae(2v —a +2) Am2 Iv? 49242 
+| m? +e 4 baa 4 R 
(2: — a?)r mer” p2v T 
| —4m?rae+ 4rae — 8m?v? + 4m?2a? 4826? 2. =H (8.44) 
(mer? — €?r2 — 2aer+2v2— a2) (2 y2 — ağ) 
Having known v2, we may find all remaining functions. 
8.5 The study of equation for çı 
Let us transform eq. (8.43) to dimensionless variable: 
M 
n= mr=— "r= 5, 25: 2:2 =T? 
this results in 
dp 1 4 2z de, 2 2ak 2 a? +2-T? 
1 (B21 ) — 0, (8.45 
dx? e x2 + ya) dx ( ə z x? + T? x? . - 
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or differently 


dpi 4 1 1 \ dy o 2o.E i/T i/T u? 
E?—14 ) — 0, (8.46 
da? (- a+il r) atk z sazın ear a? es ( ) 


where the notation x? = T? — 2 — a? is used. The last equation has three regular points 
x = 0,-71,+:T, and one irregular, x = oo, of the rank 2. Its Frobenius solutions are 
constructed in the form 


gi(x) = e(z)f(a) = ae?" f(z). 


For function f(x) we obtain the following equation 


2A 4 1 1 A(A —1) 2AB 
” 2B 4 i ( | B? 
/ De ü z e+ z-—iT f+ x? x k 
4A 1 A 1 A 4B B B 
xr rdi? zs—iDr x e+ z—D) 
2a.E i/T i/T u? 
E?-1 ) —0. 
k ə z ze z-—3) 2? f 


Allowing for restrictions A = —3/2+ ,/(3/2)? + y?, B=+vV1—- E?, we arrive at a simpler 
equation 


df 4424 01 1 x df 
ae t (2B z x—il ən dx 
QAB+2KFa+4B tiA-—BT4+i iA+BT+i 
=0. A 
+( é Pao: Pies) )f=0 - 


To get solutions suitable to describe bound states, we should take the following parameters 


A=-54)/G) +12 >0, B--V1-— E? <0. (8.48) 


To present eq. (8.47), it is convenient to apply the shortening notations: 


df L 1 1 \df /a, b c 
=0. A 
da? (« z x-—iT zı 2:5: zən : (8.49) 


We construct solutions of the last equation in the form of power series, f(x) = 377 0 daz”. 
Having performed needed calculations, we get 4-term recurrent relations for coefficients of 
the series: 


[K(k —2)+(a+b—c) | dy_2 
EP (k — 1)(£ — 2) + (L — 2)(k — 1) + i1(b4+ 0) 1dk-: 


“Hİ KT?k + aD? | dy + İT?(k + 1)k + AT”(k +1) dını — 0. (8.50) 


Having studied the convergence of the series by Poincar€-Perron method, we get two possible 
convergence radii: Reony € T, +00. It is easy to show that behaviour of solutions near the 
singular point -kiT is given by the simple structure, pı ~ (z -k ?T)?, D — 0, 42. Therefore, 
we may expect that the series converges in all points. 

Let us try to get some quantisation rules for energy levels by applying the known condi- 
tion [10], which separates so-called transcendental Frobenius solutions. The needed restric- 
tion has the form (see eq. (8.50)) 


K(k—-2)+(a+b-c)=0, k>2. (8.51) 
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Explicitly the last condition reads 
v1— H?N N=Ea, where N=(k-—2)+A+4+1; (8.52) 


whence it follows the formula for energy levels (let k — 2 = n = 0,1, 2,3,...) 


1 1 3 
fe, Mom ulus”. 8.53 
1+ a2/N? 2770774 (8.53) 
Allowing for the equality s? = j(j + 1) — 2 — a”, we obtain final formulas for energy levels 
1 1 / 1 
fe Oe, qaxacı aa Gee oe 8.54 
m e+ yi +i) +4 (8.54) 


where ? = 1,2,3,...; m = 0,1,2,3,... To illustrate the spectrum, let us find a number of 
energy values, 5 at ? — 1, n=0, 20: 


nm — 0, 0.9999733604, 


n — 1, 0.9999933400, n — 11, 0.9999998150, 
n — 2, 0.9999970400, n — 12, 0.9999998424, 
n — 3, 0.9999983350, n — 13, 0.9999998641, 
n — 4, 0.9999989344, n — 14, 0.9999998816, 
n — 5, 0.9999992600, n — 15, 0.9999998959, (8.55) 
n — 6, 0.9999994563, n — 16, 0.9999999078, 
n —T, 0.9999995838, n — 17, 0.9999999178, 
n — 8, 0.9999996711, n — 18, 0.9999999262, 
n — 9, 0.9999997336, n — 19, 0.9999999334, 


n — 10, 0.9999997798, n — 20, 0.9999999396. 


This spectrum is illustrated by Fig. 8.1. Behaviour of the factor y(a#) in Frobenius 
solutions g(z) at 7 = 1,n = 1,5, 10, 20 is illustrated by Fig. 8.2. Behaviour of the factor 
p(x) at 7 = 1,n = 0 is illustrated by Fig. 8.3. Also, for these parameters we calculate 
coefficients of the polynomial approximation P,—29 of the series: 


Py=29 = 1 + 0.004515z + 0.1299x77 + 0.0005247x7 — 0.01032a* — 0.0000354a°° 
+0.0018252° + 5.58 - 10757 — 0.000431z5 — 1.21 - 107”z 
-10.0001190z17 --3.11-1077z1 — 0.0000364x1? — 9.0-10~ 8a" + 0.00001194a"4 2.8- 107515 
—4.13 -1077z19—9.4.107”z17-1.49- 10-8218 + 3.3 -10- 9x19 5.55 - 10-% a. (8.56) 


Besides, numerical study show that polynomial Py29 has the following zero points, 
Pr=20(2) = 0: 


=94, 49215 2.03 — 0.65%, —2.03 + 0.654; —1.72 — 1.23%, —1.72 + 1.23%: 
1.23 — 1.667, —1.23 + 1.661; —0.63 — 1.891, —0.63 + 1.89i; -1.81i, 41.81%; 
0.63 — 1.89%; 0.63 + 1.89%; 1.23 — 1.674; 1.23 + 1.67; 1.72 — 1.237,1.72 + 1.23%: 


2.03 — 0.652, 2.03 + 0.65, 


where we can see only one zero point x = +2.1 in the physical region of the variable. 

Behaviour of the function f(x) and the complete Frobenius solution y1(x) = v(x) f(x) 
at n = 0 is illustrated by Fig. 8.4. A numerical study of the series f,(a) for other values 
of n proves that the qualitative situation does not change. In particular, the polynomial 
approximation gives only one zero points in the physical region; they are localised in a small 
interval. Figure 8.5 illustrates behaviour of the complete Frobenius solutions at n = 5,10, 15, 
and 20. 
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8.6 Equation for function çə 


Let us turn to the eq. (8.44) for function gə. In the variables z = mr, e/m = E,2v? — T? it 
has the form 


apo ee R. 2x s 2o.E — 2(1 — E?)r dy 
dx? "İr a24T2 ” 22(1— E?) — 2aEz 4 T? — o2İ dr 
2a.E(T? — a? +2)1 4 2 — (T? — a? 
T? — a? zs «2247? x? 
1 4o.E(1 — E? 4T?(1 — E? 4o2(1 4 E? 
i — iz 5557 ə =0. (8.57) 
T? — a? z2(1 — E?) — 2zoE + T? — a? 
The roots of the polynomial z?(1 — E?) — 2vaE + T? — a? = 0 are 
aE + /o®E? — (T? — a2) — E2) 
= , 8.58 
712 1— E2 ( ) 
Equation (8.57) may be presented differently 
dy E 1 1 1 1 doə 
dx? z e+ -—i we—x, z-— zəl dz 
+ (By 4 2o.E(T? — a? +2)1 | a? —T? +2 : 2i 1 2i b 
(T? — a?) z gö Teri Te- 
1 4aE(1 — B2)x — 4T?(1 — E?) + 402(1 + EB?) 
Tr — a? x2(1 — E?) — 2raE ET? — a? ləə z ey) 
It has five regular singular points and one irregular one, x = oo of the rank 2: 
0, v1; 22, -iWT, +i. : 00/2] . 
In the neighbourhood of the points zı, zə, and z = +I solutions behave as follows 
po(x) — (r — zi)”, p=0,2; gər) — (x — zə)”, p=0,2; (8.60) 
gə(x) = (£ “3T)”, o(o—l)Ho Ü, o=0. (8.61) 
Near the point x = 0, solutions have the simple structure gə(z) = «4: 
A(A-—1)4+4A = (T” — a”) - 2, A=— 5+ (5 +I% —2—a%, (8.62) 


recall that T? = j(j +1) > 2. In infinity, solutions behave as 


yo(z) = e”P”, B-— V1-— E2. (8.63) 


To proceed further, we apply for eq. (8.59) a shorter form 


” a, 2 a3 a , b ) , 
ur Dal Sl ae ' x— Tə ¥2 
by b bə Də ba bs 
Dat eee ! ) =0. 8.64 
+( z x qaza” aed ite Gees i ( ) 
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Its Frobenius solution are searched in the form 


for function f(x) we have the following equation 


T” (2B a,+2A oz. . İ a4 as .. 
x rv—??) rm? a«-2 z — 2X2 
A+6+A(A-1 
+((D+B) +4 = ( ) 
i a,B = a. A/iT mə aş A/iT = aa A/zı = as A/ rə + bi nu 2AB 
i z 
a2A/iT ir aşB + by ; —aş AfiT + a3B + bs 
: z—iT a +40 
aa A/zı + a4B + bg 5 aA lta esası 
2 — 24 : z — x2 mn. 


To follow for bound state solutions, we should use parameters 


34/1442 — o? 
əə a eV eG: (8.65) 


2 


Equation for f(x) may be presented shortly as 


C1 C2 C3 C4 Cs 
“4 (20 4 ) : 
f ( x a-i «+i z?—z) 4-24 f 
Ay oS ere oe PB 005 ) = 
ae: 2 eae ' £— X2 2. — 


Searching solutions in the form of power series, f = 2 0 dax"), we derive 6-term recurrent 
relations 
[2C(n — 4) + dD, + Do + Də + DA + Ds] dana 


Hn — 3)(n — 4) — 2C(si 4-sə)(n — 3) 
-ECY (n — 3) + Co(n — 3) + C3(n — 3) Can — 3) + C5(n —3) 
—Di(zi + rə) — Do(x, + zə — iT) — Də(zi + zə PT) — Dizə — Dizilda-s 
H-(zi + 22)(n — 2)(n — 3) + 2C(zizə +T*)(n — 2) 
Cy (a1 + r2)(n — 2) — Co(a1 + xq — iT) (n — 2) 
—C3(a@1 + zə + iT) (n — 2) — Cizə(n — 2) — C521 (n — 2) 
+Dy (2122 +T?) — Də(siiT + səiT — zirə) + D3(a1iT + veil + 2122) + Dal? + DsT?] dno 
“(rizə +T?)(n — 1)(n — 2) — 2C(zi + zə)T?(n — 1) + Ci(rizo + T?)(n — 1) 
—Cə(zsiT + rəiT — 21 22)(n—1)+C3 (xT +2010 +21 29)(n—1)4+ Cal?(n—1) + CF? (n—1) 
Di(zi + rə)1? + Doil' 2122 — DşiTrizə — Dal? x2 — Dəl?zril dai 
+[-(a1 + zə)T”n(n — 1) + 2CT?zizən — Ci(zi + zə)T”n 


--Cə?Tyrixəon = Cz3ila,x29n = CaT?zən = CsT?zin + DT? 2129] dn 


+ İT”zizən(n 4.1) 4 CLD? 21 29(n + 1)] dazı = 0. (8.67) 
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Having used the Poincar€-Perron method, we find four possible convergence radii: 
Reonv € oo, İTİ, İzil, İzəl. (8.68) 


In order to derive some quantisation rule, let us applying the known transcendency 
condition, here it has the form (see relation (8.67)) 


Ppa =0,k 54, 2C(k —4) ED) 4+ Do + Də HD, ED, =0, (8.69) 


where 


2C = —2V/1 — E?, 
Dy, = a,B — agA/iT + aş A/İT — ag A/a, — aş A/rə + bi + 2AB, 
Də = a2A/iT +agB+b2, Də = —aşA/iT + aşB +4 bs, 
DA = a,A/zı +a4B+b4, Ds =a5A/xg+a5B+bs. 


Taking into account expressions for involved parameters: 


a? — T? + H?T? o E vo? — T? + E?T? 
? x — 


on 1— E? or 1— E2 i 
qı 4, a=l1, aş—l, ag=-l, ds ——l, 
2a E(T? — a? +2) —2i 24 
1 ? by = ? b= =, 
T? — a? T T 
2(a E 4.Vo2 —T?-7:-E?T?) 2(-a E + Vo2— T27- ET?) 
ca T? — a? — T? — a? 
from (8.69) we derive an algebraic equation 
V1— E? ((k-4)+(A+2)])=aE, k-4>0. (8.70) 


Let us apply notation (k — 4) +(A+2) — N,k —4 — n — 0,1/2,...: then the formulas for 
energy levels reads 


1 1 1 
Be 5 oğ, (8.71) 


J1 + a2/N2” 


It should be noted that two formulas (8.54) and (8.71) determine the same spectrum. 
This agrees with the fact that according to eqs. 4) and 5) in eq. (8.40), the functions çı 
and gə differ only in an elementary multiplier. 


8.7 Studying the first equation for ®o 


There exists possibility to get a 2nd-order equation for function Öp. To this end, from eq. 
4) in eq. (8.41) one finds relationship between Öç and on: 


(c+ 2) nny - (25 +m) 
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or in dimensionless form 
(x) = F(z) gi (2). (8.72) 


Now taking in mind the known 2nd-order equation for yi: Ay; = 0, gi = F~'®po, one 
finds 2nd-order equation for Öp: 


AF-16,5=0 = FAF” İş -—0. 
Thus, equation for Öp reads 


Ex+a , 2x? a? 


bo —0 8.73 
w+ Exrta 0 : ( 
where 
d? 4 2x d 20E oa?42—T? 2 
“ə ( ) 2-1 
dx? x x?T2/ dr z 7 z R x2 e247? 


Equation (8.73) readily reduces to an explicit form 


420, (3 2B | ee ja 
dx? z Ext+a «2%42v?! dr 
15. 8:2 2 (4 Ev? +307) E? 
ra a (22 4.2v2)? © (2B? +02) (Ex+a)a 
2 E? —2 Eoz 44 E?u? +40? 
E”zi ! ]®o=0. 8.74 
+E 1+ yaa)” ” @ +2) Ea +a) |” - 


We do not need to study this equation because it must lead to the energy spectrum, which 
coincides with that derived from the study of equations for çı and yo. 


8.8 Second equation for function Öç 


Now we prove that for variable ®o(a) there exists another 2nd-order equation, which pro- 
vides us with a different energy spectrum. To derive this equation, we start with equations 


1 d 1 
1) Fy=-s 1b, 2) (B+°)E+(L+=)m+e.=0, 


2v x dx 
2v Qa Vy 
a) Hi — gə, 4) — (Es Egi 4 “oo - E, (8.75) 
x z z 
a d d 1 U 
5) (E vz vəd yo =0, 6) (zz) zm Hi =0. 


With the help of eqs. 3) and 4), we exclude the variables y2 and Es: 


o oy? 
1) =(E+=)ort (+1) =0, 


z 


2525505 


dx z 


d 


5) dx 


2 d 1 2/2 
00 Z(E-Z)m eo, 6) (2-2 ləh (14 zm -0. 
x x dx x x 
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Act by operator #4 on eq. 5) in eq. (8.76): 


d? 2UV 
da? Po x2 


Then with the help of eq. 2) in eq. (8.76): 


22500 


(e+°)m 5H + (E+ 
av zo 


dx 
we get 
d? 2/2 a\2 
E4 ) |e 
Fe ak x : 
2 2 2 2 
İZ (5-20 2545 (e+) lm - £ (e+) 11- (54 5] =0. 
x2 z zo? x? z x z z 


m order to exclude the function oz, let us use equation 1) from eq. (8.76): 


2 22 
x (54.2) - (1425) a0 
x ax z 


this yields 


= | (F | a)’ : vy Av (F : m) Hy 2v Cee 2: (8.77) 


da? x2 


Now with the use of eq. 5) from eq. (8.76): 


d 2 
Bo 4 — (F4 -)H-0: 


we obtain 


2 22 2d 2 
Es +(E+") (ae ]®o ira, 
XL x 


x dx 
Finally, taking into account eq. 5) from eq. (8.76): 


z 1 d 


2575000 
2v (E+ 7)de 3 z 


we arrive at the needed 2nd-order equation for function Öp: 


d? 3 E d 2Ea a? — 2? 
! E?—14 | ]®o=0. 8.78 
Fe C ulu z x? ( ) 
In the variable z, z = —$z,z € (—oo, 0) it takes the form 
do 3 1 d®o » a? 207202 — o? 
Pp = 0. . 
dz? G Za i) dz R (0 i? Zz 2 ) 0=0 -. 
Below we will apply the following notations 
Hö. a? 1— E? 
= —” “(441)”, —A” — —( 25. a? m <0; (8.80) 
then eq. (8.79) reads 
d?8o 3 1 döo 2a? ”? 
A? ə =0. 81 
dz? (2 —, dz ə z 27 . een) 
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It has two regular singular points z = 0,1 and one irregular point z = oo of the rank 2. 
Near the point z = 0, the equation becomes simpler, and its solutions behave as 
d? Bo uf 3 d®o 
dz? z dz 
To bound states, there correspond positive values for A. Find asymptotical behaviour of 
solutions as z — —oo: 
d? Bo ns 2 döç 
dz? z dz 


2 
100 =0, Bow 24, A=-14+V14+7>0. (8.82) 


7-05. 4.05 (8.83) 


Frobenius solutions for eq. (8.81) are searched in the form ö,(z) = z4e?* f(z); where 
f(z) obeys the equation 


2A+3 1 r 


z z2z—l 


far (2B 


A?+2A—7? 2AB+A+3B-207 A+B 
. 4 


+((B? A?) + 


z z 2—1 


Below we use the following parameters, A = —1 HE ./1-42, B= VAZ, the previous 
equation becomes simpler 


2A 3 al 
" = , 
f + (2B + z —” 
2AB+A B-20? A+B 
+( 25 = 1-0. (8.84) 
Zz z—l 


It may be identified with confluent Heun equation [10, 11]: 


d m”. 


” c Ha 
f Fİ 04 25” .- 


its parameters are determined by the formulas 


t = —2B, c=2A+3, d=-l, (8.86) 
—-\=2AB+3B+A-2a7, -ta=2BA+2B-—2d?. , 
For parameter a we readily obtain expression 
a? a? 
-AHTI — HV 1-2 : 8.87 
a =F B 7 A ( ) 


Solutions for f(z) may be constructed in the form of a power series f(z) = 02.9 diz” with 
3-term recurrent relations; 


cd, +Adj=0, k=1,2,3.,..., t (k—1+a) dı-ı 
—[k(k-1+t+d+c)+A] det (k4+1) (£ cc) desi = 0. (8.88) 
The recurrent relation (8.88) may be re-written differently 


ko— 1:2... Pydy — (Qk +A) dazı t+ Re dizə = Ü, 


Pp =t(k—-1+a), Qe=k(k—-l+t+d+c), Re=(k+1) (kec), (8.89) 


it is equivalent to 


1 
k? 


1 dbi 01 dk-o dri 
P,-— — A R 
k 72 (Qk + ) di ul” k a ae 
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whence in the limit k — oo it follows the simple algebraic equation 


lim = lim =r, —r+r?=0 — r=0,1. 


According to Poincar€-Perron method, we conclude that convergence radius is Reony = 
1,oo. Behaviour of solutions near the point z = 1 is determined by the formula Öç ~ 
(z — 1)°,p =0,2. 

Imposing restriction P, = 0, we get the class of the transcendental confluent Heun 
functions 


P,-0 -a=k-l=n, n=0,1,2,3.... (8.90) 


The constraint (8.90) gives the following quantisation rule 


2 E2 
ntVltyP=5 =a 


ie" 


whence it follows the formula for energies 


1 a N=n+VJjG+)4+1- o?. (8.91) 


v/14-a2/N2” 


It should be emphasised that the last formula does not coincides with the previously 
derived formula for energies (8.71): 


1 1 1 
E=——____ N=n4 2 2 — a2 8.92 
İİ a2/N? "xun ri. lari (8.92) 


This means that the 2nd-order equation for ®g describes the class of bound states different 
from the class of states determined by the 2nd-order equation for çı (and the equation for 
gə). This statement is valid even if both of these classes do not represent genuine spectra. 
As said above, by general physical grounds, we should expect existence of two series of 
bound states with parity P = (—1)/, determined by six eqs. (8.37). 

We may note that two variables öp (z) and q? (z) relate to each other by a simple 
multiplier 


(x). (8.93) 
If one substitutes the last expression for ®o into eq. (8.78) for Öp, the one will derive for 


yi(x) an equation different from the above known eq. (8.45). Indeed, starting with the 
relationships 


tH +a 
Go(x) = f(x)yi(z), f(z) = ay? 4 a2? 
and from eq. (8.78) for Bo 
d? 3 E d 2Eo a? — 2? 
ə ib = 94 
FE G ə z + r? ama (8.24) 
we obtain the following equation for çı: 
227 E 2E Ag 
ol + ( 7 ha 
a Ex+a Erma 2242 
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R ( E Qe )’ E? 2 z Aa? 
Ex+a  2v?+ a? (Ez Fa)?  Qve+a? (212 + x?) 
3 E E Qa 2 2Ea o? — 2 
1 B14 İsi =0. 
C Han kə qa) z z? -.. (95) 


This equation for çı does not coincides with previously studied one (8.46). This means that 
classes of solutions determined by eqs. (8.46) and (8.95) for variable y1(«) are different. 


Let us perform numerical study of the corresponding energy spectrum ... The formula 
(8.91) gives the following values for energies at / = 1, n = Ü, 20: 


n = 0,0.999991120, 


n = 1,0.999996430, n = 11, 0.999999835, 
n — 2, 0.999998087, n — 12, 0.999999858, 
n — 3, 0.999998810, n = 13, 0.999999877, 
n — 4, 0.999999189, n — 14, 0.999999892, 
n = 5, 0.999999412, n — 15, 0.999999904, (8.96) 
n — 6, 0.999999554, n — 16, 0.999999915, 
n = 7,0.999999650, n = 17,0.999999924, 
n = 8,0.999999718, n = 18,0.999999931, 
n = 9,0.999999768, n = 19, 0.999999938, 


n = 10, 0.999999806, n = 20, 0.999999943. 


This set may be illustrated by Fig. 8.6. 
It is helpful to compare two series of energy levels: 


Ay, ei — gözəl (8.97) 


we readily obtain the values for An: 


—3.091-10-7, —1.047-10””, =4,75+10-7, —2.55. 10-7,. —1,52. 10-7, 


a08.10-8,- <67:.10-%,.- =46: 10-8, —s5-107, <8.7-10-8, 
zülalı... situ. «je. <j". si. 
—7.- 1079, —6. - 1079, -B.alıı”. — dü” dəq? 


which is illustrated by Fig. 8.9. For completeness, let us detail the third spectrum 5 


related to the states with parity P = (—1)/T1 and described in terms of hypergeometric 
functions 
1 1 1 
Pet üxar nu ta (8.98) 


J1+a2/N2’ 
this formula gives the following values for energy at 7 = 1, m = 0, 20: 


n=0, 0.999993340, 

n=1, 0.999997040, n = 11,0.999999842, 
n=2, 0.999998335, n = 12,0.999999864, 
n=3,  0.999998934, n = 13,0.999999881, 
n=4, 0.999999260, n = 14, 0.999999895, 
n=5, 0.999999456, n = 15,0.999999907, (8.99) 
n — 6, 0.999999583, n — 16, 0.999999917, 
n—T, 0.999999671, n = 17, 0.999999926, 
n — 8, 0.999999733, n = 18, 0.999999935, 
n—9, 0.999999779, n = 19, 0.999999939, 
n — 10, 0.999999815, n = 20, 0.999999945. 
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which is illustrated in Fig. 8.10. Let us compare the series of energy levels: 


AL =). &) 


n= En j=l n,j=l? 
we readily get for A): 
—3.700 - 107”, —1.295 - 107”, -—5.99-10-7, —3.26- 1077, —1.96 - 1077, 


—7-10 —67-10”. —6.28- 1075, —4.6-1078, —3.5-1075, 
<r, 20.10” — 0107” 14107”. —12-10””, 
—I.-10”” -10”” —— 0555-x:x-5757 0:7 


which is illustrated in Fig. 8.11. 


8.9 Fourth-order equations, the first method 


Let us turn again to six equations (it is convenient to numerate them): 


1) AĞ Iz 21” Hy — Möş — Ü, 
Tr T 
2) ~i(e+) 94-29 - ME: =0, 
Tr T 
d 
3) ( q ZE: -.27Bi + Möv =0, 
dr r 


a 4 (8.100) 
ə — Mö: — 0, 
d T 


d 
5) (47 O —-% + ME, =0, 
T dr 
d 1 
6) i(— +=), +i, + MH; =0. 


Equations 2) and 4): 


dd 
~i(e+*) 6, + 76, — ME, =0, +i(e+ =) B, +i(< +—)H,- Me, =0 
T T T dr r 


permit us to express ®; and EF: through Öç and Hj: 


(er +a) dH, Mvr 
Ey = r H m ®o, 
(M? — €2) r? — 2aer— a? ( dr 1) (M? 62)r 2:0.ey — a2 
(8.101) 
M iMr dH, iv (er +a) 
x (M? — €?) r? — 2aeer — a? (" dr em) (M? — &?) r? — 2aeer — a? - 
Similarly, eqs. 1) and 5): 
d 
+ile+ “) Ey — 2i7Hı — Mz = 0, i(e+ —) Öz öp + MEy =0 
T T T dr 
permit to express öz and Eş through 9 and Hy}: 
r?M döo 2v (er ta) 
Hə — A, 
(M? — &?)r?—2aer—a? dr (M? — €?) r? — 2o:er — a? (8.102) 
5, — ir(er+a) d®o 2irMv H , 
2— 1. 


M?2r2 — €?r? — 2oeer — a? dr M?2r2 — €?r? — 2o:eer — o? 
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If in eqs. 3) and 6): 


d 2 d 1 
( Əz . 2- Ey + M% —0, i(— + =): +i) MH. =0 


dr dr 


one excludes with the help of derived relations (8.101) and (8.102) the variables ®), E,, ®o, 
and EF», then one obtains equations which contain only the variables bp and Hy: 


?® aeM 
2 0 
T M Ape +| 2Mr+ 25 a 
os Ma? he Ma? j= 
(Mr—er—a)(M—e) (Mr+er+a)(M+e)! dr 
+M |(M? €?) r? —2aer 4. 2:? a?) Pot 
2v Ma 2av 2v Ma 
! İz =0, 
(e—M)r+a r (M+e)r+a 
(8.103) 
d?H, aeM 
2 I | 
PM məə a 2Mr +25 
Ma? Ma? Ee 
" (Mr — er — o)(M —€) * (Mr+er+a)(M+e)! dr 
Ma Ma 
M M? 2 2 2 19 2 2 İH 
+| (( e)r o er V 8 ag) ae er Qram 1 
vu Mo O vu Ma 
bo = 0. 104 
+ (e-M)r+a r ace ee .. - 


Whence it follows a 4th-order equation for ®o: 


d*®o al 4 M?r — 4 €?r —4ae ... 
dr3 M?vr2 + €?r? EF 2aeer Fo? rj dr 


Sips 205” 4:92 (-28 M? 1446) a+ 36re (M? + €) 
F2€ 4 
r? o: ((M? + €2)r2 + 2aer+a?) 
8 M?a? es 4o7€ — sə d?®o 
((M? + €?) r2 + 2aver + a2)? ar dr? 
5. _ 10a? — 20:72 + 48 
are : y3 


1 
M?r? + er? + 2aer+a?)a? 


R 
x[8 M*a?r — 8 M*v?r +8. M?a?€?r + 8 e4v?r + 8 M703 — 24 M?aev® + 8aev? + 
+60 M?r — 40 M?e?r — 100 e4r + 184 Mae — 136 ae?) 
24 M*r + 16 M?e?r — 8etr + 56 M?ae — 8o:€$ 
, (Mr? + er? + 2a€r +a?) 


—18 M70? + 8 M?v? + 10.07? — 8€?x? — 60 M? + 100 €?) dö 
ae + V” + 7 eV € — + BiglMi — 2 M?£ 4 
To: T 
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—4 (a? + 8) (e— M) (M+ e)ı? + (-2.a0* — 4407) M? + 6 ea? (a? + 2) 
ə ra? 
44 + (-40? — 20)? Ha” +607 9 ev? 1700 0 ee) 
r4 r§ M2 | ra 
1 


"a3 ((M? + €?r? + 2a@er+a?) 


x [+ (32 M* — 48 M?€?) a® — 40€ M?r (M? +?) o? 


—48 7? (€£ — 5 M?€” + 2/3 M*) a — 40eri? (—3 M? +’) (M? +€’)] 
439 (1/2 M703 + 3/2 (€ — 1/3 M?) v?a t+ erv? (M? +€?)) M? 


a ((M? + €?) r2 + 2aer +a?) 


€ (M?o4 — a€? — 10 M?o2 + 30 M?v? — 10 ep?) 
4 — ]®o — 0, (8.105) 


two singular points 0,00 belong to physical region of the variable r: 


Qa ı 0 
OO. 
e+iM’ e—iM’ , 


Similarly, we derive a 4th-order equation for Hy: 


d* Hy, | 4 M?r—4er—4Aae ie 
dra 7 1M2v2 4 2r2+2aer+a2. rd dr 
+ 9 M24 de 8 M?o? 202 — 4v2-52 
+ 2€ 
((M? + €?) r? + 2aer+a?)’ r? 
(28 M? 1446) a F.36re (M? €) 


o: ((M? + €2)r2-20.er +a?) 


4 o7€ — . d?H, 
dr? 


ar 


; [a ea eee a ee ee 
(M?r2 + er? + 2aer4 a2)? 
€ (5a? + 2v? — 18) 


ar2 


10 a? — 20v? + 52 


gə 


+4 


+ 


(Mer? + er? + 2aer +a?) a? 
x[8 Müo?r — 8 M4v?r + 8 M?o?e?r + 8e4y*r + 8 M?a8e€ — 24 M2aev? + 8aev? 
+64 M*r — 48 M?€?r — 112 €4r + 200 M2ae — 152 ae? ] 
2 M?a? +8 M?402 + 10 a?€? — 8¢7v? — 64 M? + — 
ro? 
“İM -2M96 44 : . 
o, (Mər? +(er+ a)) 
[((32v? — 24)re — 16v?a + 1605 + 8a) M" 

+32? (r(v? — 1/2)e + o (3/2? — 3/2)) M? + Bre? + 8 ef) 
oa (a? + 8) (€ — M)(M He)? + (-204 — 440? 


dH, 
dr 


16) M? + 6€? (a + 207 +8) 


r2a2 
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“e(e 2 +50? +6? — 6) a?y? | 1 
ra v6M? (M?72 + €?r? + 2aer+a?) a3 
x[(—40v? + 80) re? + (—48v? + 112) wet +80 (z? — 1/20?) rM7e? 
+240 (v? — 1/5 a? — 4/5) a M?€? + 120 (v? — 1/307 — 2/3) rM"e 


4v* + ( 4a? 20) v? pa” 60248 
4 


—32a (uz? — a? — 1/2) M4] 4 


r 


€ ((-1/10 a4 — 322 + a? +2) M? + (1/1004 + v? — 2)) 


rae 


+40 İm =0, (8.106) 


it has the same structure of singular points: 


a fay 
e+iM’ €—iM” 


0, oo, 


8.10 Fourth-order equations, the second method 
Equations 1) and 6) in (8.100): 


d 1 
“(es 752) H,— Müs, i(— +=), +i-0.4+ MM, =0 
r r dr r r 


permit to express the functions H,,®_ through the functions Eş, ®;: 


iMr d®, (erta)v 
He ( o ) Ep, 
: M?r2 FE 2vu2 . dr . M2yv2 2027? 
2v dö, i(er +a)Mr 
® = ( mo )  — —— — Hə. 8.107 
2 M?r2 212 7 dr : “Ma, 2 ( 
Similarly, eqs. 2) and 3) in eq. (8.100): 
: a V d 2 U 
i(e ) 6, 4+ 6ş — ME, =0, (= +=) +228, + MO =0, 
T T dr r r 
permit to express the functions Öç, FE; through Eş, 9: 
U dE, i (er — a) Mr 
E,= ( 2E ) ə... 
: M?r2 +21? 3 dr eee M272 212 71 
Mr dE» 2i(er+ta)v 
dy = ( 2B») 2501 8.108 
i M?r2 202 3 dr ae ee Le roman ə ( ) 


Excluding from eqs. 4) and 5) 


d 1 d 
+i (e+ =) By sil 4 hm MÖ, — 0, i(e+ 5) 0 + = + ME: =0, 
r dr r r dr 
the variables H,,®2 and Öç, Ey, we obtain two equations which contain only the variables 
Eş and b: 
d?p 
2 1 
Mr pə 


4 Mv?r m 
M?r? +2v2/ dr 
4 Mu? 
o ae 
M?r? 212 


+ (2Mr+ 


+( - hər? + Mer? +2 Maer+ Mo? — 2Mı? + 
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; 2iv (M?ar—2ev?) iva 
+(-2ive EET — 5:0, (8.109) 
dE» 4 Mv?r dE» 
Mr? (2M ) 
dr? aS Bo dr 


8 Mv? 
+(- Mör? + Mer? +2Maer+ Ma? —2Mv? —2M aaa 5) Bs 


Aiv (M?ar — 2ev?) — N =. dadı 
M?r2-2u2 R r -—.. (8-110) 


+ (4 iv € kk 
We readily find a 4th-order equation for ®1: 


d*®, 12 M?r (er Fo) 7 BO, 
dr3 dr3 


2 M?er5 +3 M2ar2+2av? T 


18 M?o: (M?ar? — 4ev?r — 20:12) 
(2 M2er3 + 3 M@ar? 1-20:2)” 
6 M? (14er+17a) 2777770707. 
2 M?er3 3 M?o:r? +2av? r? r 1 dr? 
72 M?o: (3.M?er? +5 M?or — 4ev”) 
| (2 M2er3 + 3 M@ar? +2av?)” 
6 (—2ev* + (3ea? + (2M? r + 3€?r) a e (M?r? +17? + 10)) v? — (er +3/2a) r (o? + 23) M?) M? 
Vv? (r? (er + 3/2a) M? + av?) 
(—6 a? — 2v? — 138) M? + uo) dö, 
dr 


+( 2M? 3264 


1 
T 
rə r2 vr 


10a? —2017+60 24a€ 
+ + 


18 M? 
(r? (er + 3/20) M? + av?) 
+ ( a’ — 4ro8e4 (-9/477€? + 3/2:? — 3) a? 
+ 3re (v? — 5/3) a+ (20? — 2) €?r?) M? + va (er +5/2a)) 


(1/4 Müo?r? 


—İM" ~2M?22 +4 


207V? 18M? 4 liv? 
9 3 — 42,2 — 9/2)a2 
r©M? 12(r? (er + 3/20) M+ aval —5.: 6 . 


+5r (z? — 7/5) €a+8/3er? (z — 1) (iz -.1)) M? +a (er +5/2a)) 
un (-40? — 16) 27 + a4 +407 +12 . 40:6 (a? —2v? +6) 


rt rə 
(4v4 + (“202 + 14) z? — 18a? — 54) M? — 4 (v? — 3/20? — 11/2) ve? 
p2r2 
2 2 2 2 222,2 
((( a’ 4 12) v .. 12) M + avery Je, -0, (8.111) 
TrY~a 


and a 4th-order equation for function Eş: 


di E> EB 12 M?r (re +a) | BE, 
dr r 2 Mere +3 M2r2a+2v2al dr3 
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18 M?a (M?r?o: — 4:7re —2 va) 
(2 M2r3ec +3 M?r2a + 2v2o))” 
“edr” + 20% +54 (—84 re — 102.) M? ee 
2 (2er3 + 3ar?) M*+2v2al dr? 
— — 6a? — 144) M? H.14x26? 72M?o: (3 M?r?e +5 M?or — 4eu2) 


+[-2M? 42244 4 
Tr 


wey (2 M2r3e + 3 M?r2a + 2:2)” 
“2022 + 10a? + 60 24€a 12 M? 
r3 HE 2:v2M?78e€ 3 M?7r212o: E2via 


x (e((v? — o” — 24)M? + i?€? yr? + 2 ((v? — 3/407 — 18)M? --3/2v?€”)ar 


dE: 
2c (vz? — 3/20? 5)v”)| aie 
T 
Hu. 2007 Qv?a? 46€ (((o? - 12) v2 +1807 + 12) M? — u?a362) 
r6M? ru2a 


9 M? 
2 (r? (re 43/23) M? + u2o))” 


M7r?o? + (—40* — 16ra5e4 9r7€ +6" — 16) o: 
( 4,22 ( 4 3 ( 22 2 ) 2 
: ? — 1/20? — 
$12re (27 — 2) 0+ (8:7 — 8) €?) M? + dae’v? (re +5/2a)) — SU au — 
, (4M? - 4e?) vü + ((—2a? + 14) M? + 6 a?€? + 22?) x? — 18 M? (a? + 4) 
p2r2 


48 M? 020 21 11 
ə a aT sO ee 
o: (r? (re + 3/2a) M? + v2) v? (( 16” ee ( — Tr 2 Je 
15 
og (v* — 8/5) era - r?€ (v — 1) ve) M? +3/8aev? — 
401 + (4? — 16) v? +04+4a07 + 12 
555 ye ——— İF: -0-0. (8.112) 


r 


These equations have identical singular points: 


1 g-a (M?a? — 2/2v V/M?02 + 2 612€ + 46202) M 
2 Me 


1 Mo? la 
+ 


€ v/ —o: (M20? — 2V/2x V/M?2o2 + 262v2€ + 4622) M 2e 


1 /—o: (MPa? — 2V2v V M?02 “ 26212e€ 46202) M 
4 Me 


1 Mo? 
4 


la 
€ €/ —o: (4202 — 2V/2v V/M?2o2 + 262v2€ 46202) M 2€ 


iə 1 g-a (Ma? — 2/2v V.M?02 + 26202€ + 4€2v?) M 
2 2 Me 
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1 Ma? 
2 € */-a (M20? — 2./2v V/M2o2 + 262026 46202) M 


? 


1 g-a (14202 — 2V72x v.M?02 + 26202€ + 46242) M 
Me 
Mo? la 


1 
= e ila (Ma? — 2V/2v v/M2o2 F28v%e+4e2)M ? € 


1 ‘/-a (M?2o2 — 2 2v V M?a2 + 262126 -E 46212) M 


şə 
+5V3 2 Me 
1 Ma? 
5 7 (8.113) 
€ ga (M?a? — 2/2v v/M?o2 + 26202€ 46242) M 
and the points r = 0, oo. 
8.11 Further study of six equations 
Let us turn back to the system of six equations for states with parity P = (—1): 
sif -)B 2: F.M 0220) 
Tr T 
~i(¢ + “) b, +“) — ME, = 0, 
Tr rT 
d 2 
(< ö İz 12" Fy 4-.Möv —0, 
ae. et (8.114) 
+i(e+ —) El +i(= + —) Hy — Mö, =0, 
r dr r 
d 
i(e+ — ə: qu a E.ə, 
r dr 
d 1 
i( +4 ə qalə, E.MH:-0. 
dr r r 


The physical dimensions of the involved quantities are 


me 1 1 E 1 e? 1 
M — — ——, [M)=— — — —— -— ——. 
es ee ae 022 
It is convenient to apply the dimensionless form of equations by taking the Compton wave 
length A as a unit for the length and the rest energy of a particle as a unit for energy. In 
this way we obtain 


rM= z, €/M — E/me? — e, 
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i(e+") Bs 05 pe a Si 
x x 
: a U 
i(e+ ə: t Do Ey = 0, 
x x 
d 2 
( İz Boe Bist 0) 
dı m z 
" d 1 (8.115) 
uC ! İz: ! i( ! ii b: —0, 
x dx r 
d 
it =) by | Oo + Eş = 0, 
x dx 
d 1 
( { ə: } “76, + Ay = 0 
dx x 
With the substitutions 
1 1 1 
Di = -41, Fo = —e2, Ai =—h, 
x x x 
the system reduces to a more simple form 
® =i(e+ a) Sen -2i aft, Ey = i(e+ =) Yi t Po ; 
x z 
d 2 d b 
€ə = —2uzE, — x” Öp, hı = (ze a) Ey — iy, (8.116) 
dx dx 
d : 1 d : 
ən - i(e t s pe? A Y= VP, l th, . 


sə uu... (8.117) 
də ələ 2) l-ə 
? 2 
mo “-p(ery)ə" (ə "m, (8.118) 


<9 = “İfa ə tes dı ih. 


VVe use the folloving notations: 


2 ii: 

— c= —(217 +27), d- nt) z v (Ex 20 
m z 

fou Ae ge D — 575 Be 557 
z z % ə 


ab — cd c i p(x), AB—CD — .. , p(x) = (€? — 1)z? + 2aex — (2:7? — a”); 


also we re-designate the functions: 
ez fi, hi İn, gi” fs, = fa. (8.119) 
Then the system under consideration reads 
d d 
= fi =afg+efs, —— fı = dfs + bfa; 
dr dr 
2 P (8.120) 
—fs=Afit+Cfe, =fa=Dfi+ Bho. 
dx dx 
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Note that two excluded functions (see eq. (8.74)) are determined in these notations as 
follows 


UV 
| 


. a\ 1 iv ; O, 1 
”——. ) 2085 i(e+ ) fe Fas (8.121) 
x x z z z xv 


Above, with the use of the Lorentz condition, it was derived the simple constraint Fz = 
0 (fı = 0). Let us apply the same constraint again, and also extend such an approach by 
imposing similar constraints on other functions. 

I. Let f(x) = 0, then from the system (8.120) by taking into account the restriction 
fi = 0, we obtain equations 


d d d 
afg+cef4=0, dfg+bf4 = 12 4.15” Chas anit = Bh: (8.122) 


thereby we examine projection of the solution — curve {fi (a),..., fa(x)} - on the plane 


10, fə, fs, fs) in 4-space 
Considering two first equations in eq. (8.122) as a linear system with respect to fs and 


fa, we get 


—c d a d 


fa = ab — cd dal l= ab — cd daz oa 


Substituting these formulas into two remaining equations in eq. (8.122), we obtain two 
different 2nd-order equations for the variable fo: 


d -c ad 


d 228324 Qu? + a 
a & et cd Rite : 
dr ab — cd dr ceci — E p(x) dr x? fa =0; — 
doa dir TI dexrt+tad  (ex+a)) rr 
ə oe -B | =0. 12 
dr ab — cd dr n — EE z p(x) dx x 2 . (ea) 


Thus, the system (8.122), describing the projection of the whole solution {f1,..., fa} on 
the plane fı = 0, may be solved on the basis of two main functions fi and f4! — these obey 
different 2nd-order equations, which lead to the different non-zero remaining functions f3 
and fa. 

In other words, the projection of the whole solution — the curve {f;(z)} on the plane 
fi = 0 consists of the parts (branches), related respectively to the functions f{ and f37. In 
fact, the concept of projection is determined by definition, which allows us to get additional 
information about the needed entire solutions {f; (x) }. 

II. Let fo(a) = 0, then we get the equations 


d d d 
afs + cfs = 7 fay 0 = dfs + bf, 2227 Af 2224” Ph (8.126) 


which lead to 


b d —d d 
dd” fa= ab — cd dx 


fs — İn İs Ah «f= Dİ. (8.127) 


Therefore, we derive two equations for f(x): 


d b d 
dx ab — cd dx 


d (esera)d (era) 
dx xp(x) da - x3 


fl Af fi =0; (8.128) 
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d -d 


d (er 4 o)7—a74 As (ex +a)? — a? 
dx ab — cd dx 


dr z?p(z) dr ə 


ot = pie fi’ =0. 


III. Let f3(x) = 0, then we get equations 


d d d 
2217 fə apt? = OF Afi +C fz =0, Dit Bie li 


which result in 


—C A d 
f= apap ae! h” ae opal ah = to Gel = He 
so we obtain two equations for fa: 
d -C d 
ds AB-ODdafi “ehh 


d (202  a2)x2 d 
dr p(x) dx 


d A d 


a Oh TT zir 

dr AB — CD dx a 
d (ezrald | .. fil = 
dx p(x) dx 


IV. Let f4(x) = 0, then we have the equations 


d d 
— fı — afs, ae = dfs; 
Tr 


d 
Af +Cf2= ats Dfi+ Bf =9, zə 


these yield 


B -D 
- ob E fa, fa = AB—CDdz .. She = afs, ae .— dfs, 
so we derive two equations for f(z): 
d B d 
dz AB— CD da? “sh 
d 2v(ez € a) d 2v(ezr + a) 5 
dx p(x) dx ş 91-ə 
d -D d “di 


dx AB— CD dz a 
d (ex+a)?—a2? (ex+a)? — 27) Çi) 
| ! ese =0 
dix p(x) 


x? 
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(8.129) 


(8.130) 


(8.131) 


(8.132) 


(8.133) 


(8.134) 


(8.135) 


Let us write down the explicit form of all the derived 2nd-order differential equations 


and fix their singular points. Recall that 
p(x) = (€? — 1)z” + eax — (2v? — o?) = (€ — 1)(z — 21) (x — rə), 
et 22262 — (222 — a?) 
1— €? i 


these roots are complex-valued in the case of bound states: 0 € € € 1. 


Tı = 
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For the case of projection f; = 0, we have the equation 


, 


Es ( Qa 7 Pİ =0 
dx? z2+2v2 p/d: dx179 7 
with the singular points zı, zə, 13,4 = -köV 2:2, 0, cog); and the equation 
90 € iL 00 
da?  Verfa x p/dx x21"? : 
with the singular points zı, zə, zz = —2, 0, copy). 


For the case of projection f2 = 0, we have the equation 


2 
E İ a : Əza Fl no 


with singular points zı, zz, zz = —7, 0, oj); and the equation 


E 7:1. ı ə q =| Ce 


= 0, 
dx? (ex+a)2?—22 x p/d: «21°! 
2 2 a a 
er-öü) — 0 => 1756———-—, 
( ) oe e+1 1l—e 
and the singular points zr, zz, 75, 76, 0, Oolə). 
For projection fə = 0, we have equation 
A Qx 2 7 P| =o 
dx?‘ \Qv24+a2 "a2 p/d: a2i** 7” 
with singular points zı, zə, %3,4 = tiv 2v?, 0, oorəy, and equation 
d? € 1 id 
222 
dx? ec+a x p/dr x? 
with singular points zı, zz, zz = —%, 0, oof). 
For projection f, = 0, we have equation 
d? € 1 id 
uu... 
dx? exct+ta x p/dx x? 
with singular points zı, zz, %5 = — €, 0, oof]; and equation 


t d? 50. .. Bİ a 
da? 7 V(er1a))—x2 p/d:r x198 07 


with singular points zr, zə, zs, 26, 0, ool. 
In short, results may be presented as follows: 


I, Ey “o fi =0, ez gf ee HS 
IT, A — Ü o fə — Ü, . "ə o Ei, Et; 
ii: 93 =0 fs —0, FL, Te &, 097; 


IV, By) =0 fi — Ü, ASIP beh. 


(8.136) 


(8.137) 


(8.138) 


(8.139) 


(8.140) 


(8.141) 


(8.142) 


(8.143) 


(8.144) 
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8.12 The 4th-order differential equations 


We start again with the system 


d d 
—fi =afs +cfa, — fo = dfs + bfa, 
dx dx 


d 4 (8.145) 
— fə — Afı -Cf, —fa = Dfi + By. 
dx dx 
This is equivalent to the following 
pe Bfs — Cf ə —Dfs+Afy 
20 a ABE OD: (8.146) 
- bfi — cf, ə —dfi + af, 
37 ab—cd” "57 = ab—cd ” 


First, we exclude the functions f3 and fa: 


. B d bfi-cf, C d -dfi taf, 
Tİ (AB-CD) dr ab—cd (AB-CD) da ab—cd ” 
pz D d bfi—cfs , A d —dfi+afs . 


(AB—CD) dx ab—cd © (AB—CD) dx ab—cd 


By taking into account expressions for a(z), ..., D(z), the last equations get the following 
form 


d? d d 
kö. -—. dx | Kole) A= i i 
z i . (8.147) 
[Pale gpa + Lalo gg ləti = Ge 


where the notations are used 
Ka(z) 1 —a®e —2erta€4+ 202272 4+ 2° — ra? 
Ly = 

? 2 z (26335 30:25 2av2)U 


16?—1 | 1 a (32? — ae? — ero 1212) la 
— T 


K 
((e) 2 ev 2 ev (26a5 4 3an7+2av?) 2 ey’ 


Ko(z) = 1 ((€? 1) z? E2eaa 2:2 + a2)? 


4 v (ea + 3/20:a2 + av?) i 
r.ə) = (0000000600 0 
(x? + we? + 2€zro FE a?) 
Ree 2270507007) ee 
(a? + we? + 2Qeta+a?)va 
eee ((€ — 1) a? E2€za 2:2 + a2)? x? 


v (a? + x2€ +2exa+a?)a 
Let us exclude the function fə from the eq. (8.147): 
2 


fata) = İ (Kale) iz + Kila) 2 + Kole) i, 


z dx 
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ae də da? re + Ko) fr =0. 


The second relation should be divided by Lo(a) and the result be differentiated; in this way, 
we obtain a 4th-order equation for /:(z): 


(Üla | A) (ad | Ke Ko) +(K ns YR + Ko) } file) = 


Similarly, we obtain a 4th-order equation for fə: 


di Wii Ge dz d dz d 
| Lə is i L L = 
İz (Zz z) age in 0) Üzə eae tg 0) } fala 


Now, we shall exclude the functions fı and fə from the equations 


(2220160 z olu. (Ka aay ee 


ə Bi, Cf, fee —Dfg+ Afi a o cfs = —dfi af. 
dua 437 r 
this results in 

b d Bf.-Cf, s  .d.-bpaATI 


ayn ABE ED b= ds 040007 


ils d d BA-Chy , on Cd = DE RAT, 
4 ab — cd dx AB—CD | ab—cd dx AB—CD 


Taking into account the expressions for a(x), ..., D(x), we reduce the last equations to the 
form 


z d d, 
[Poe Zə + Pla) + Po(a)] fs = “5, 
” : . (8.148) 
[Qa(2) 5 Q(z) az Qo(«)| fa re 


where the following notations are used 


a? (2:2 — ex? — 2exa— a? + 2”) 
uv (2a38€+2v?2a+32x7a) 


Qiv (era +a? +227) 


P. = 
He) z (2:3€ 2120-3342) 


? 


Po(z) i (€ Tə” i 2eza — 202 +02)" 
.. 2:65 43060:x? E205a 


1:7 (207 ex? — 260 a? + 2?) 


? 


Calg) 2 va (26z0 EF 2416222102) ” 
ıt iz Quis u?a? — vera — x3€? — 2x7a? + 24 3z8ea) 
.. va (26 a da? +2? + a?) ” 
ge —1/22 ((€? — 1) a? + 2ena — 202 +02)? 2? 
Gotz) = va (a? + ea? + 2€r%a +07) 


Acting in accordance with the above method, we may derive the 4th-order equations for 
the functions fs, f4. It turns out that equations for fı and fs have the same set of singular 
points (three regular and two irregular): 


(26z5 + 30x? + 2v*a) = 2e(z — x1)(x — xə)(z — ss), = Op, T= COD]; (8.149) 
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ge 12: (ex + a) i “| R" 
T Qex® 2070: + 3ax2 7” al’! 
5 G2 18a (2:70: + 4dev?x — ax”) 6 + 2a? — 4v? : —30o: — 12ez dea) an 
ul s. (2655 + 21/20: + 30xx2)” x " 2ez3 + 2v?2a + 30x? | m 
72ax (ez + a) (Sea —4u? + 2o? : 6v? — 6a? — 12 + 6e?z? 
(Qex3 + 2v2a + 3ax2)? 7 2? x3 xv? 


24v7€ — 36€a?v? — 247 + 180° x — 36axe?V? + 36ax — 127026 + 2407 € — 1207 ev? + —: fn 
(265 + 2v?a + 3ax2) v? 


2, 4, —607 + 6e?v? + 6e?a07v? + 60? — 4e?v* + 4u* — 2a7v? — dea (2v? — o?) 
E 2€ re 4 z2U2 g3 
—18€?o?? 180? — 18a7v? — 84cezi? + 120a5ez — 12ac?xv? — 48x76? v? + 72x76?o? 
: 
(26a5 + 2v?a + 3ax?) va 
72a4 — 180e?a?v? — 108a°v? — T2ae8 xv? — 216aexv® + 288a%er — 14427 e?v? + 162276? a? — 182? a 
(2er3 + 2, v?a + 3aa?)? 
da? x af +4y4—4a?v? 20202 46 (—90? — a?v? + 6v? + Pa?” 
rat ta - ary — ) ( z A o, (8.150) 
x z 7/7 Ol 
in 12z (ez + a) 101 ii 
fs 4 | 2x3€ + 3an? + 2v2a a £ fs 
HE 25, 207 - 4/7 24. 66a — 48er 18a (2:7c + 4arv7€ — az?) ed EH 
€ T z 
: x 2x5c + 3ax? + 2v?0 (2:3€ + 30x? + 2v2a)? A 
l6ae  12+6a?—12v? 72a (2ev* — 30x — 2ea?) 
| aa 3 3 2 2232 
z z (2:56 + 3042 + 2v?a) 


_24ev* — 36€07v* — 2dev* + 18a5z — 24azi? — 36are?v? + 162az — 12x7)76? + 108en” + 120% ea? — 1207 ev? 
(22:5€ + 3aiz? + 2v?2a) v? 


_—54— 6a? + Qv? + 106”271 ,, 
av? İr 

—12o? + 12c?x? + 6€?a7x? + 4y* — 207? — 4/76? + 12v? 
+[- 29444 : -.- a 


_—B4e?a*v? — 4207? + 36a* — 132erav? + 186o”ez — 2465zoz? — 7207e?v? + 108077? 2? 
(2:36 + 3ax? + 2v?a) v?2a 
4oe (2 — o? +207) 2a?v? 


g3 6 
Rot — 180e2a7v? — 108a?2v? — 728 rav? — 216erav? + 288a%exr + 162076727? — 18072? — 144272? 
(2:36 + 30x? + 2v2a)? 
26 (—27a? — 2020? + 18? + 267070? ? — da?y? — 4v? +04 + 4v4 
e( a? O”U V € ) _ “20” — 4aty* — 4if Ho” + 4v iz 4G. (8.151) 
axv2 at 


The equations for fə and f, have the same set of singular points 


(1+ e?)z? + 2eax + 0? = (1 :-€?)(z — xs )(z — ze), x —Ü, zz — oo, (8.152) 
gə —dea — Axe? — 4: 071 eee 22 — 4v? + 2a? 
z əm am dinə ə 
3:7 İ2ero + 2? + a? + 2x? | x? 
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3262o: — 16a + 24a? + 24er ae (-6 + a”) Kt 

(Qera + x2 + a2 + 2x?) a ax ı 

de (2v? —6+ 3a”) 

+| 2 
ax 


8a? 


(Qera + x? + a? + €2x?)? 


24eo: — Seo: — 8ze? + 8x 


(Qera + x? + a? + €2x2)? 


z —72€”o + 8v?ea + 56ea + Seo” — 24//7co: — 4876 4 


| 8zx/?€t — 32z€? + 86?a?z — 8av? + 16x 8a7z 
(2era + x? + a? + €2x2) a? 


8:7 6? — 16 + 48€? — 14a” + 6e?0? | 
ax 


8v? — 


—12v? + 8+ 6a? 
a fot 


| [et ne 24x7 + 6€?a? + 6€?a? — 2476? — 4y7 e707 — 30a? — 2a* + 4a?” 
x02 
- 16a3 — 16az/7 + 48av7e? + 32exv? + 326” xi? 2a7u? 
(Qera + a? +02 + 2a?) a x6 
_—40av*e4 — 400%? + 192076? + 240° 


2dav? — 3227 €? + 648 xv? — 32rd? — 32ca?x + Wexv? 
(2era + x? + a? + x?) a 


il 
T 

4 22 2004 

a* + 876? + 8a? — o) 8v? — 4a?v? + a” + 44 


4e (—24v? + &? 


A 


dü —deo: — 4x6?” —4: - 1407") df 

dat a o? 2era+ e222 | dx? 

z 5 80” —4v? + 2a? + 52 

(x? + a? + 2exa + €2x?)? gə 
Adee? — 28a + 36x? + 36ez 


7 : a fa 
(a? + a? + 2exa + 2x?) a Ox da? 


E= + 56co: — 8ze? + 1626? + 24x _# (—16 + 5a? + 2:7) 4484 10a? — 20v? 
(a? + a? + 26ra + e2x?)* ax 3 

_8v72 Fa — 1366): — 246oz? + Sa” + 1846o: — 100xe* + 8zz”€t 

T 


40ze? + 8a? xe? + 60x + 8072 — 8a? 
(a? + a? + 2ezo: + €2x?) a? 


_ 1006? — 60 + 1056? — 18a? — 8€?z? + 87 


ız 

aa dr 

-İs 9414 20v? + a4 + 6a? + 4:1 — 4a?v? 
İ 


_48ac?v? + 1605 — 16 av? + 3265z? + 326 zi? 
(a? + a? + 2exa + €2x?)? 


a 
_32v? — 44a? + 12o7€? + 4072? — 2a* — 4a%e?v? — 32€?v? + 66?" 


va? 


de (-a* — 5a? — 6ı? + 2a°v") 2a?v? 


ax x6 
_—48av7e* — 480°? + 240a€7v? + 320° — 32av? — 402e°v* — 40x67a? + 80, Fav? — 40eza? + 120ezi? 
(a? + a? + 2exa + € x?) a3 


gisi 307 + 10a? — a” 4106274 — 


atx 


fa 0. (8.154) 
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Any of four functions fi, fo, fs, and f4 may be taken as a main one, and then all 
remaining functions can be straightforwardly calculated. 

For instance, let the function fı be the main one. Then we should apply eqs. (8.146) 
and (8.147): 


h- Bfs—Cfy h- —Df,+Afy .. Hə ef əə —dfi + af 
—7AB-OD 7” AB OD * "" ~ ahoed 8 > ab-d 

d? d df d? . df 
(o hig Ko)i Uae ta lo (8.155) 


From the fifth equation, we find fə: then from the third and fourth, we express fs and f4. 
If fə is chosen as a main function, then from the sixth equation we express fı, and 
further, from the third and fourth equations we obtain the functions fə and f4. 
If the main function is fs, the we use the equations 


..ə By Ci ie =Die Aja ə Tu. ml ne —dfi + af, 
55.AB-6p”  <* -.” — ed? 157 ab—cd ” 

dP d _ df dfs 
(Poza + 2” + Po) fz = aes (<5 “r at 2 Qo)fa = ae (8.156) 


then from the firth equation we get f4, and then, from the first and second equations we 
obtain the expressions for fı and fə. If the main function is f4, we get fəs from the sixth 
equation, and after that from the first and second equations we find f; and fo. 

From four independent solutions of any 4th-order equations, only two solutions may be 
referred as independent series of bound states. 


8.13 Conclusion 


We have studied the system of six equations that describe the quantum states of a spin 
1 particle with parity P = (—1)/ in an external Coulomb field. It is shown that, due to 
the Lorentz condition, one of the radial functions must be equal to zero. Any of the five 
remaining functions may be taken as a primary one. For such a primary function, we derive 
two different 2nd-order differential equations. Their Frobenius solutions are constructed, and 
the convergence of the involved power series is studied. As a quantisation rule, we apply so 
called transcendency condition to Frobenius solutions. In this way, for both equations, we 
have found different reasonable, from physical point of view, energy spectra. 
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FIGURE 8.1 
Energy levels; 7 =1, n = 1,20. 
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Graphs for factor p(x); n = 1, 5, 10, 20. 
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FIGURE 8.3 
Graph for factor y(x);n = 0. 
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FIGURE 8.4 
Frobenius solution yi(x);n — 0, 7 —1. 
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Figure 8.7 illustrates behaviour of factors y in Frobenius solution at 7 = 1, n = 


1, 5, 10, 20. The Fig. 8.8 illustrates behaviour of the complete Frobenius solutions at 7 = 1 
and n = 1,5, 10, 20. 
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Graphs for factors p(x), n = 1, 5, 10, 20 in solution ®o(). 
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Graphs for complete solutions ®o(x), n = 1, 5, 10, 20. 


211 


212 Particle with spin 1 in the Coulomb field 


Be, 
| I I İ Evə) dk pq + “ tS ~ ~ ir ... 3H n 
—1.x 1077 | - 
| 
—2.x 1077 F 
—3.* 1077 - 
—4.* 1077 F 
—5.x 10°77 + . 
—6.s 1077 F 
FIGURE 8.9 
The graph for A.,,, n= 1,20. 
m 
1.000000 şe ə € € € € $ 
2 ? 
. İ 
f . | 
0.999999 - . 
. 
0.999999 |- jj 
0.999998 - 
. 
0.999998 - 
0.999997 | 
0.999997 -? 
i 4 i i i i i i i i i i i i i n 
5 10 15 20 
FIGURE 8.10 
3 
Energy levels ez ;_; n = 0,20. 
Be, 
l i “o tL d d - 1S bd kd - 20 n 
| | | 
—2.x 107-7 + | 
[ 4 
— 4. x 1077 
—6. x 1077 E- - 
—8.x 1077 


FIGURE 8.11 
The graph for Ak,, n= 1,20. 
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9 


Geometrical modelling of the media 
in electrodynamics 


It is known that vacuum Maxwell equations being considered on the background 
of any pseudo-Riemannian space-time may be interpreted as Maxwell equations 
in Minkowski space but specified in some effective medium, in which constitutive 
relations are determined by the metric of the curved space-time. In that context, 
we will consider space-time models with an event horizon. All of them have the 
same metric structure, we restrict ourselves to the spherically symmetric case and 
consider de Sitter, anti de Sitter, and Schwarzschild models. Also, we will study 
hyperbolic Lobachevsky and spherical Riemann models; parameterised coordinates 
with spherical and cylindric symmetry. We will prove that in all examined cases, 
effective tensors and of electric permittivity (€;;) and magnetic permeability (e,/) 
obey the same condition: €;;(x) g,, (z) = öy. Simplicity of expressions for these 
tensors €,;(%) and jj,(2) is misleading; for each curved space-time model, we are 
to solve Maxwell equations separately and anew. We will construct these solutions 
explicitly, applying Maxwell equations in spinor form. 


9.1 Geometry and modelling the constitutive relations 


It is known that vacuum Maxwell equations being considered on the background of any 
pseudo-Riemannian space-time may be interpreted as Maxwell equations in Minkowski space 
but specified in some effective medium, whose constitutive relations are determined by the 
metric of the curved space-time [1-45]. A detailed treatment of such a possibility for quasi- 
Cartesian coordinates was given in [46]. 

Let us start with Maxwell equation in the medium when using some curvilinear coordi- 
nates (x7) and respective metric Gag(x). So we have 


1 
Oo Fig + Öğ Fy. + Oy Fag =0, FG Og/—G He” = ge, (9.1) 
where G = det[Gag(zx)| stands for a determinant of the metric tensor. We are to use 
two electromagnetic tensors, Fyg(x) and H°*(zx), related to each other by means of some 
constitutive equations. 

Let us assume that a certain Riemannian space-time model is parameterised by formally 
similar coordinates (7°) with respective metric ga (z). Maxwell vacuum equations in that 
space-time have the form 

1 — 2 
Oa Fav + Ög fya + Oy fos =0, “ua —?”, (9.2) 


hagi(z) = eofas(t), hö”(a) = eog””(a)g””(z) foo (2). (9.3) 
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we have specified vacuum constitutive relations; note that g = det|gag(x)]. The second 
equation in eq. (9.2) may be re-written as 


yed ə 
zu Va AM = cil = /”. (9.4) 


Let us define new variables 


€) (9.5) 
—g(z) . 

J*(a) = == 7”(s), 
(2) = YE re) 
then eq. (9.2) may be understood as Maxwell equations of the form (9.1) in flat space-time: 


1 a Qa 
Oa Fy + Og F ya + OyFag = 0, FG OgV—G He” = J*; (9.6) 


and relationship between two electromagnetic tensors is governed by the formula 


2.7 ui (0.7) 


In that context, let us consider space-time models with event horizon (let the external 
currents vanish); all of them have a metric of the same structure (we restrict ourselves to 
spherically symmetric case; for definiteness; we take in mind de Sitter, anti de Sitter, and 
Schwarzschild models) 


dS? = pdt? — r?d0” — r? sin? Odd? — o” 'dr?, (9:3) 
Minkowski space dS¢ = dt? — r?d0? — r? sin? 046” — dr?. ı 
Because the metric determinant of the models is the same, G(x) = g(x), effective constitu- 
tive relations (9.8) become simpler: 

H* (a) = €9 9°? (x) 9°? (2) Foo (2). (9.9) 


Taking into account the explicit form of the metric tensor (numerating coordinates as 
follows 7% = (t,6,¢,r)): 


1/6 0 0 0 
0 -—1/r? 0 0 

Ba _ 

POS OO Resin O50): |? —- 
0 0 —o 


we get constitutive relations modified by Riemannian metric 
HY = e999" Fo; 
1 1 
A” = — (-S. Fu) HƏ = — Fon , HƏ =-eghys, 
ex r o r? sin” 6 
HÜ = eg"güFa, 


H3— €0 ha), r = (Fu). — (Sha). 
“(a .. ON pe risin"9 |” 
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The last formulas may be re-written differently 


1 EH 1 E, 
Dt — —n-y, D’=-o——5., D" — eE,: 
T o  r2sin* 6 (9.11) 
H? = 2 He = 1 Bs H"-- .. 
"yo r2sin? 0” 57 r?” — Mo r4 sin* 9” 


were we have used identity c? = 1/eofo and definitions for two tensors 


0 El E? 3 0 -D1 -D? -D3 

ae FE} 0 -—cB3 +cB? (H®) = D} 0 —H?/c +H?/c 

GOS | Be eRe (0 — BİTİ? ~ | D? +H8/e 0 —H"/c 
E? —cB? +cB! 0 D3 —H?/c +H'/c 0 


The constitutive relations (9.11) can be presented with the help of electric permittivity and 
magnetic permeability tensors: 


1 


D'(a) = e0¢ij(2)EO (x), Hü(a) = də Hii (@)B (@) ; 
0 
ylir) 0 0 y(r) 0 0 (9.12) 
le(r]=] 0 if) 01, [wg(r)]=| 9 g(r) 0}, 
0 0 1 0 0 1 
where 
. E; B B B 
BN pBÜO Xl Bö) — 23. (8).—.759. dq 
hj’ həhs” hgh,’ hihə” ts) 
and h; are determined by Minkowski metric (9.8) in spherical coordinates: 
dS? = dt? — hyd0? — hədg? — hgdr?. (9.14) 


The simplicity of relations (9.12) is misleading; in fact, for each curved space-time model, 
we are to solve Maxwell equations separately and anew. Let us specify the effective consti- 
tutive equations for four models: 

Minkowski (r € (0, +00)), 


1050 1050 
0051 001 
de Sitter (r € (0,+1)), 
(1 — r2)71 0 0 0.0: 
c= 0 (1— 271 Of], p= 0 id ə 
0 0 1 t deq 
anti de Sitter (r € (0, 4-oo)), 
(14-r2)71(r) 0 0 İES xor 
€ — 0 (1--r7)71 ’ H — 0 (Leh e) 0 : 
0 0 1 iL Ss 


Schwarzschild (r € (1, -+00)), 


(1 — 1/r)-1 0 0 0 
€= 0 (1—1/”yY1 0İ, p= 0 (1 — 1/7) 0 
0 0 1 0 1 
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Direct comparison is possible only for Minkowski and anti de Sitter models, due to the same 
region for radial coordinate. 

That interpretation is possible for other space-time models as well. Let us discuss the 
hyperbolic Lobachevsky and spherical Riemann models being compared with the Minkowski 
model: 

dSé = dt? — r?d0? — r? sin? 0dö” — dr?, 
ds? = dt? — sinh? r 49? — sinh? r sin? 6 dö” — dr?, (9.15) 
dS? = dt? — sin? r d30” — sin? r sin? 6 do” — dr’. 


For Lobachevsky space vve have 


ş 2 : 2 
Huc əə og?) Foy A = aoe “eo Fbs, 
r T 
öl sinh”r ep Fu. 2 = sinh? r €0 R 
R r? sinh”r - B r? sinh? r sin? 6 ız. 
. sinh? r ar sinh? r €0 
HY = eng” JI. HY = F ; 
r? - . r? sinh"rsin?9 m 
sinh? r €0 sinh*r ep 
H?5 = F : Ht = F. i 
r? sinh” r sin? 9 = r? sinh”r - 
or differently 
h?r 
Hö1 = op Ho? -— €0 H05 sın F i 
pa Ol? yasın ə 2 £0403 
(9.16) 
2 
H3— 00 : He! = Fon : He = T €0 Bis, 
r2sin?9” r2791 sinh? r r3sin"9 7” 
which may be re-written in terms of effective tensors as follows 
i j i 1 j 
D'(a) = eeij(x)E (x), H*(a) = mə. 
10 0 10 0 (9.17) 
leri 001 0 ,— İyl 0 1 0 
0 0 sinh” r/r? 0 0 r?/sinh? r 


For spherical model we have similar result with evident modifications 
sinh? r, r € (0, +00) — sin?r, r € (0,7). 


Let us consider examples with cylindric symmetry. For flat Minkowski space we have 
(numerate coordinates as 7% = (£t, r, 6, z)) 


1 0 0 0 
0 —1 0 
Gag mı) 0 —y2 0 ? (9.18) 
0 0 0 —l 
in spherical Riemann space an analogous metric is 
10 0 0 
0 —1 0 0 z ə 
5217055 0 ae (0,5), 2 ( ətə). (9.19) 
0 0 0 — cos? z 
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Generated by the last metric constitutive relations have the form 


sin Tr cos z 


a öz o 
HH = eg qa: (9.20) 
that is 
. Sİn7 COS z “ sinrcosz € 
Oj — 03 _ 0 
H .— ———ecog7 Fo; , H — 2 Fos, 
T Cos? z 
sin r cos z sinrcosz € 
01 02 0 
H = ——— ep Fo, A = 2 Foz, 
T sin” r 
. Sİn7 COS z əə sinrcosz € 
1 at 12 0 
HY eg 00 07.0 a li. 
T sin” r 
sin Tr cos z € sinrcosz € 
23:— 0 31 0 
. Fəs, HY! = = — Fu. 
ih sin” r cos? z T COS? Tr 


This result may be presented with the help of two effective tensors as follows 


sin .— 0 0 
D/(z) = es, (z)EÜl (2), leş(r,)) = 0 “mr 0 İş 
0 0 07 (9 21) 
ı 1 2 sin .. 0 0 
H"(z) = — pi; (x) BY (s), lu,(r, 2)] = 0 Fəzl 0) 
zə 0 Qe: sala 


where referring to cylindric coordinates in Minkowski space electromagnetic components 
are 

pa) FL pow pə) Bs 

hj’ hoh3’ hgh,’ hihə” 


dt? — dr? — r?de” — dz* = dt? — hıdr? — hedd? — h3dz?. 


In the case of hyperbolic Lobachevsky space, we have similar results with evident mod- 
ifications 


sinh r cosh z 0 0 
Di(x) =eoeij(e)E(e), [eg(rz)=] 0 əd 0 İ, 
sinhr 
0 0 r cosh z 
a 1 0) hol zü 2 0 
Hi(z) = — ny(a)BÜ (a), huy(r,ə)- 0 SAE 
- 0 0 ül cosh z 


We can see that for all examples, effective tensors (e,)) and (€;;) obey one the same 
condition: 


€1j (©) Mjk(X) = ölk. 


9.2 Spinor form of Maxwell equations 
To introduce spinor notations, let us start with the ordinary Dirac equation 
op Ob 
(i770. — m)V 0, yi = | : 0 


o 


dı 
Ne 


, (o, di) = 1,2; (9.22) 
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o% = (I,o/), € = (I,—o7). In 2-spinor form, we have two equations 
io Oa = m), do"Öan = m6. (9.23) 


It is convenient to attach spinor indices to Pauli matrices: of = (o*),,, 0° = (6“ )7€ , then 
eq. (9.23) read 


Və 0 ee" mm 0” Ne = me (9.24) 


Electromagnetic tensor is equivalent to a pair of symmetrical 2-rank spinors: Finn €” 
{gob Naps correspondingly, eight Maxwell equations are presented as follows 


(0°0a) pa €°° = (a) yat” Js, (6°Oa)?* nag = (6) wag Jos (9.25) 
the second equation is conjugate to the first. In eq. (9.25) we use spinor metrical matrices 
(€a9) = to", (€?) = —do”: (ea) = 4o?, (€°?) = —io?. (9.26) 


To prove the equivalence of the spinor form (9.25) to the ordinary Maxwell equation in 
vector notations, let us apply notations without spinor indices. To this end, we take into 
account identities 


) 
1 (9.27) 
4 


Then, eq. (9.25) may be re-written as 
6°70, SU Ban =o Jy, 70, SR, o”. (9.28) 
We are to take the following identities into account 
yn Fan = o (Fu — iFo3) + 0? (Fo2 — iF31) + 0? (Fo3 — iF 2), 
yun Fan — o (— Fo, — (Fəs) + 07 (—Fog — 4 Fa) + 07 (—Pog — tia): 
with notations 
Fo, = —E” , Fog = —E’ , Fog = —E® Faş = B' Fu = B” Fi = BP (9.29) 


they read 


yün Finn = —o (ET + iB") — ol(E? + 1B’) — o1(H" + iB?) = —ofla), 


- 9.30 
rn Finn = o (ET — iB") + ol(E? — iB?) + o1(E” — iB?) = +04b,;, — 


and 1 an 
aB\ — ymn ən “ldi — 242 ?a3 
055?” sh 
Ca 2 — | —i(bi — ibə) ibs 
(14g)  —X""Fmns = | ibs i(b cibə) 


Taking into account (9.30), Maxwell eq. (9.28) may be presented in the form 


o"*Oa ola; =oh, Gq obj =a Ih, (9.31) 
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or 
(Oo +. otöp) (o* ax) = Jo +075;, (Oo — olö)) (o* by) = —Jo + oJ; (9.32) 
From (9.32) we derive 
oT" Ooan + (ölk + Wine” Oar, = Jo +O" In, 


a” Oobn = (Öl, + iwnipo” )Odk.- =—Jot+ ou 


Therefore, vve have four equations 
Oya, = Jo, Öcan + iwniZQAK = In , O1b1 = Jo, Oobn — tümiyÖlby = In , 


or differently 


(1) O)(E' + iB') = Jo, 
(2) Oo(E! + iB!) + iwnipO)(E* +iB*) = In, 
(1/) ö,(E" —iB') = Jo, 
(27) Oo(E! - iB') - “ün, (EF = iB!) = də: 


Summing and subtracting equations within each pair, we obtain 
141, ÖL — o, 1-1, öl —0, 


2+ 2, Oo E” _ WnikO B™ = dk : 2— 2: 0). B” + Wino) E” — 0; 


they may be identified with Maxwell equations in vector form 
divE=J°, divB=0, rotB=0E+4+J, rotE=—dB, (9.33) 


where 


E=(2"), Be(p"), =i. =" =): 


9.3 Separating the variables in de Sitter models 


Generally, covariant Maxwell equations in spinor form can be found by the same method 
which is used for generalising the Dirac equation 


io (a) [0a + Ha(x)] E(x) = mn(a), 16° (x) [Oa + So(z)l via) = mğ(z). (9.34) 


So, the Maxwell equations in spinor form are to be generalised as follows 146) 


io” (z) [Ia + Xar) 8 1--T 6 Da(a)] (x) = 09 (e)(—io?) Ja(a) , 


. . : ” (9.35) 
67 (z) [Oa + Xətr) @I+1.@ Xats)l n(x) = a (x) (+107) Je (x) , 
where (see in [46]): 
a(x) =o%eQy(#), F(a) = o%e(,) (x), 
X.(z) = sEttet Va (ees) Eo(2) = “örtet VA (eo)s), (9.36) 
1 
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As in Minkowski space, the second equation is conjugate to the first, so it suffices to 
study only the first one (further, we follow the case without current) 


o“(z) [Oa + Xots) @L+1® Ua(x)] E(x) = 0. (9.37) 
In eq. (9.37), the quantity €(a) stands for a symmetric 2-rank spinor, it can be treated as 


a 2x-matrix function. Equation (9.37) may be presented with the help of Ricci rotation 
coefficients Yap-(2) as follows 


1 1 
a ef (#)Oa + 9°(SE" @I+I® 5¥\yate(#)| £(e) = 0: 


(9.38) 
Yabe = —€(a)B;a€( eC) : yıb — aro" _ a’ o%) . 
Let us specify eq. (9.37) in static de Sitter coordinates: 
dS? = (1 — r?/o”)e”dt?” — r?(d6” + sin” Odd) — -—. (9.39) 
Trp : 


where p is the curvature radius; below we will apply dimensionless coordinates ct/p => 
t, r/p — r. We use diagonal spherical tetrad 


d 
x? (t, 0, 6, r), g —1-r?, darı 
r 
1 
€(0)a = ə. 0, 0, 0), eça)a = (0, 0, 0, Ve), (9.40) 
ül) = (0,0, ——, 0) 
€(1)a = VU, mee > EQ)a = WY, rsin6” ı 
Local Pauli matrices are 
m Il o? m ıl 5. " 
Oe Ta r” rsin6” .. A gi rsin@’ ee) 
Taking in mind general formulas 
ab oli Gögü — Ga 0 müb. 0 
dbi 0 02g —ora2 17) 0 yab” 
1 yub Va a : 0 
on... = | Ba | 
2 0 Hel Velety.g a(z) 


and the known expressions [47] for bispinor connection in de Sitter space, we find spinor 
connections 


“Te O|_¢' ə Yİİ e”/2 0 
.. o” os) Oo səli ee 
— Xə 0 - 31. —io? /2 0 
re -İ 0 Do vie o vel 0 —io? /2 , (9.41) 
lə Ül oll 0 io? /2 0 
.. 0 2 [= vesing 0 io /2 5 0 257 
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Therefore, eq. (9.37) takes the form 
i j ol JP 
{3 la 7 (09 @1+10%) + eöyyə, + — a - SEtəba ra rao) 


2 


0 
axa! duzlarıacı”” 
rsinğ 2 


(er+rec%)|le=o 


It is convenient to re-group the terms differently 


go” oF @I+1@03 
+ o ) | 
Or r 2 2 2p 2 


öt 


a) Oo 4% 2@I+1@0? 1@I+I1@0! 
{ tle? a yolla”, 00 o 


(Zİ , 3 3 2 
ue loon ig 2 08 + cos OE @I1+I@o°)/ ikən 
zə 


sin 0 .. 


Let us search for solutions with spherical symmetry, by diagonalizing operators of the 
total angular momentum. In this tetrad basis, it has Schrodinger-like structure 


i O 
n-na rr nebi m-ə 
sin 9 sin 6 öo 
1 dü (9.43) 
— ..12 — 1/23 3 3 
S3 = ij m. 0 @I+I®@o"), o i 5 
We are to find eigenstates of the operator Ss: 
1, 3 : 3 — a b 
2 Ge l-igo”) [=o — (9.44) 
Explicitly, this equation reads 
a b a —b a 
|S, Al 2 |=] 3 
whence it follows the linear system with three different solutions 
a — oq, o — Lİ, al, b—Ü, c=0; 
0 — ob, = o=0, a=0, b=1, c=0; (9.45) 
c — — oC, o ——, a=0,b=0,c=1 
So we have three eigenvalues o = —1,0,+1 and corresponding three eigenstates: 
1 0 0 1 000 
Mr 0 | -uü 0 | “. 1 (9.46) 


In accordance with general theory [47], we construct solutions obeying two equations 
(Jt + Jz + Js) E(x) = j(G+1)E(z), gs (r) = mé€(a), 
and €(x) should have the form (we apply the known Wigner functions 1471) 


E(x) = eit f(r) Di hir) Do 


— ni : 
h(r) Do g(r) Day |? De = Dömzə(6) 9,9); (9.47) 
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where f, g, h stand for unknown radial functions; indices j7,m at Wigner functions are 
omitted. The substitution (9.45) is correct only for the following j, m: 


j =1,2,3,...5 m=-—j,-j+1,...9-1,9. 


For states with 7 = 0, the initial substitution is different 


- iw 0 h(r 
5 =0, faye h(r) ii | : (9.48) 
Now we should separate the variables in eq. (9.42). First, we find (the factor €” ””” is 
omitted for brevity) 
_| £00D-i hi(r)Do 
“uu rə 
oO Ma —iwf D_; —iwh Do 3 0 — T”D-ı h'Do 
öt” | —iwhDg —iwg D4, |’ 2745:775:7 
i git BIt1@o əsirin. — 11 f(r)D-i 20h(r)Do 
T 2 2 — rl —2h(r)Do —gtr)Dyi |’ 
eP@I+I1@o0%, | f(r)D-i 0 
2 m 0 —g(r) D4r 


Now, we find the action of angular operator Xg,, on spinor € (x) (taking in mind that 
tb oe = —m D? ): 


—m,o 


. ə—m z cos6(o3 6 1--160 o5)/2 
Xə ə6(z) = o10)£ — qe?) (ç zı . 


sin 0 


? 


sind | f (em 4 cos0)D-ı —hmDo 


= h Oo Do g Op D41 
f AD_1 hd Do 


1 | hmDo g (m+ cos0)D44 


or 


h (09 +msin~') Do g (00 + (m + cos 6) sin”1 6]D41 | 


X6,66(x) = | r 
f 169 + (—m + cos 6) sin”1 6] D-ı h (09 — msin”1) Do 


With the use of the known recurrent formulas for Wigner functions [47] 


O9D_1 = =(b D.ə — a D)),(“m 1 cos6)sin” 1 9 D_, = =(-—b D.2—a Dp), 


1 
2 


Əli wle 


1 
Op D414 = 5 (4 Do —b D42) 4 (m -- COS 0) sin”1 0 Diy = (a Do +6 D42) 5 


1 
(a D-ı —a D,i),msin”16 Do = 5 (a D_1+aD41), 


az vil 1), b= /G-DG+1), 


Öp Do = 


b 


we derive 
h D_1 g Do 
=f Dy = Dig 


Xo.əğ =a (9.49) 
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Therefore, eq. (9.42) takes the form 
| —iw f D_\ —iwh Do 


{ f’'D_1 hb"Do 


—iwh Do wg Daq —h/ Do —g” Dai 
İl FD4- BAD ge” | f Da 0 ve | hD-1 gDo 
lann D ə 0 D kirə a 
si. 0 “9 zi 2 mx. —f Do -hDAu, 
whence it follows the system of four radial equations: 
d 1 4 d 1 , 
iwf +yp(—+-4 7 ek tiwg + y(—+-4 ia pene Aa ea 
dr vr 2o T dr r 2o T (9.50) 
d 2 dı 22 
iwh + y(— 4 ages tiwh + p(— 4 naa A 
dr r r dr r T 


remembering that a = ,/j(j +1). Equations for the case / = 0 follow from eq. (9.50) by 
setting f =0,g=0, anda=0: 
əə ree are 
0=0, 0=0,-iwh 4 As. məh z 0, Höəh + p(s + 7h =0. (9.51) 
There exists only one and trivial solution: h(r) = 0, which means that Maxwell equations 
do not have solutions with 7 = 0. 
Turning to (9.50), let us sum and subtract eqs. 3 and 4, this leads to 
d 2 
) 


2( 0 er ry helə 


dr r T Qu r 


7-9) (9.52) 


It is readily checked that the first equation in (9.52) turns out to be an identity 0 — 0 by 
substituting from eqs. 3 and 4 the variables f(r) and g(r) expressed through h(r). This 
means that we have only three independent equations 


M 
.. Ww r (f My 
ee İs ve 
te I hg ad Or, Os (9.53) 
1 , 
Hiwg + p(— 4 a pq 
dr r 2o T 
Excluding the variable h, we get 
d 1:6” ww ia? 
(0 "a m 
dr r 2o o Qwr (9.54) 
dl g” | tw ia? . ı 
r ir Ww! 99+ apa F gr 


Let us sum and subtract equations in eq. (9.54), in the same time introducing new variables, 
f+g=F, f-— g — G, this results in 
d 1 : ) ia? d 1 : 
Cı Nit 0 000 Vo 00” r (9.55) 
dr r 2o o wr dr r 2o (ə) 
The system (9.55) is simplified by substitutions F = (r,/e)7"F, G = (r/@)~'G; so we 
obtain 


d - x? 2 


z az 2 
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whence it follows a 2nd-order equation for main function G: 


d? id 6” GG4+1)\5 r) d - 
(+2545 — 116-0 Fr) = 29 Gq, (9.57) 


9.4 Solutions in Minkowski space 
Let us briefly consider the simplest variant of eq. (9.57) for Minkowski space: 


Gi əə ——ku (9.58) 


dr? | r2 


We have an equation with regular point r = 0 and irregular point r = oo of the rank 2, so 
it belongs to confluent hypergeometric type. Possible asymptotic behaviour for solutions is 
as follows 


r30, G- r?” İT, r300, G etm” etmən, (9.59) 


VVith the help of substitution 


Ğ — yey”Tg(r), a=jt+1,-j, b=+iw, (9.60) 
we get the following equation (in the variable z = —2br) 
dg dg 
“r + (2a— 2) dp 99 = 0, (9.61) 


which is identified with confluent hypergeometric equation 


dör dF 
cat (ex) ae aF=0, c=2a. (9.62) 
Let us fix parameters a and b:a=j+1, b= iw, z = —2br = —2iwr, then the regular in 


the point r = 0 solution is (see notations in [48]) 
Gi(x) = 27 te-*/*O(a,e,x), a=j+1,c=2a. (9.63) 
Taking in mind the known Kummer identity ®(a,c; 2) = e*®(c— a,c; —x), we readily prove 
that solution is real in all points: 
Gi(x) = a) t1e-*/2O(j 41,27 + 2; 2) 
= (—1)771(z”)”716-7”/20(4 41,27 +2;0*), at ——z. 


Because the second parameter c = 2(/ + 1) takes on integer values, the singular near the 
point r = 0 is given by the function (see in [48]): 
g(x) = x%e~*/? W(a,c;2), a= —j,c=—-2j; g(a 40) = 274 (9.64) 


The description becomes more symmetric after transforming the main eq. (9.58) to 
Bessel form: 


22 


2 2 
“tö = p m Le 
G(r)  virgir), sun, 237027 (1 9-0 p=jt+1/2. (9.65) 
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Two independent solutions J,(z) and (pz) are referred to confluent hypergeometric func- 
tions: 


Jap(z) = (=)+? ———__@ (4p + 1/2, 42p + 1; —2/z): (9.66) 


also there are known relations 


z 1 öz 
a — (<)=P 2n 
sol) =)" 2. ni(m+1zp 2) ” 
n=0 (9.67) 
2 T 
Jup(l2| + 00) = [= cosl: — (5 + p)2) 
pe — 
9.5 Solutions in de Sitter space 
Let us study the main radial equation for G(r) in de Sitter model: 
d ed 6? id). 
(zə 52 6-0, (9.68) 
explicitly it reads 
d? 2r d w? IG +1) XA 
G=0. 9.69 
— 1 — r?dr m (1 — r?)2 ey) —. 
m the variable z = r?, we have 
a? ( 5 ) d 
dz? z—1 ” 2z” dz 
2 2 2 42 (42 4.42 
ə. dı a Ul (9.70) 
4(-14)? 4(-1l+z) 4z 4(z-1) 42? 4z 


Here, we have an equation of the hypergeometric type with tree regular points. Behaviour 
of solutions in the vicinity of singular points is 
bl Fe A 142 

Dea De 


220, G=2%,a= 


Searching complete solutions in the form G = z*(1— z)’ H(z), after performing the 
needed calculation we arrive at 


4z(1 — z)H" + [8a(1 — z) — 8bz + 2(1 — 3z)] H’ 
1 
1—z 
4a(a — 1) — Sab — 4b(b — 1) — 6a — 60] H —0. 


[[4a(a — 1) + 2a — j(f4 1)|- + [4b(b — 1) + 4b + w?] 


1 


Equating coefficients at z~! and (z — 1)~! to zero, we find yet known restrictions on pa- 
rameters a and b, and obtain more simple equation 


z(1—z)H" 4 ba +5 (2a + 2b + 3/2)z]H’ — (a +b)(a +64 1/2)H — 0, (9.71) 
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which is identified with hypergeometric equation with parameters 


1 1 
a=a+tb, 2.35 y= 2a+ 5. (9.72) 


In order to find asymptotic behaviour of basic solutions F(z) = u,(z) at z > 1, we 
should apply the Kummer relation [48] 


vale) - TOP 8), POI(a+ 6-9) 
: TO - a)TÜ? - 8) ” T(a)T(3) 
uy = H(a, 5:72), uy Hin Bia 641-71-—2), 
ug = (1— 237 * 9 H(y-a,7- By 1— a — 6:1— 2). 
When z — 1, relation (9.73) gives 
Py (y 7a B) Py) (a + B ım 7) (1 “li 
x.2-5:027 T(a)T(3) 


Therefore, the complete solution G at z — 1 behaves as follows (taking in mind — a — = 
—2b, and b = +iw/2) 


U6 , 
(9.73) 


Fy(z ?1) — 


Gi(z > 1) =T(y) 


liy=—a=p) » , T(a+8-7) —b 
İTo-ərn-y(7 9”n ara 2-2): 


Due to identities 
(7 —— 8) z “25, a+B-y=+2b=(y-a- 8)’; 
(0) =a+5-b=8", (r-8)-a-b-ar, 
we may conclude that the function Ğ(z — 1) is real. It is readily proved that the complete 


function G,(z) is real in the whole region of the variable z. To this end, we apply the 
Kummer identity 


u, = F(a, Biz) = (1— 2)? 8 FQ — 0,7 — B32), 
which provides us with two apparently different representations for the same function 
207... 2) PPG 2,7 = 852); 
which can be re-written as follows (remembering that a is real) 
Gi (z) = 2°(1— 2)'F(q, 8; 932) = 2°(1 — z)” F(B*, 073932), (9.74) 


so Gi(z) = [Gi(z)]*. 
Now, it is convenient to fix parameters, a = (j+1)/2, b = +iw/2; this choice corresponds 
to regular at z = 0 solution. Singular solution refers to the function uş (z): 


us(z) = 21 7F(a+1—7,8+1-73;2-%2); 
Gs(z) = 2221-7 — ,(81)/22-1-1/a = 4/2, 


(9.75) 


For us, there are two possible representations 


us(z) — z” F(a+1-—7,8+1-—732-732) 
2777(1—)”””F(1—o,1-— 632-42); 
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so we have two representations for the complete solutions 


Gs(z) = z73/2(1 — 2)? F(—5/2 + tw/2, 1/2 — 1/2 + tw/2; 1/2 — iz) 
= 2 IP — 2) WP (1/2 — 5/2 — iw/2, -1/2 — iə/2: 1/2 — iss), 


so that Gs(z) = [G5(z)]*. In order to construct complex and conjugate solutions with the 
given behaviour at z — 1: 


üə ev (1— 2)? — (1— 2), gs ce (1-2) P= (1— 2)7””7, 


we have to apply Kummer solutions uş (z) and ug(z). 
In order to clarify additionally the physical meaning of the arising mathematical task, 
we turn back to eq. (9.68) 


dd “QS 
e( 4g? 104 lə) =0, (9.76) 
Tr T 


and transform it to a new variable r,: 


d d d dr dr 
Tür” dr, o(r) 1-—7r2” 
(9.77) 
1, l+r 
r, = —ln ; T—  Ü,r, 20: r. İ1,r, — +00. 


2 1-9’ 
Correspondingly, eq. (9.76) reads 


= L ə? Azə r?\|G = 0, r > 0, ae iA) 


dr? T dr? r2 


2 


d z 
r — 1, İz d a?lĞ — 0, G=e*™ =coswr, tisinwr,. 


dr? 
Near the horizon (at r > 1), solutions behave as massless harmonic waves. Equation may 
be treated as Schrödinger-like equation with an effective potential 

& _ IG +1) 


[=5 tw? - U(r,)i6 -0, Ur) - 70 - r): (9-78) 


we should take in mind relations 


g9-1 1 Aj(j + 1)" 
pa Və o (er 1) (9.79) 
r. 


9.6 Solutions in anti de Sitter space 
The study from previous section may be extended to anti de Sitter space-time: 
2 2 2/792  sin2 2 dr? 2 
dS* = pdt" — r? (d67 + sin” 0497) — —, gç lr”, r € (0, Too). (9.80) 
go 


We do not need to repeat the most of the above calculation, and may start with eq. (9.57) 


db ofd əf iÜdl)yəA 
(51 250, 6-0, (9.81) 
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now it reads 


d? 2: d o)? 1081) \ = 
(= ı. 1 cz? dr R (1 - 7222 r?(14775) ... (9:82) 


Transforming it to a new variable r? = y, y € (0, +00), we get 


udu — 0lu—70-51) 
4y?(1 + y)? , 


es +P*)G=0, Py) = ! 


dy? (9.83) 


We may interpret it as an equation of Schrodinger type with an effective linear momentum 
P?(y); its behaviour at singular points is described by the formulas 


yə pi, UL a: 
? Ay? 3 
20: 9.84 
2. x2—/(041) f 40, ə7—7(41)50 (A), we) 
v —v oo P f7U- ə, 0 — 2 . . 
i Ay’ —Ü, we-—j(g+1) <0 (B). 


In the quantum-mechanical context, we can easily interpret only the case (A), when w? > 
j(j + 1); the situation (B) is anomalous, for instance, a corresponding classical particle 
cannot be moving with such parameters. 


Let us transform eq. (9.83) to a new variable, y = —z,z = —r?, z € (—oo, 0): 
d? 1—3z d 2? 200401) 7 
(zz " 22(1 — z)d: 4:(1—z)2 422(1— “ə — 0. (9.85) 


Applying the substitution G = z€ (1 — z)” H(z); we derive an equation for H(z) (see result 
(9.71) with the change w? to —w?) 


4z(1 — z)H" + [8a(1 — z) — 8bz + 2(1 — 3z)] H’ 
+{[4a(a — 1) + 2a — j(j + nn + [4b(b — 1) + 4b — w?] 


Iİ —z 
4a(a — 1) — Sab — 4b(b —1) — 6a — 6b} H —0. (9.86) 
Impose evident restrictions a = (j + 1)/2, —//2, b = +w/2; then fix parameters as follows 
m. ı 
az t= b=-3 cü, Giz) =P — ərə H(ə), (9.87) 


All possible functions H(z) must be solutions of hypergeometric equation 


2(1—z)F"+[y-(a+64+1)zF’-afF=0, 
5. 1 1 (9.88) 


Q BH ate, Y= dats 2107 


Taking F(z) as the Kummer solution uz (z) (see notations in [48] 


) 
14-1—ı 742-0 3 
j w J ae 


ui(z) = F(a, 6, y;z) = F( 2 ? 2 ? 52) (9.89) 
we get situation, when it is possible to obtain solutions in polynomials, a = —n, m = 
0, 1, 2, ...: 

: 1. 
w=2n+5t+1, miz) = F(—n,-n+4+ =,j +3/2; 2). (9.90) 


2 
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The corresponding complete solution is given by the formula 
Gy (z) = 2949/21 — 2) P-GFDP ( 4 ez t+... m2"): 


at z — —oo we have 


Gi(z 4 —oo) = z071)/2(-2)7"7071)/2 (1 4 ere +... + en2”) const. 


Thus, we have constructed solutions G1(z) in quasi-polynomial form, finite at two singular 
points, r = 0 and r = oo, the quantization of parameter w isw = 2n+j+1, n=0,1,2,... 

Let us study the case of singular solutions, when G ~ z77/2, To get it, we should use 
another Kummer solution 


us(z) = 27"F(ar1-y8481-v2-7iz) 
-—j-w -j-wt+l . 1 

32): .91 
2 ? 2 5+ 534); (9.91) 


= 2I-1/2 Br 
the respective complete solution is 


z . 400077 1 
öy) = iiə çim, ci a 007 (9.92) 


In fact, also we can apply some quantization condition 


— ay) 

ıı. uk o) — 2n'-j+1, 
A —//2.—n-4//2 1 . ol 
Gs(z) = 277/7z7"T1/35 F(—n 5 jt 534). 


The structure of this spectrum is substantially different from the previous one; in particular, 
at each j, there are a number of negative values for w. To find behaviour of that solution 
at infinity, we apply the following Kummer formula 


TO — y)T(6 — o) 
T(1 — a)T(2 1 -— 7) 


T0 - ?)T(e — 8) 
Pia pile l=) 


us(z) = eim(1—7) qs (z) + eim(1—7) a (z) ; 


at z — —oo it gives 


= T—c)7(9—a) uğ ə 
Us(z — ə ET M (1-9) (ə) 


T(2 rs ?)T(o: = ö) emis i 
"T(1-/)P(6--1-7) 


so the corresponding complete solution is 


Gale) = aT 


P(2— l(a - 8) im(1—y) ,-9/2 ,—n--//2 +n—-1/2 
uze... — 


whence ignoring the second term we arrive at 


” Ti2--yiL(0 —) in(1-y 
a ei 


(9.93) 
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Thus, solution uş (z) leads to complete solution G5(z) with quasi-polynomial structure, 
which is singular at z = 0 and regular at infinity z = —oo; the corresponding quantization 
tule is w = 2n/ — j. This type of solutions is hardly of physical interest. 

In order to clarify physical sense of arising problem, let us turn back to eq. (9.81), written 
in the form 


d d (7 +1 
e( L əz a ) 


€ — is Mi A 
dr’ dr r2 ə)6 0; (9.94) 
and transform it to a new variable 


d d d dr dr 
ai a Te = o. 00 
Tür dr, ery tae (9.95) 


T 
r, =arctanr, tan r, =r; v — Ü,r, — Üzr ) $00, Te 4 +5. 


Equation (9.94) in this variable reads 


[Stu Grid — le 40.5) (9.96) 
dr2 — " tan? r, .. 2 : 


Here we have Schrédinger-type equation 


@ 2 
“ə — U(r,)İĞ — 0, U — /i( 1.1)(14 


2 
dr? 


. (9.97) 


This problem is easily interpretable in quantum mechanics if the following inequality is valid 


2 
w>jGt) $ 025 BAG dn (9.98) 


m this point we should recall that related to solutions 6? (z) spectrum for w satisfies 
this requirement 
gə? — i(i 4.1) — 4n? + (4n £1)( 41) 50. (9.99) 
Let us consider from this point of view the spectrum related to G'5(z): 
w=k—j, where k — (2n/” +1) € (1,3, 5,...). (9.100) 
From (9.100) it follows w? — j(j +1) = k? — 2kj — j. Taking in mind the roots 
ki =j—jV1+1/j, -1c ki <0; ko =jf+jV141/j, kə > 2/, 
we conclude 
gə? — i(i 4.1) <0, when (2n’+1)<j+jV141/j, 
o? — ((401)50, when (2n'+1)>j94+5/141/9; 


solutions of the type G5(z) are relevant to the situation badly interpretable from physical 
point of view. 


(9.101) 
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9.7 Maxwell equations in Schwarzschild metric 


We may start with eq. (9.50), specifying it to Schwarzschild space-time with y = 1— 4, The 
main equation formally is the same 


7 gid (uğ? iUdl1) 


İ a 102 
Ge ae çe? r2p je me 2102) 


but explicitly it reads 


a? 1 d wr? dü) rov 
G=0. 9.103 
Ge r(r—1) dr (re r? 4) ( ) 
Here we have an equation with three singular points, the points r = 0,1 are regular, and the 


point r = oo is irregular in rank 2; this is the class of confluent Heun equation. Equation 
(9.103) becomes more understandable after transforming into other variable: 


d d o 401) Ne dr 1 
G=0, dr=—=dr(l : 
nar = re” . o et üə 
r, er kin(r —1), r — oo, r, — Hoo, r714+0, r, — —oo, (9.104) 
də = (jg +1 
(zz +0? - U(r.) )G =0, masi. 
dr? r? 
Let us specify behaviour of the effective potential at two infinities 
(9 +1)r-1 
U(r, + +00) = 1007 — +0, 
G- 1) 4 (9.105) 
t1)re 
U (r, > oo) = WE = +0; 
r r 


this means that here we have an effective potential of barrier type, tending to zero both at 
r — 1 (r, — —oo) and infinity r > oo (m, +00). 
Now we are to construct formal solutions of eq. (9.103): 


d? 1 ld 

laa tS ae 
a ite Ee Narre iat a eee, 9.106 
“ür ( teat Gene tet MG =a) = —0. (9.106) 


In (non-physical) singular point r = 0 solutions behave as 


1 jG +1) 


G=0, Ger*®, c=0,c=2. (9.107) 


Near the point r = 1 we have 


ae 1 d w? z a : 
lar +— > 4 qanana... (9.108) 


To find asymptotic at infinity, we transform equation to the variable x = 1/r: 


G=0. 


sl 


b 214 0” jG +1) 
dx? cx 1—z”dr «4-2 39(1—z) 
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It becomes simpler near the point x = 0: 


@ 24 w Fjt] 
4% _IG4+ Gg Gn züeBis, 


da? xdx x4 x? 
further we derive 
AB B(A—2) 2B B? : və? m 
3 3 et ə 
whence it follows 
Btw = B= “zu, 
(9.109) 


AB+B(A—2)+2B=0, 24B=0, A—0. 


Therefore, general solution of eq. (9.103) may be searched in the form G = r°(r — 1)“ 


ör g(r). After needed calculation we arrive at 


2c 2a 1 
” | | | 2b ) , 
g ( T T—1 iə r(r—1) g 


€ 


a(a —1)  2ca 2ca 26 2ab x 


a 
ün ' (r—1)2 r—1 r r r—1 
uae 52057 a a 0 b 
rT-1 r? r/ör (r—1) r—1 r—l1 
4 a ID) ə. 
rT—1 (r-—1)? r r—1 


Imposing evident restrictions, we get eight variants of parameters a, 5, c: 


a=tw, c=0,2, b=+iw. 


So resulting equation becomes simpler 


iy (eS (2c—1 2b) 9! 


T—l T 
5 a b — i(/ 11) H 2:7 


T—l 


— 


eee er Se Pai ed 
r 


|9 =0. (9.110) 


Because the physical region of radial variable is the interval r € (1,+00), the most 
interesting would be a series in the variable z = r — 1. Transformed to this variable a, 


equation reads (the prime designates derivative d/dz): 


, dı q2 
mre ; = or di 
g +(p ari (— 2217 Üz. € (0,--6o) (9.111) 


Its solutions may be constructed as a power series, g(x) = op" 9 cpa". After performing the 


needed calculations, we derive recurrent formulas 


n=0, mecotpic, — Ü, 
n=1, (qı 1 q2)co 1 (p+p1 +p2+q1) e1 + (2+ 2p1) c2 = 0; 
m = 2,3,..., [p(n — 1) “qı + qəl eni 
t qilen + [(n+1)n4+ pi (n € 1)] enyi = 0. 


[n(n — 1) + (p+ pi + pe)n4 
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Possible convergence radii are found by Poincar€-Perron method: dividing the last relation 
by n7¢n—1 


1 
ə pun —1) Fqı 1 qəl 


Cnt Cy —0 


1 
ts [n(n — 1) + (pt pit pe)n+ aq] + —l(n + 1)n + pi(n + I] 
n Cn-1 nr Cn Cn-1 


and tending n — oo, we obtain algebraic equation which determines possible convergence 
radii: 


Recall that complete solutions have the structure 


Gln) — rir — G(r) — Sa) = (1 afore g(a), 


(9.112) 
c=0,2; a= —iw,t+iw; b= -iw,+iw; wx € (0,+00); 


below we list eight types of solutions (they are collected in pairs of conjugate ones) 


e=0, a döv, b=tiw, Gy =atmetiolte)g (2), 
=0, = ~iw, = ~iw, Gt = rü“ —iw(1+2) yr : 
c a os tw 1 “e giliz) (9.113) 
c= 0, a +1W, b = —W, Go = 20. 3 
ezÜ, a=-iw, b Löv, GS — ız T“etiə(iz)ys(g), 
—2, a — Hi, b — Liu, Gg — (1--r)7r77”eie(17s) 4. (2), 
= eerie -—— G =(1+ 2,,+iw ,—iw(1+2x) 
; iw, ed s (1 E za” ye ga(x) (9.114) 
=2, a=-w, b=+mw; Gü — (1--x)?x MetoO) gi(z), 
2, a@=-iw, b— —ü. Gt= (1+a)?22 e043 (x). 
EN 
9.8 Solutions in spherical Riemann space 
Novr vve consider Maxvvell equations in spherical Riemann model: 
dS? = dt? — dr? — sin” rd6? — sin” 0d0? , 
10 0 0 
. ük” 0 0 (9.115) 
25 (t, T, ö, o) > dağ — 0 0 . sin” r 0 : 
000 0 — sin” r sin? 9 
We use the following tetrad 
€(0) = (1, 0, 0, 0) ’ €(3) = (0, , 0 ,0), 
. 1 . 1 (9.116) 
fay (0, 0, ə €(2) = (1, 0, 0, sinan” 


by changing the numeration for coordinates x° = (£, r, 6, 6) => z€ = (t, 0, ö,r) the tetrad 
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(9.116) becomes diagonal. Ricci rotation coefficients equal 


0 0 0 0 
— xx 0 0 0 2 
Yabo € Ü, “Yabı = 0 0 0 0 : 
0 77 0 0 
0 0 0 0 
0 0 Hz— 0 
Tai) 50 -— ə sinni İ, “Tab = O- 
tan @sinr tan” 
0 + 0 
Starting with the general spinor equation 
Ca c 1 ab 1 ab 
o eto (2) Oa +0 (5% giris Pia İYabe(z) €(x) = 0, (9.117) 


we arrive at 


[a + {0%0, + : ( 165 55.5 
tanr 2 2 

: 1 (sla, 2-55...” 

sin” sin 9 : 


Comparing it with eq. (9.42), we can write down radial equations by formal changes in the 
system (9.50): 


: d 1 a : d ; 1 m. m 

-. iə ae 200 — iz tan io (9.118) 
i d 2 a : d 2 m. m . 
— r ə 5. - m Ən 5.7 


Summing and subtracting third and fourth equations, vve derive 


0. Diwh + (1-9) =0. (9.119) 


dr tanr sinr 


2 


It is readily checked that the first equation in (9.118) is the result of combining three 
remaining ones. Therefore, we have only three independent equations 


a 
h — — es 
usm Sİ g, 9.120 
“m 2007 ae 5—- (9. ) 
-. dr tanr”” " sinr —” -. dr tanr go sinr 
Excluding the variable h(r) we obtain 
d 1 ; ia? 
Cea iw) f 4 —3(f - 9) =9, 
dr tanr 2w sin” r (9.121) 
d 1 ia? ; 
+ 4 t =0. 
izə m tan” -. Qu sin? mci 9) 


Summing and subtracting these two equations, and using new variables, f+g= F) f-—g= 
G, we arrive at the system 


5 ‘ 
0006000 ae om —_)G ~ iwF = 0. (9.122) 


ae tanr 
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System (9.122) may be simplified by separating multipliers, F = sin irF, G = 
sin” 1 r Ğ, in this way we get 


2 fen ou d - _ 
iw + (Ww? = —G=iwF “le 
üə (w ə yö -ü, cs G=iwF, (9.123) 
whence it follows an equation for main function 
a? 2 gə 
G=0. 9.124 
rz ” sin? -) ) 


In the new variable, y = ni the last equation reads 


[ya ÖL”. t vs. bw? wa aI =0 (9.125) 


Its solution are searched in the form G = y“ (1 — y)? g(y); this results in 


y(1—y)g"” + [2A 41/2 — (2A + 2B + 1)y] 9’ 


41144-104-İA “ls r İP I) +5B lg 
+[w? — 2AB — A(A —1) - B(B-1)-A-B]g=0. 


1 


Equating coefficients at y~! and (1 — y)~! to zero, we get 


The above equation for g(y) is simplified and recognised as hypergeometric equation with 
parameters 


y=2A41/2, a=A+B-w, B=A+B4w. (9.126) 
Let us fix parameters A and B: A= (j+1)/2, B=(j +1)/2, so obtaining 
y=j+3/2, a=j+tl—-w, B=jtlt+w. (9.127) 
We get polynomials imposing evident restriction 
o — —n, n=1,2,3,.., w=n+jt+1; (9.128) 
corresponding complete solution has the structure 


Ğ(y) = yel? (1 — yur F(-n, n + 25 +2, 9 +3/2; y), (9.129) 


it equals to zero at the points y > 0, yo 1 (r — Ü, r.” r). 


9.9 Solutions in Lobachevsky space 


The main radial equation reads 


d? 2 a ü 
= : 9.130 
(zə 02 Sane -)6 0, r € (0, oo) ( ) 
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In the new variable y = -. it takes the form 
a? d a? = 
y(y—1 + (y — 1/2)— +u? Ğ —0. (9.131) 
| ( En dy 4y(y — 1) 


Formally, this equation differs from that used in the previous section only in the sign at w, 
Substitution for G(y) is the same 


LGD 2 04 


A B 
.- -— A —— B ——, 132 
Gay (ly) gM) a 207 (9.132) 
for g(y) we get an equation of hypergeometric type 
1 
y(1 — y)g” + 2445 = (24 +2B +1)y] gi — |(A+ B)? +47] g =0 
with parameters 
y=2A41/2, a=A+B-w, B=A+B+w. (9.133) 


Let us fix parameters as follows (negative B ensures the term (1—y)® tending to zero when 
y — oo): 


ə 
up” « vl 100) PST, (9.134) 


A 
25 2” 


thus vve have constructed the needed solution 


Gi(y) =yFt PP (1-— y) 777 uy), uly) = F(a, 5.7:7), (9.135) 


it tends to zero at the point y = 0 (r = 0). The singular point y = 1 does not belong to a 
physical region. To find behaviour of this solution in infinity, we should apply the Kummer 
formula 


P(y)P(a - 6) 
To - 6)P (a) 


ua(y), (9.136) 


where 


A) et ae eee 


| 1 
= (—y) V4) P(1/2 — iw, -iw — j, 1 — 2iw; —), 


ugly) = (—y) PF (8 +1-7,8,84+1 ai) 


1 
= (—y)(-1/2-) Fig) — $, (1/2 + iw), 1 + 2iw; a 


As y — +00, the last formula gives 


PÇOOT(5 - a) _,,\(—1/2+iw) yie=2) (—1/2—iw) 
Fy) — a)rte) “7 + Tq g)r(a) 7) : 


Therefore, the complete solution behaves as follows 


u(y) = 


Gi (y > oo) 
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— _y-Gtne / TOXTU =) (iw 2 POP(a- 8) iw 
mm {ronan yn Ty — 9)T(a) | ) le (9.137) 


Taking in mind identities 


B-a=2w,a-P=-2iw,y-a=jtwt+tl, y-B=j-w++l, 


we conclude that G, (y — oo) is real up to simple phase factor. In initial variable r, 
asymptotic (9.137) is determined by the formulas 


(—y)” əə (yyə , 
G, (r — 00) = Me”? + M*e-*", (9.138) 
— POPE - o) Liu 
M TG - ari) 2’ 


It is readily proved that when using Kummer solutions uş and uq, their corresponding 
complete solutions Gg and G, are conjugate to each other and have the asymptotics 


wr 


ug ~ const e”””, qiq ev conste “”T, 


9.10 Cylindric solutions in spherical space 


Let us consider spinor Maxwell equations in cylindric coordinates of the spherical Riemann 
model, it is specified by the formulas 


dS? = dt? — dr? — sin” r dö” — cos” r dz? , x” = (t,r, 6, 2), 


1050 0 
20-90 0 (9.139) 
“(ay 217710 0 sin”İlr 0 
000 cos” İr 
these coordinates belong to: r € [0, +7/2], ö € Fz, +7], z € İ—r, +7]. Ricci rotation 


coefficients are (we write down only non-vanishing ones) 


Yato=9, Yori “0, Yi2x2=——, 7333  ——. (9.140) 
inr 


Starting with general spinor form of Maxwell equations 


1 1 
a e¢.)(2)Oa + osu" QI+1® 5) Yabe(@) (x) =0, 
(9.141) 


a Oh i i i 
yoz — SoS ost 2.0: şəf 7.9 
270 "a 279 ə” 


vve obtain 
ae gs 


[O,+0'9, 4 


sinr ° | cosr ” 
to7(E @I4+ 1 Qe )\y109 4 03 (53! @I 4+ 1.@ E*")y313]€(x) = 0, 
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that is 
.2 
O46 10. = 3 o Iı1g63)fİİ 
2 sin Tr 
1 ə, Sin r o? a? 
— — (o” 9 1 197) + ——044 öl $ =0. (9.142) 
2 cCosT sinr cos ” 


The structure of this equation assumes the folloving substitution for electromagnetic 
spinor 


— tət 23 hir) 
é, r,@,z) =e iwt eime eikz f(r) : 9.143 
é(t,r, 6,2) 200 (9.143) 
so we derive 
iwI +o! OST (03 @I14+1@03) — 63 (62? @I +1802) 
dr 2sinr 2cosr 
im ə ik f(r) h(r) 
=0 9.144 
ants 7 əra \ A(r) g(r) 
and further we find the system of four equations: 
r a uğ. 
dr sinr cosr COS 7 
d si ik; 
re copy) + (ito ~ ——)g = 0, 
dr sinr  cosr cosr 
: : ; (9.145) 
(ea m cos” Lu 57: (ane ik yh =0 
t 702 — Ü, 
dr sinr sinr 2cosr g 2 cosr cosr 
d m cosr lsinr 1 sinr ik 
+ (-i h=0 
(Fp sin? sinr ən. 2 cosr? . aa 


Summing and subtracting equations in each pair, we obtain (let it be F = f+g,G= f—g) 


Lk; 2 
6 
cosr sinr 
ik d si 
PE a ıı Ss pS 6, 
cos 7” dr cosr (9.146) 
2ök m : ez _cosr sinr, : 
COS 7" sinr ‘dr sinr cosr” —” 
d 
Diw h (SE Peo: 
inr dr sinr 


Let us express from first, second, and fourth equations the variables wG, wf’, and 2iwh and 
substitute them into the third equation; this results in the identity 0 = 0. Therefore, only 
three equations in eq. (9.146) are independent: 


ik 2m 


F-iwG+—h=0, 
COS T sin ” 
” . : 
17: q gy eee (9.147) 
COS 7” dr cosr 
d 
mah ee pao. 
sin?” dr sinr 
Taking into account identities 
laz (ocr, 0000. 5: 1 dh 
— sinr ” “dr sinr” sinr dr’ — cosr ” “dr cosr” cosr dr” 
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we may simplify eq. (9.147): 
: F ) G 7 


= WwW) T zə ş 
cosr sinr sin r cosr 
ik — oh 
Fu — 0, (9.148) 

COS 7” sin” cosr dr 
b. 1 dF 

Dig he =0. 
cos sin?” sinr dr 

Let it be 2/h = H. The last system is presented as follows 
kF —mH 
wea = 
cosr sin” 
Bien ws w do, 21 m o64.-8 dF 
cos r sinr cosr dr cos r sin” sinr dr 
Excluding the function G, we derive 
1 d k = 1 he 
w yi 4 (ww? )F =0, 
cosr— dr cosrsinr sin r cos? r (9.149) 
1 ( d km ) F 1 ( 25. m? n 0 ı 
WwW l W = 
sinr’ dr sinrcosr cosr sin? r 


Let us transform the system to new variable sinr = V/z, z € [0,1], then we arrive at 


2? — k? —wg - 


ie ee ee So 
dz (1—z) z(1— z) <<? 
... ae (9.150) 
mya m?—ur tz - 
Er əz ə — z(l— z) . 


Note that from eq. (9.150) straightforwardly follow two differential equations with four 
singular points: 
= k? x. 2 
H, x — Ü,1,co, (1— —): F, yo ieee =: 
o) w 


2 2 


There exists possibility to reduce the problem to equations with three singular points. 
Indeed, let us define new variables, H =V+W, F = V — VV, then the system (9.150) reads 


d km w2 — k? — wee 
Pets al Vtw)+ i=) (V — VV) — 0, 
bər: əl V/)- Er ” (V+W)=0 


Summing and subtracting these equations we get 


2_ L2 2_ 9,2 Du. 2 
[su .# ke +m -— w* — (k Em) W=0, 
dz z(1— z) z(1— z) 
(9.151) 
d w? — k? +m? — 2w*z o? — (k — m)? 
dw -VV =0. 
dz z(1— z) z(1— z) 
We readily derive a, 2nd-order equation for W(z): 

hej hry w(w + 2) k? m? m 

ə(z — 1)0” + (2: — ÜM” + | 1 en” (9.152) 
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Near the points z = 0,1, solutions behave as 


z70,W=24, mel z o 1,VV =(z-1)?, B=+—. (9.153) 


m all region of z, solutions are searched in the form W(z) = z4(z—1)?W/(z). After needed 
calculation we arrive at 


(z — 1)zV/” 4+ [2A(z — 1) + 2Bz + (22 — 1)| W’ 


; w(w + 2) k BPO əim A. 
((AHBXAYBA1) 4 4(z —1) z—1” 4z  r-o 
Imposing yet known restrictions (9.153), we obtain 
z(1 — z)VV” + İ2A 1-1 — (244+ 2B +2)z)|W’ 
1 - 
(A+ B)(A+B+1) elə + 2)|}W =0, (9.154) 


which is identified with the equation of hypergeometric type 


(1-2) sb - (a+ 841) 27 


abF=0. 


Let us fix parameters A and B so that solutions be finite at the points z = 0, 1: 


k 

aay, B--i, y= |m| +1, 
(9.155) 

İkl + lm) —w əş leat i 

2 .. 2 ” 

and accept the standard requirement for polynomials: 
a — —n, w= 2n İkİ +|m|, 8 -n--1--İml -- İkİ, 

(9.156) 


n — 0, 1,2,..., VV(z) — ziml/2(z — 1)İFİ/2 F(a, 5,7: z). 


Now, let us turn to equation for the second function V (z). There exists symmetry be- 
tween two equations (9.151): the system is invariant under the formal changes 


V o V, ooo, meo—-m. (9.157) 


Therefore, from the 2nd-order equation (9.152) for W(z), without any calculation we obtain 
a respective equation for V(z): 


w(w — 2) k? my =H a (9.158) 


2(z— 1)V” + (2z 1)VV” + [ 4 A(z —1) Az 


We are to apply the same substitution V(z) = z4(z— D?YT(z). After the needed calculation 
we get an equation for V(z): 


(z—1)zV" + [2A(z — 1) + 2Bz + (2z—-1)] V’ 


1 k? B? 2 A? 5 
“(A 4-B) +A +B Fw(w—2) ! .. 17 =0. 
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Imposing evident restrictions on A and B, we arrive at an equation of hypergeometric type 


2(1—z)V" + [2A+1-— (2A+2B+2)z)|V’ 


il = 
-[(A+ BYA+B +1) — ww -2)] 0 =0 (9.159) 
with parameters 
k 
Azal. m ‘= İmİ +1, 
2 2 
(9.160) 
ə, — el Alm| boz a - İl mi -w ,, 
.. 2 ’ — 2 İ . 


Further, applying polynomial condition, we find needed solutions 


g” — —nf, üə — 2(nf 1) Fk. İkİ k.lml, af =n’ +14 |m| 4 İki, 


9.161 
n" — 0,1,2,..., Vi(z) = ziml/2(z — 1)İFİ/2 F(a’, B', 4’; 2). ( ) 
A relative coefficient between two functions, W(z) and V(z), may be found with the use 
of 1st-order relations, related these function. 
In a similar way, we could study the spinor Maxwell equations in hyperbolic Lobachevsky 
space, being parameterised by cylindric coordinates according to the formulas: 


dS? = dt? — dr? — sinh? r dö” — cosh? rdz?, s” = (t,r,¢,z), 


100 0 
010 0 (9.162) 
2277755575: i 
0 0 0 cosh” İr 


where r € [0, +00) , 6 € İ—r, +7], and z € (—oo, +00). The treatment would be similar 
and it does not require new ideas. 


9.11 Conclusions 


The vacuum Maxwell equations being considered on the background of any pseudo- 
Riemannian space-time may be interpreted as Maxwell equations in Minkowski space but 
specified in some effective medium, in which constitutive relations are determined by the 
metric of the curved space-time. In that context, we will consider space-time models with 
an event horizon. All of them have a metric of one the same structure, we restrict ourselves 
to the spherically symmetric cases, and consider de Sitter, anti de Sitter, and Schwarzschild 
models. Also we have studied hyperbolic Lobachevsky and spherical Riemann models, pa- 
rameterised coordinates with spherical and cylindric symmetry. We will prove that in all 
examined cases, effective tensors and of electric permittivity (e,,) and magnetic permeabil- 
ity (ei?) obey one with the same condition: €,;(«) j1;~(%) = din. Simplicity of expressions 
for these tensors e?,(z) and M), (z) is misleading; for each curved space-time model, we 
are to solve Maxwell equations separately and anew. We have constructed these solutions 
explicitly, applying Maxwell’s equations in spinor form. 
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P-asymmetric equation for a spin 
1/2 particle in external fields 


Within the theory of relativistic wave equations with extended sets of Lorentz 
group representations, a new P-noninvariant 20-component wave equation for spin 
1/2 particle is proposed. The presence of an external electromagnetic field and Rie- 
mannian space-time background are taken into account. Due to the internal struc- 
ture of the particle, additional interaction terms appears, and it relates to anomalous 
magnetic moment of the particle. Exact solutions of the equation in the presence of 
the external Coulomb fields have been constructed, and radial wave functions are 
expressed in terms of confluent Heun functions. 


10.1 Gel’fand—Yaglom basis 


The goal of the paper is to construct a new P-nonivariant wave equation for a massive 
spin 1/2 particle. We apply the general theory of relativistic wave equations with extended 
sets of representations of the Lorentz group. In general, the existence of more general wave 
equations than commonly used ones is well known within the so-called Gel’fand—Yaglom 
formalism — see references [1-52] and also books [53-57]. 

We start with the following set of irreducible representations (it contains 20 components) 


T = (0, 1/2) € (1/2, 0) € (0, 1/2)’ @ (1/2, 0)’ @ (1, 1/2) @ (1/2, 1), (10.1) 


where the “prime” serves to distinguish repeated representations of the Lorentz group. The 
matrix I'4 of the corresponding wave equation has the following structure (in the Gel’fand— 
Yaglom basis) 


T, = (CU/)) @ In) e (CÖ/?) @ Ih), (10.2) 


where CÜ/2) and C(@/?) represent spin-blocks related to spins 1/2 and 3/2. With the use 
of the numeration of irreducible components in eq. (10.1) 


(0,1/2) ~ 1, (0,1/2)’ ~ 2, (1, 1/2) ~ 3, (1/2,0) ~ 4, (1/2, 0)’ ~ 5, (1/2, 1) ~ 6, 
possible structure of the blocks Cü/2) and CÜ/?) is given by relations 


x ı ı 
ü 0 0 dl 
1 1 lı 
ü 0, O02? x ae 
m o. 9 ets) 2a 0?) 
CH=} ny a a, St “9 “661 c)-) , eo (40.3) 
dı cp ep 0 0 0 ağ) 0 
C51 C59 C53 0 0 0 
ei a a 00000 
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From invariance of the wave equation under proper Lorentz group, follow the constraints 
3 ı 3 ı 
elə) — 2602), ei) = od. (10.4) 


Without loss of generality, the links between repeated components may be broken, which 
yields 


1 1 ı ı 
ela) = ə) = də) = dz) -0. (10.5) 


Because, we wish to construct the model of a particle with single spin 1/2, eigenvalues of 
the block C(3/2) must be equal to zero. Therefore, we set 


3 3 
25 (10.6) 
whence due to eq. (10.4) it follows 
ı ı 
ch?) = cl2) =0. (10.7) 
Relations (10.5)—(10.7) assume that the linking scheme for model under consideration has 
the form 
1-4 
| | 
6 3 (10.8) 
| | 
5. 


..— 


10.2 Modified Gel’fand—Yaglom basis 


Let us find the form of the matrix T, for the equation 
(T,,0, + M)v =0 (10.9) 


with the use of so-called modified Gel’fand—Yaglom basis, in which the components of the 
complete wave function W are listed as follows 


(1) (1) (2) (2) (3) 3 
€ia, €1 15 €1 1, €1_a, €1 1; .. 
272 Fe - ate a si du 2: 7 
(4) (4) (6) (6) (5) (5) 
€ıı? €1 15 €1 15 €1 15 €? €1 , (10.10) 
232 2: 2 pee) 2? a 2.9 3 2 
(6) (6) (5) (5) (6) (6) (5) (5) 
€3 3, €3 a? €3 3, €3 s, €3 1; €3 1? €3 1, €3 1. 
Ay a “ 2:2 2: 23 2:2 s = 2°2 27 2 


Correspondingly, the matrix T, is presented in the form 


Peec!’s eos, 


248 P-asymmetric equation for a spin 1/2 particle in external fields 


where spin blocks C/?) and CÜ/2) are given by the formulas (take in mind eqs. (10.5)— 
(10.7)), C(2) = Üş and 
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Qo Çi, 960 sə, a a SO Se xo 
Ço OS SO iə “oO o S a o o 
Cə: € ə ə o (SO NGS: So. So 


o 
o 


We are to perform some transformations on eq. (10.11). In particular, the matrix block 


ı 
0:0 et? o 
0 0 0 di 
ci?) 0 0 0 
0 ch? 0 0 
may be decomposed into two parts 
0 0 (ei?) + cf?) 0 
(22.29 
1 0 0 0 (Ca hear) 
2 (3) 45.3) 
(cz +. ci?) 0 0 0 
(3) x 
0 (cz ceci) 0 0 
x ib 
0 0 (eb-dsi) 0 
ı ı 
1 0 0 0 (2? — ef?) 
PGi 2a se 
(cal C14) 0 0 0 
0 (3) 3G) 0 0 
(cal iq) 
1 Al 1 1 it ı 
- 2(d7 +4?) n+5 (dP - di? him, (10.11) 
where the Dirac matrices are used 
0 0 1 0 1 0 0 0 
_|0 0 0 1 101000 0 
557072. /:x7 6 
01050 00:0 -!1 
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Similarly, we get 


(3) 
0 O €? 0 
(3) 
0 0 0 Caz 1 1 
(3) . XX 5 
cs2 0 0 
0 & 000 
0:0 ci) 0 
(3) 
0850000 cs b. TY (00) 
1 = —(cığ” +03’ )yat+ = ee — €43° 7574 5 
elə) 0 0 0 o V16 43 o 16 43 
0 c2 00 
0:0 & 0 
(29 
0 0 0 cg Pye. i) GG) 
1 = ~(c58° +33’ Ya + = 1 — 53° )¥574 5 
elə) 0 0 0 o V26 53 o V26 53 
0 & 00 
0 o ce 0 
(4) 
068000 cx (00002 G) 
1 = (cx Fesi az 1 — Cet )57A , 
elə) 0 0 0 o Va4 61 o 4 61 
0 ed? 0 0 
0 o ec 0 
(1) 
06500 cs 1-01). (0) 
1 = 5(c3e’ +¢63 Ya kə (ci — C63 574 . 
ep 0 0 0 o 35 62 9 \°35 62 
0 2 oO 0 


Collecting results together, we find the following decomposition for spin block Cü /2): 


ı ı ı ı 
(1/2) (ai - - 2) ° (3) (ae ; . 
1/2) — ı ı T 1 
ı (2) ° (2 (ab 4 Be s. 
(c34 b cei ) (css + cgə ) 0 
3 a 1 
(e2” - di) 5 — 3?) 
sea 0 (SP — di2)) (ei) — dö) | 6 15% (10.12) 
(2) (2 (2) (2) 
(esq — C61 ) (c32 — C69 ) 0 


It should be emphasised that in expression (10.12) the first term corresponds to a purely 
P-invariant model, whereas the second term relates to a purely P-noninvariant model. In 
the present chapter, we restrict ourselves to the second variant. 

It is convenient to employ the shortening notations 


1 1 ı əzər ı 1 
a= (ei) +P), a - yei) +P), a - 4 +b), a= FAP +), 
1.6 ı 1 
as = 5 (cf) idi), as = Xo? + 048), 
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* (cd 3 1G 2 1, 4 1@ 
bi = X(e2) — di), ba = 5(cid) — q”, bs = (65) — 62), b, = (ez) — 653 
lc : ara ı 
bs = eb =p), bg = a (2) =e), 


Correspondingly, the spin block CÜ/2) reads 


a, O a by 0 bg 
Cü/2) -İ 0 as ag |@ya+| 0 b3 bu İ @ 5%. (10.13) 
aş as 0 bs bs 0 


For purely P-noninvariant model, it becomes simpler 


b 0 bə 
Cü/2) =| 0 b3 ba | @ 7574, (10.14) 
bs bg 0 


after re-designating 5, —> ib, it takes the form 


bie 0) 52 
CO/2) “il 0 bs ba İ 8 7s?a . (10.15) 
be, bs 0 


Because we make the model for a particle with one mass parameter, the matrix 


by . “0.02 
0 bs ba 
bs bs 0 


should have only one non-vanishing eigenvalue; let it equal +1. In accordance with this, 
parameters b; obey the following restrictions 


bi +b3=1, biba — babs — bab = 0, bobgbs + bibabe = O. (10.16) 


10.3 On Lagrangian formulation of the model 


Let us examine the problem of possible Lagrangian formulation of equation under consid- 
eration. Hermitian matrix of bilinear form in the Gel’fand—Yaglom basis has the structure 


n= (n°? ep) ə (n®/ en), (10.17) 


where the blocks n/?) and n/?) read 


0 nö 0 0 0 0 
"0 0 0 0 0 ; 
Can... m 000 | 2 m. : (10.18) 
0 0 mi 00680 0 “16: b 
0 oO oO 0 0 nö 
0 0 0 0 fP oO 
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(s) 


Because the bilinear form is not P invariant, the usually assumed condition nç = nö does 


not hold. However, due to Hermiticity of the matrix ?), we have (q(Ö)" = nö. Without loss 
of generality, the last constraint may be satisfied by setting 


n = —ni” = zi. (10.19) 


For instance, let us set 


1 ı ı ı : ı A . 
he St Se Sang St, one See Hey. f Ss (10.20) 


Then, from existence of Lagrangian formulation of the theory it follows 


Ce yee SCOR —. 


this assumes the following restrictions 
(3) yx (2) 
(ca " = -(ciğ 


(2 
C15 ) İc 
12) [Cai (10.21) 


(2) (204-269 (20-26 (2). (2) (3) yx 
cgi = —f(c98°)", 653° = —fleig )", 63, = —F(cas’)",¢54° = —S(e36 )”- 
Taking in mind still existing arbitrariness in choosing elements of the block CÜ/9), we 
impose restrictions 
1 ı ı ı 1 ı ı ı 
clə) = —ciz = iby, ch = -— — ibs, ci2) — —ciə — ib, dei) -- —ciz = iba, 


where 5), ba are real-valued and b2,b4 are complex parameters. Thus, we arrive at the 


following representation for matric T (ə), 


0 bi 0 0 0 be 
—bı 0 0 0 —-b 0 
(0. 0 0 0 bs 0 ba - ; 
Ty —? 0 0 = 0 —b 0 g) İş — Bö üşsyA , (10.22) 
0 fos 0 foe 0 0 
fos 0 —f 0 0 
where 
b) 0 bə 
B=i 0 bz bg |, (10.23) 
fos foi 0 


this somewhat repeats results of previous sections. Correspondingly, constraints on param- 
eters b; take the form 


b +b3 =1, bıbs — flbəl” — flbal” =0, bılbal” + bəlbəl? =0. (10.24) 
It is readily checked that if f = +1 the last system for $ö, is not consistent. Therefore, 
only the variant f = —1 remains. For this case, we have 
02 00 0 0 
17557 10 0 
nö) b -— : Q1-l0 1 0 İ @ i574, (10.25) 
00 -i 00 0 00 —1 
00 00 0 -i 
00007: 0 
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bi 0 bə 
TY) — Bö insa, B= 00 bs ba |, (10.26) 
—bs —b) 0 
and 
bı 53 =1, biba  İbəl? + bul” =0, bilbal” + bəlbəl?” = 0. (10.27) 


The minimal polynomial for matrix ['y has the form T3(T3 — 1) = 0; besides, the charge 
definiteness condition 


(-D?İ(Sp(Tin))” — (Sp(Tin))”l > 0 
holds due to the identities 


Sp([2n) — 0, Sp(T3n) = 45) (6? — İbəl?) + 463 (63 — |ba|) = 4(b7 + 63) > 0. 


r.—-— |__| 
10.4 Spinor form of the wave equation 


Now we have to find spinor form of the above equation. Representations for wave function 
W in modified GY-basis and in canonical basis are 


Hə (0,1/2) (0,1/2) (1/2,0) (1/2,0) 1(0,1/2) 1(0,1/2) 1(1/2,0) /(1/2,0) 
Vey,m = 2 Vi /2,-1/27 Vi /2,1/2° W/o, 1/29 Wy/2,1/2) Və -1/ə) Vi yəyə? Vi ə, /ə) 


(1,1/2) (1/2) (1/2:1) y,(1/2,1) (1,1/2) y,(1,1/2) (1/2,1) 
Wy 2.1/2) Yi/ə- ayə) Y 1/21/29 12,129 U3 2/3/27 U3 2.3/2 Y3/2,3/2> 


(1/2,1) (1,1/2) 4 (1,1/2) (1/2,1) 4 (1/2,1) 
Və /ə rayon Və əə Və əyə” Və /2,1/2° 25 


— f,(0:1/2) r, (0)1/2) (1/2,0) x (1/2,0) 1(0,1/2) /(0,1/2)  /(1/2,0) /(1/2,0) 
Vean = (962) Wo—1/2)? Faye?) (24/20) % 01/2) » &(0,-1/2) Yaz) » ¥ (12,0) 


(11/2) gy(11/2) qy(1st/2) gy(4st/2) y(4t/2) gy (1.1/2) (1/2,1) y(1/2.1) 
Yoai/ə) "öyrə, rt jay Ya-1/2)> Olt /2) B(-1,-1/2)> Paes) Yaya'oy 


(1/2,1) (1/2,1) (1/2,1) (1/2,1) 
Woy Wot jeay Vy /2,0)° “7 


relate to each other through linear transformation 


Way,m = BW can, 


where 
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fi. «3 
Shier 
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| hae 
210: 
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art 
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“Vs "Va 
2 1 
. 3 
== 1 2 
. 3 - 
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2 1 
3 3 
1 2 
3 mən lee VU te . 
vi -yi 
AŞ 06 1 
1 
7777: 


and canonical and spinor wave functions relate to each other as follows 


wl 


W spin r İyi v?, Un, Wo, vü, .. VT, Vs, Via), Vir); Vəə), Wii); Vis); Vio); 


ii i2 22 ii 12 22 
257701 
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we conclude that in spinor basis, the matrix T, has the form 


bi 


by 


—bı 


000 


—b: 


ba 


—b3 


OmcmoesSccC o eos 
Omco o S ce 
o oo 


Ale . 
| 
Oe ROE KOON, | 2S OO 
—- leo 


© 
=) Ss =) ES iə 
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e © 
eS o eS oo 
alo Ti) 
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0 
0 
0 
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0 
00 
0050 


0 
0 
0 
0 
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0 
0 
0 
0 
0 


Equations in spin-tensor form 255 
The matrix T'7” "7: acts on the wave function WVspin as follows 


spin. 
I W spin. 


by F(a) iby + 4/2b.3 (ot) bul” 

—bi + ( o)” — TEZ 25 
bsh(o4)*>w! vi Ve (aé) 

zə + y/ gbalo er, (10.28) 


—b34( pu —- \[Bbalo*) Wace) 


— əb ((o3 7: 7 1 


6 
Se Lb5((o4)aW! + (oA) bW4) + 1g (a8) ew" + (oA) hw") 
where 
4 ae 2 0 
(a ab 0 i 


The matrices T377” act similarly, it is enough to make formal change of ++ o”, where 
01 
10 


1 0 
Gia | . 


Taking in mind the above relations, vve find the system of spinor equations 


2 .. , 
i{b,0U, + ərəb, V4 Mv =0, (10.29) 
~i{b)0,, 0° + vərəpit Üüel ck MÜA =0, (10.30) 
((1:09507 + m..10 + Mv =0, (10.31) 
—i{b30,, 0" + \[3h05.0) + Mv! =0, (10.32) 
——~b5(0°Uy + OF V,) — —=b6 (920) + 0607) + MVE, = 0, 10.33 
V6 5 ( b b ) ve 6 ( b b ) (ab) ( ) 
—— bs (6250) 0506) + —-bs (0207 + Ob'2) + MU) = 0, 10.34 
ae s ) Te e( ) (10.34) 

where Öl = 5 Oyo". 


10.5 Equations in spin-tensor form 
Let us obtain spit-tensor representation of eqs. (10.29)—(10.34), taking in mind identities 


YO) = (chy? + of U4), Wi = 5 (08 Gu + ofV na), 


Vu —o uu vü = HOW, Wl = Vao, V” = UŞ. (10.35) 


i) 
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Equation (10.32) can be presented as follows 


{rd of, vi + pelo M + ola) + MotB, =0, 


or 


fdr ötbok yi + [oH Oe VE, + sö,vil) + Mor, —0. 


v6 


Similarly, from eq. (10.30) it follows 


: b : 2 b 
UL + [=o Ure + 20.Y.al) + Moh vü =0. 


v6 


Joining eqs. (10.36) and (10.37), we get 
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where 


Acting in similar manner, from eqs. (10.31) and (10.32) we derive 
ab ba pab “m. a a 
i{ bs" Wro + "sura UA] bMS -0, 


: b İ 2 
“(belə yi + Telos W pe + FO, Vue) f + Mao = 0. 


Joining them into one equation, we produce 


o ıb 


ob, . 0 
0 o”. ale 
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üb zu 
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0 zoə 


Mi 
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+M| “0 
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H 
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or 


: A Ab Ts 
i5{ bsOWo — iz (0əva) — götava)l) + MBo = 0, 


where 


(10.36) 


(10.37) 


(10.38) 


(10.39) 


(10.40) 
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Now, let us consider eq. (10.34). With eq. (10.35) in mind, we derive 


M 
> {4a wok + Oba — —.u. one? + oth Ue] —0. 


ia 
After multiplying the last by oe; we obtain 
bs 2 be 2 
anun.a. + i 7 aod, vt) 
M b bc a 
$y 1204 — obaya aut = (10.41) 


Similarly, from eq. (10.33), we derive 
ə mph 4 aegh. BP} — 
677 a b”ak HE 


Convoluting the last with oz” we get 


be əs M. 2 
matı + OFW,0} + 5 (08 Upp + of* G4} =0. 


5 ; be .2 5 
mn 2 aot yi: — Apeo* oh. Wi} ? : { -Oy Va Əbeo””” Wao} 


V6 i 
M dca 
uu. — 04,0" Una} =0. (10.42) 


Joining eqs. (10.41) and (10.42), we find 


jie. di 2 0 a vn ÜL .03 Saree vü 
SS {bs Fea i H ab 
V6 0 o a Con, 0 Unu Ocao” ob 0 Una 
2 ve 84g. 011 we 
b wm | ab . H 
Tə - Von | | 0 Özaood? | Vou 
M ve ə 0 wb 
—)2 He ab : H =0 
b 2 | Won 0 ono | Vou 


or 


a R 2 es M 
alts [20) (Vu) + Oy (WU) + bölz öx Vo - iövy 0) + a 2h + Wr Yal =0. 


Finally, we obtain 


Se {B5(0lu by) 2 eT )] 


1 
—~ibg [Ox Vo — indo} + M{V,— Fan(s Wy)} = 9. (10.43) 
Thus, the complete spin-tensor system reads 
ios {DC y) - 492: dy w V,) + (G,¥,)]} +MOu%,) = 0 (10.44) 
775 1 AAV Yu Ve! 4 we Yuu) m, : 
2 : ls 
ins İbsÖVo = x. = eh + MWy =0, (10.45) 


22 1. : 1. 
{P(A Ln) — gö,əötraVa)l — belə Yo — 23590) 


“MİY, - salt ,)} zə (10.46) 
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10.6 On reducing the system to minimal form 

We multiply eq. (10.44) by bs, eq. (10.45) by (—zbg), and sum the results. This yields 
acd 
v6 
= 


v6 


ins(bibə90, vk) bobs (6,v,) — TƏtü və) ) + Mbs (yp) 


: ı A 1. 
+i7s{ — 1b3bg0Vo = babe İ(6.v,) = en) ) — Me Vo — 0, 


or 
2 A : A 4 ls 
ins {brbsD(y%p) a 1b3bg0Vo > və (nes + babe) (6,v,) zə un ) 
+M [bs (oy Ya) — ibs Vo] = 0. 
Allowing for identities 


bite = 05 be hi, 


we rewrite the previous equation as follows 
4 
ve 


+M bs (yy Va) — ibe Yo] = 0, 


iys{ (1 = Ps)bsO (yu Uy) (0 = Bs )boOWo — (babs + babe) [(OyMe) — FAV] } 


or 
(i750 + M)[bs (7, Va) — tbe Vo] — öysölbəbs (vu VA) — ib1b6 Vo] 
4. 1. 
mn. s babe) (Ou V A) ve rages) =0. 


Whence taking into account identity b2b5 + b4bg = bibə , we obtain 


(1950 + M) [bs (YW) — ibe Vo] — insölbsbs (gu VA) — tdi be Vo] 
4 : ə 
“ ye tita sl(ö,V,) - radi Vail “0. (10.47) 
Now, let us multiply eq. (10.44) by öşös, eq. (10.45) by (—öbi56), and sum the results. 
This yields 


: A 4 1. 
ins brbsbs HIV) — Febabsbs ln Bn) — GOW) } + Mbabs iyi) 
| 000 
+i75{ = 1b, b3bg0Vo = ve tabəlö, 9.) 
-290:9/))) — iMbıbslo = 0, 
OT 
M ləb: (pV) .. ib bg To) 
: .. 4 bə 
sins İbibilbsÖ(nYa) — iböövəl — Te (babsbs + Prbabe) [Op Ey) — gövava)l) = 0, 

that is 


Mbsbs (ya YA) — ibibs Vo] + bibaiysölbə (yu YA) — ibs Vo] = 0. (10.48) 
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From eq. (10.48) we derive 
bjb3. gs : 
b3b5 yi Ya) = 1b, bg Vo = — Sp 191550, Ya) = ibe Tol = 0, (10.49) 
therefore, eq. (10.47) can be presented differently 


ə : biba A : 
(i759 + M)[b5 (qu) — ibsYol + 27 ö”bsbs(02 Va) — öbibsYo) 


4 . 1. 
“ya ”stəəİ(öLV,) = q?CnYa)l =0. (10.50) 
Now, act on eq. (10.46) by operator 0), this gives 
. ls 
= “bn 78?(bs (1 vn) — ibe Vo] + M((O,¥,) ni ou )})=0, 
whence it follows 
R . 4M. 1. 

A [bs vu Ya) — ibsVol = vəsə (öv pe meas) : (10.51) 


Taking into account eq. (10.51) in eq. (10.50), vve obtain 


A : 4 : 
(i750 + M)([bs (WV) — ibs Vo) . erst’ Lö) va) a 


4 : a 
en... zü maar) =0, 


where two terms cancel each other and the final result is 
(1950 + M) [bs (7,U,) — tbe Wo] = 0. (10.52) 
Below we use the notation 
® = bs (VU) — ibe Vo. (10.53) 
Taking into account eq. (10.52) in eq. (10.49), we get 
bab (yu YA) — ibibs Yo = bibsbs yu Ya) — ibibsbs Yo = 0, 


OT 


b3b5(1 — b1) (YW) — ibibs(1 — bs Vo = 0, 


that is 
bəbə (7) Va) — ibjbg Vo =0. 


Consider together two relations 
bs (Wp a) mə ibgVo = => b, bəbə (yy Va) — ibj be Vo =0. 
They make up linear system with respect to variables Vo and (y, YA), its solution is 
bi —ib3 
Va.) - ————ö, W=— 2. 10.54 
0 — 


The main function Ö satisfies the modified Dirac-like equation 


{ 25(YOv) EM }®=0. (10.55) 
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10.7 The presence of electromagnetic field 


In the presence of external electromagnetic field, we have to start with the system (let 


DA = Oy + ieA,) 
: R 45 i eee 
is{ DOM y) - Flu Wn) - GOV} + Mwy) = 0, 
i A Ab 
ing {bsDVo - i (Du) — Db ,)]} + MY = 0, 


2: 1 
m7: bs[D (YU) — 1???) 


eri 
: 1. 1 
—ibs(Dx Vo — 2?x500)) 4.MİYA - Fralw,)] 0. 


Equation (10.58) may be re-written as follows 
1 
Wy q?x0aYa) 
2i ə 1 a 
—o z= {b5[D, (Up) — “vaD(y,Va)İ — tbe(D Vo — pobvo)} : 


Mve” 4 


whence it follows 


sa 
DV) — Pn) 
a Də İbsİD ii, v,) 1 D(3,Y.)İ — ibe( Dy ¥ "mbvə)) 
———— —— —i —— : 
Mve” AŞ ÖLÜ UY Ya "aa Tü Yun 6\YA~0 4 0 


Taking into account the last relation in eq. (10.56), we obtain 


: R 452 2 
is {b.DnWy) + Te Gp 7g Pa |bslDa why) - məbtva)) 


ı 1 A 
—ibs(DxVo — prbvo)|} +M(y,¥,) =0, 


or differently 


əə ee 

İM + ibi?s.D — sar bəb” = DD) Yn) 
_A las 

siza bəbə D” zı qPP)o =0, 


where D? = DyD). 
Taking into account eq. (10.59) in eq. (10.57), we produce 


4 ix. 
“iza babs(D° — ln 
a ee İz 
+{M + ibg7sD — 57 babo(D? — 7 DD) bW =0 


Now we act on eq. (10.60) by operator 


‘ a 4 2 YP 
M+ ib3y5D — pula = -DD), 


(10.56) 


(10.57) 


(10.58) 


(10.59) 


(10.60) 


(10.61) 
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and on eq. (10.61) — by operator 


then sum the results. This yields 
İM si beetje == Dd) 
101000 ae 
7/5 3M 205 406 A 
1 fe oe . 4 
+—b1b3DD — işin 
—— b253be7:(2D? — D?D)üş —0. (10.62) 


bababsos(DD? — D®D) b (qu) 


ə 
Now, we act on eq. (10.61) by operator 


: Rə 4 
M+ ibyy5D =; sar bə (D” a 


and on eq. (10.60) — by operator 


then sum the results. This yields 
5 4 2 law 
{M+ingb - art + babs)(D® — 2D) 


şr . 
2 —— Obubuleyə(DD7 = D?D) bo 


iy 


— “və bibabsys(DD? — D*D)(7,U,,) = 0. (10.63) 


It is readily derived the following identity 


xə 1 
DD-D? ieFlv Ün, Wu) - (10.64) 
Thus, we have equations 
ə 1 a 
İM 100039 ayəti? = DD) May Yn) 


babe(D? — —DD)¥y = 0, (10.65) 


.. 


ns 4 İT ə 
İM + 95D — züy (babs + babs)(D? — 20) 


ie «trate 4 . : 
“a tibəDD - ku = bobsbs15(DD? — DD) Wy) 


- ——— bəbsbs?s ((5D? — D2 D)Vp = 0, (10.66) 
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A 4 EZ 
{M+insb - art + bebs)(D? — TDD) 


+ s7bibsDD —? 


əə bıbabes (DD? — D30) Wo 


+5 ... —— bıbabs?s (DD? — D?D)(ya YA) —0. (10.67) 


Substituting eq. (10.68) in eq. (10.66), vve get 


KE 4 1 . 
İM E o5D (bobs + babs)[D? — ... (wv — ww) 


1 
3M 16 


1 1 
+ 57 b1bs i? teF iy, v] 


i 3j pz b2babs15(DD® — D?0) 10, va) 


Gren ws) . 


— aşı ——- bəbsbe”s (DD? — D?D)üş — 0, 
whence due to identity D2(—bəbş — babe + bibs) = 0 . eq. (10.16)) it follovs 


əə aE : A 
İM “775 2 — qə tibəteFlan ite wp) = —babsbaye(DD? = DD) yw.) 


“ 
.. —— bəb3be”: (ÖD? — D?D)Vo —0. (10.68) 
Substituting eq. (10.68) in eq. (10.67), we get 
aa 1 1 
İM is saz ab t babs)[D® — 5D? 4-deFkəy =e (ww — WWII 


1 : 1 .. 
+57 bibs[D? 7 wu) sqynbibaboys( DD? - D2D) kW 


"m —— bi babss(DD? — D?D)(qa YA) —0. 


Again, three terms proportional to D? cancel each other, thus we obtain 


oA 1 : 2 
İM + i75D — un. (3770207 0 bi bybets(DD? — D20) bW 


ae 
bibabsy5(DD? — D?D)(,,U,,) = 0. (10.69) 


+n 2 
Let us derive equation for the new bispinor function 
® = b5 (Yn) cm bg Wo. 


To this end, we multiply eq. (10.68) by bs, eq. (10.69) by (—ibg), and sum the results. In 
this way, taking in mind identity bob3b5 = —bibabe (see (10.16)) we find 


4b, b3 
M 


(ə”b 


It remains to get expressions for bispinor components V = 0 and (yı Y,) through the 
main bispinor ®. Acting in the same way as in the free case, we can derive the following 
formulas: 


şer, əz R bux M)ə(a) — (10.70) 


by 4 /b1b3\? WW — WY, 
Uv = 1 {1 ( ) eF, ee I bp 10.71 
— b: (02 — 63) 3\ M —. 4 : aa) 


Li 4 /bibşy? .— 
dü Tü 5.7”) ieF, ee ip, (10.72) 


Extension of the model to General relativity 263 


H——— ——..— 
10.8 Extension of the model to General relativity 


m order to follov the extension of the model from flat Minkovvski space to any Riemannian 
space-time, vve should turn back to the system (10.56)-(10.58) and make several simple 
modifications to it. 

1. Taking in mind that in Minkowski space the ict-metric was used, however, in Rie- 
mannian space we use the metric gag(x), related to signature (+,—,—,—), we must make 
the following change: 


M — iM. (10.73) 


2. Now Dirac matrices in spinor basis are determined by the formulas 


0 T ; 
0— a : 
ğ. -İ? ül: T”lz a (10.74) 
3. Derivatives are modified according to the rules 155) 
Da(x) = öz + deAz(a) => 
Do(t) = VatTa(2) + ieAg(x), D=y%(x) D(z), (10.75) 
where Ta (zr) is bispinor connection by Tetrode-VVeyl-Fock-İvanenko [55,57], and y°(x) = 
eC) (x). 
4. Note important commutation rules [55]: 
D(z) = 7°(2)Dp = Dpy’(a), Də(s)gasgis) = gaste)D. (s), 
- ..75- 
DD = D.D,(1— q ər) -n- xie), (10.76) 
R 
D” = DÜDa, ia) = (~ieFapo*" (x) + 7), 
where P(z) is the Ricci scalar. 
5. Note the notations [55] 
a a o 
VP (a) = qptesəe (eh (ehi”(ey”(eh” (a), 
(10.77) 
ewer (x) = ered et (a) ep, (s) ef (r) ef,  €o123  —1. 


Levi-Civita object «°°??(a) changes under tetrad transformations in accordance with the 
tule 155) 


e oBoc (a) — — det[Lai(x)] €“””” (x). (10.78) 
In particular, at the tetrad P-reflection, it transforms as a tetrad pseudoscalar [55] 
EP) PF (z) — (—1) €%FP7 (z). (10.79) 


We readily derive identity 
= a abcd Qa m_B n kzo xl 
7 (r) = qi5 — Cala) B(b)Ep(c)Ea(a)E(m)V €tayT CRY eC) ) 


mn ~ kvl 


? 
= qpemnn "ay = 7. (10.80) 
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The above analysis for the modified system (remember that y°(x) = 7°) 


: 4b "r: 
i (2) {br Dy (w) Vp, - es = 7 Dr" (ay¥,]} +iMy"(a)V, — 0, (10.81) 
: Ab bə 
in”(e) {bs DV - Xə: — Do (a), i} +iMW =0, (10.82) 


“uu... 


“AID Weg T(x) D¥o)} +im {wy - qədr (e)v,) —0 (10.83) 

remains in fact the same. We can write down final result without repeating the calculation 
9 = b. Ya) — ieWo, (in"(e) (Va + La (a) + ieAa(2)) 

- İ — ieF yy (x)o"” (x) + Hal zə iM} O(c) = (10.84) 


Expressions for concomitant components through the main bispinor ®(x) are given by 
the formulas 


Wale) = pee ae 75: 25 (10.85) 
25:350—.5825. 


In absence of external electromagnetic field, eq. (10.84) becomes simpler 


{i7*(@) [Vo +TPa(x)| — mz” R(a) + iM} O(c) =0. (10.87) 


10.9 P-noninvariant particle in the Coulomb field 


Let us consider an elementary example, free particle in spherical tetrad of Minkowski space 
ds? = dt? — dr? — r?(d6” + sin” 6d¢”) , 
for this case from eq. (10.87), we get the following equation (let ®(x) = r~W(a)) 
1 
(rə, + i970, + "Xəz i9°M) U(x) =0, 
10.88) 
Ye,¢ = iy Oo + qırxı : 
sin 9 


We chose substitution for wave function with quantum number e, /, m (we use Wigner D- 
functions, D!_,,..(¢,0,0) = Də): 


: 7: 

ip es 5 r Diyə 
Ven (a) — 2050: (10.89) 

fa(r)Dyı/ə 
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Action of the angular operator is as follows 


7 —fa(r)D_1/2 
e € +f3(r)D41/2 


Xə, Vey, (r) = 1 10.90 
0,¢Vejm(x) iv T +fo(r) D-i/ə ( ) 
—filr)D41/2 
Futher, we find radial equations (let vy = ? + 1/2, z = 1,2,... and o = —1): 
.d m . .d V : 
€İ3 —i— fg —t-—fat+iMf, =0, efat+i—fat+i-fg+iMfe =0, 
dr r dr T (10.91) 
.d Vv : .d Vv : ı 
efi b — fi +i-fe+ioM fg=0, ef) —i— fə — —fı he ioM fı — 0, 
dr T dr T 


in comparison with the ordinary Dirac equation here the signs at M in eqs. 3 and 4 are 
different. 

In the case of conventional Dirac equation, we can diagonalise additionally the space 
reflection operator. In Cartesian tetrad, it is defined by the formula 


0 0 2 O 

ee ee ə 0: One <4 1 5 

İç — üə P, Ile. = i 0 0 . @P, P(0,¢) — (x — 0, ¢+7), 
07050 


0:0 00 -l 


ə 0 0 —I 0 R 
-1 0 0 0 
From eigenvalues equation İla ya = IIV,,, (allow for the identity PDİ mo = 


(—1)/D!_,,,), we find two eigenvalues II = ö(—1)/ and corresponding restrictions on 
radial functions: 


T= 6(-1)"', 641, fr=6fi; fea of. (10.93) 


However, these restrictions are not consistent with the above system (10.91) of radial equa- 
tions, because we get (recall that o = —1) 


d 

xb nd) efi 4 pop İ fə İ i0M fo =0, 
dr T dr T 

d R 2 ? (10.94) 

efi + i— fı + 1— fo + ia dM fo =0 , SE — 1 — fo — 1— fı + io dM fy, =0. 
dr T dr r 


Thus, the P-noninvariant wave equation provides us with substantially new mathematical 
tasks when we try to construct solutions for this equation, even in the simplest case of a 
free particle. 

We may add, for instance, the Coulomb potential, so obtaining equations (for simplicity, 
let the parameter of anomalous magnetic moment vanish) 


d 


(+ Th - iz iZfAYiMf = 0, 
(c+ fetid fat in fs +iM he =0, 
5 . ı (10.95) 
(€ əh ir (xh iM fz “0, 
(€ ~) fo r inf iM fag =0. 
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Let us try to diagonalise another discrete operator (adding the multiplier 7”) 


ie 40/70: <0 Qo a oe 
: 0100 O°. vı, 42770 : 
Ash “100 -1 0 Ore Gee fo ee 
OO eet os, 7000 
üb, “ə 30s esi 
0 0 -1 0 : 
-57 725. (10.96) 
dq: lü) tü 


The eigenvalue equation A spr jm = A Vin gives 
(CA -AR, (EDA - Af, (-1)"fs=Ah, (-1)% fp =Afs, 


whence follow two eigenvalues and respective restrictions on radial functions: 


ö — ki, A=6(-1)), fa — —öfı, fs — —öft. (10.97) 


Let us impose these constraints in the radial system (10.91): 


d 
2000005700 0755577 oh 7 
dr T dr T 


d 
dr 
We can see that these equations are consistent. Depending on the value of ö, we get 


d 
eh ih diz MoS. be 00 Se 
?” 


d 
2. f= MÜ) 
if T (10.98) 


d 
eft m fi +i~ fo — Mf, =0; 
r r 


UV 
fn Mfi €, 

. (10.99) 
.. 


efi i if + 4 fə + M fz =0. 


Their more convenient representations are (recall that ız = j + 1/2) 


ö — Hi, (ie + mh +(=-iM)fi =0, 
A ı (10.100) 
(ie— ged (iz +iM) fo =0; 
d : d vy. 
ö = Ti, (ek fə bə +iM)f ei, 
. 2 (10.101) 


UV 


(e— 2) f,- (? if, =0. 


They lead to 2nd-order equations: 
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6 = +i, 
Sh (a +t) Be (-7- 5-0 - Er xe) eo 
dü KədiMr r/dr 2 y+ iMr ” 77 49.102) 
d? fə iM İN dfa (ic v? : eM 5 : 
dr? (41—m--)ə ÜÇ r2 M +) fr =0; 
6 = -4, 
Sh (ta) (- 2-9 EE Ye) -o 
dr? v—iMr r/ dr r r? v—iMr” i (10.103) 
d? fə —M 1N dfə ie yp? £ eM i : 
M ) =0. 
dr2 un” =) dr a (7 r2 vy+iMr € fe 


Note the symmetry M — —M between two pairs of equations. In eqs. (10.102) and (10.103), 
we have the confluent Heun functions. 

In presence of the external Coulomb field, instead of eqs. (10.100) and (10.101), we have 
the following equations 


ö = ri, 
: a d U 
Hu ul 
. . ğ (10.104) 
e+ 2) - dün - E+ anf =o: 
ö — +i, 
. a d U 
fle+ 2) + Life +E +imyh =0, . 
e+ 2) - Sif - (amp =0 — 
TL dr" ü ae: 
Further, we derive the 2nd-order equations 
ö = +i, 
dönə E _ iM Eb 
dr? "lr = iMr+v! dr 
2Zeav-aM-—iev ar?-v 4 M (-iMa+ev) 
M? = 
vr R r? i v (iMr+v) İn ış 
.. iM b: 
dr? r —iMr-ıuldr 
26av-aMdiev a”—ı? o ə M(iMa+t+ev) 
M =0; 
+| vr ü r2 . Ae - 
ö ——i, 
:: iM iz 
dr? r —iMr-ıuldr 
2eav+aM—iev o2—02 4 ə M(iMa+ev) 
M = 
ul UT > r2 € 05 0; 
a? fo E _ iM b 
dr? lr = iMr+v] dr 
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M? 4 
vr r? i vy (iMr+v) 


25 2 M (-iMa+ev) 5-0. 


Here again, we have differential equations for confluent Heun functions. Note the symmetry 
M — —M between two pairs of equations. Also, we can see that equations for fı and fo 
are complex conjugate to each other. Therefore, we can study only one equation. Let it be 
the equation for fi: 


dön, İL iM 14 
dr? ” lr iMr+v! dr 
2eav-aM-—iev ar?-v 4 M (-iMa+ev) 
Pea İn =o. 
vr ki r? € v (iMr+v) n 
It is convenient to use the variable z = Mr, then we get 
d? fy (- 1 ii 
da? Vr x”—iv/ dr 
2Eo—y—iE T? LE 
+( a 5 ali h- (10.106) 
x z z — iv 


where E = e/ M , T? =v? — o?, and z — a/v. We find behaviour of solutions near singular 
points: 


row, fa — (z — iv)”, p=0,2; z—0, fı”, A=HT?. 


In the variable y = z” İ, eq. (10.106) reads 


d? d y d 
4 3 2 
0 
7 di 2 1 — ivy dm 
LE 
+((2Ba — s — iB )y —1?y? + EP -qa br yy, =0 
1 — ?vy 
In vicinity of y = 0 it becomes simpler 
q? 24d oa 
( 2 4 \fi =0, 
dy” udu y 


therefore, we conclude that the singular point y = 0 is irregular of the rank 2. 
In eq. (10.106) we change the variable, y = —ix/v: 


eG 1 ee 
dy? y y-l/dy 

E (E+2iEa—iy) T? v (ziy HE) 
y y? y—1 


i? (-1+ EB?) İ-0. (10.107) 


We search solutions in the form fı = y4(y — 1)?e°¥ f(y), getting for f(y) the following 
equation 


a 2 DB 
ty (2c: aE =) a 
dy? y y—1/dy 
(ae eee 
: y y? 


3 0 0 Oe BEY) 


160. E) Lp lo : 
yol (y—1) 


f-0. 
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Evidently, we should impose restrictions 


, B=0,2, C=+tvvV-1+F?; 


to bound states may correspond the values 


— a ll 


B=0, AzHT, C=-iwV1-E?, fi eztTe vl’ fly). (10.108) 


Equation for f(y) becomes simpler 


d? f 2A+1 2B-1)\df 
az t (2e+ a İn 
455--. ———. 
| y 
B-vE+2BC—-A+2AB+ivy-C 
a) vE+ — +iwy 17-o: 


it may be identified with canonical form of the confluent Heun equation 


CH 
dz? 


Cc d x. ( A A-ta 


+( +54 ) H=0. (10.109) 


Zz z—1 


Its parameters are given by relations 


$= —2C = /1—-E?, c=2A4+1=2% 41, d=2B-1=-1, (10.110) 
A\=2AB4+B-A-vE+ivy—2wvEa-—2AC-C 
=-T-vE+wy-2iv Eo H2Tiv/ 1 -— EF? +ivV1— E?. (10.111) 


From relations 
A-ta=B-vE+2BC-—-A+2AB+iWy-C € 


2074V/1 — B?a — —2iv Hat+ 2Tivy1 — BE? 


we find expression for parameter a: 


Ea 
a= —-———— + T, T= p+ 1/2)? — o?. 10.112 
xı vü 17) (10.112) 


Transcendental Heun functions are determined by additional constraint a = —n, which 
gives the quantization rule for energies 


Ea ——— s 
— | .. 2 2 =  — ,n, 
ənna... E= ə. (10.113) 


We can see that the energy spectrum for the P-noninvariant spin 1/2 particle in the external 
Coulomb field coincides with that for ordinary particle, though the explicit form of the wave 
function is different. 
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10.10 Conclusions 


Within the theory of relativistic wave equations with extended sets of Lorentz group rep- 
resentations, a new P-noninvariant 20-component wave equation for a spin 1/2 particle is 
proposed. The presence of an external electromagnetic field and a Riemannian space-time 
background are taken into account. Due to the internal structure of the particle, additional 
interaction terms appear, it relates to the anomalous magnetic moment of the particle. 
Exact solutions of the equation in the presence of the external Coulomb field have been 
constructed, radial wave functions are expressed in terms of confluent Heun functions. 
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Fermion with two mass parameters 


in the Coulomb field 


Generalised wave equation for a spin 1/2 particle with two mass parameters is 
studied in the presence of an external Coulomb field. After separating the variables, 
the problem reduces the system to eight differential equations of the 1st order. 
Taking into account for diagonalization of the space reflection operator, we derive 
two independent systems of four equations, referring to states of opposite parity. 
When considering these equations at the large distance from the centre, they take 
the form of two subsystems for two ordinary Dirac particles in an external Coulomb 
field, with masses of MM, and Mg, respectively. To simplify the problem, we perform 
a transition to the nonrelativistic description of the system. In this way, we derive 
two systems of linked 2nd-order equations, referring to states with different parities. 
They lead to 4th-order differential equations for separate functions. Their solutions 
of the Frobenius type have been constructed, they involve power series with 10-term 
recurrent relations. Two solutions are appropriate to describe bound states. As a 
quantization rule, we apply the known transcendency condition; in this way, we 
derive two analytical formulas for energy spectra. They are similar to nonrelativistic 
spectra for ordinary spin 1/2 particles, but they are governed by masses M; and Mo. 
Results of constructing solutions and obtaining the energy spectra are extendable 
to relativistic theory as well. 


11.1 Introduction 


In [1-3], it was proposed the relativistic equation for a spin 1/2 particle with two mass 
parameters. In the presence of an external electromagnetic field, there arises the system of 
equations for two bispinor components. In [3-5], exact solutions of those equations in the 
presence of the uniform magnetic field were constructed. 

In this chapter, we will consider such a particle in an external Coulomb field. The system 
for two bispinors (7: (x), Və(z) has the structure 


be [i(Oa +P) — eAa] — My + ba: D(x) }W, (ec) — aAyX(x)Vo(x) — 0, 
("öz +P a) — ea] — Mə — aəX(r) a(x) + bAəX(a)yi (a) = 0, (11.1) 
where 
(2) — eğiy”,  Y(a) = —ieF.go*(z) , 
28 (x) — Vee) — 1 ra) (11.2) 


4 
DOT: 10.1201/9781003472377-11 274 
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We will apply the following parameters 


M duz — əli 
(1 + cos y)/2” 2 (1 cosv)/2” 


01 222 
amm (4 34/14. (1/3) sin” y — cosy ), 


.. 10, 7/2], M) — 


(11.3) 
cosy — 4/14 (1/3) sin” y 


A, -(1 1+ (1/3) sin? 
—.. —- cos y(1 + cos 7) 


cosy + 4/1 4 (1/3) sin? y 


Az —(1 1+ (1/3) sin? 
a —. cos (1 — cos y) 


Parameter M with dimension of inverse length is arbitrary. 


RINI 
11.2 Separating the variables 
We consider this equation in the Coulomb field, using spherical coordinates and tetrad 


ds? = dt? — dr? — r?d0? — r? sin? 049”, s” = (t,r,0,0), 


€(0) = (1, 0, 0, 0), €(3) — (0, 1, 0, 0), (11.4) 
a il és if 
€(1) zə (0, 0, 0) €(2) = (0, 0, 0, ama” ğ 


We will apply the notations 


e2 


e € 
daa ac 0 yee! 
t r t 0 rz (x) ər Ys 


aAıe? — on, aAge?=a2, bAye? = ğı, bAze? = fo. 


The system (11.1) takes on the form 


: gə 1 mer 1 04 
Ru — - + y3Ö, + mə Mi + 13 Tə Wi — 2 =0, ə 
: a 5 1 2 ] Bo , 
Ru — ~) + iy? Op + 06 Mz —i 2 — Wot —1 ür 
where mı 
...— 077 10g + . cos 8 
sin $ 
Further, we will apply the following expressions for four parameters 
.. (1 — cosy) (- cos 71/12 — 3 cos? y + cos? y + 2) 
—-. M cosy (1 HE cosy) i 
2 sin” 7 2 sin? 
2 2 
zə —- 50 11.6 
mn. 8 M cosy Ar 2 8 M cosy 
1 €? (1 + cos 7) (cosy /12 — 3 cos? y + cos? 7 -- 2) 
Öz = Sü, 


3 M cos ? (cosy — 1) 
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note two identities 


a2 = —fi, a1 Bo = —By?. (12) 
The substitutions for two bispinors with quantum numbers e, ?, m have the form 
7 fi(r)D_1/2 zə gi(r)D_1/2 
€ 7 | fo(r)D41y2 e' | go(r)D41/2 
U = , Ww = : 11.8 
-. r | fas(r)D-ı/ə ə(z) r 1 gs(r)D_1/2 ct) 
fa(r)Dy1/2 ga(r)Dyq/ə 
Using the Dirac matrices in spinor basis, we derive eight radial equations 
a U iB 14 
(« ƏR: i fs—tfa- Mifit - 2 71 =0, 
a U 1a 
(e+ —) fatig fa ifs My fe Ph 920, 
A d iby ies (11.9) 
(e+ =) fi düzən izi — Miöf:- 2 0.7 72 93 =9, 
a _d LV iby 1011 
(« 7) Pe rl rh Mi fat ra 44 və 94 = 05 
a .d LV 102 iP 
(« ~) 98 17.93 — +94 Mog 2011 eu. 
a d : a 
z —) ga tia ga dbi 93> Mago} —, 92> ər =0, 
Qa _d LV 102 ibs (11.10) 
(« ƏL: tia +4792 — Mogs + “3-93 — ə 6f2=0, 
a .d .U 1012 iP 
(« | 7) ‘Gr? th Maga pr eT a ... 


where vy = 7 +1/2; j = 1/2,3/2,... . The system (11.9)-(11.10) allows for imposing the 
linear constraints (they follow from diagonalization of the space reflection operator) 


fs = ofe, fa =f, ö — m1, 93 = ögz, ga — on, “il, 


in this way we obtain 


(« —)öf oh i 6fi Mifi4 m ern = 0, 
(«+ 5) sh tig öfi +4 ib fa Mi fe pt! 92 = 0, 
G hs: Stith M16 fo — 200 
(<+°) fp a inf rs + Bap - 5g = 0: 
(«4 =) ögə üçün i891 Mogi nı İ Əh =0, 
(« =) ög 4 <6 i892 Magn + Ton - Ph =0, 
(« =) gn m igo Məögə + — 25070 
(<4 ~) 92 r. ig Məögi — “25g, + ib öl. 
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Preserving only independent equations, we arrive at two subsystems of four equations (de- 
pending on 6 = +1) 


a .d .U a 10: 
(6 m tis fi +t fo müş 
T dr r T T 
a .d LV 1 ia 
(« ) fe 50 Mö 2000 
T dr T T r (11.11) 
o, .d .U ia a : 
(«+ )n kii + igo — Məögə + — 692 — 00 
T dr T T r 
o, .d .U ia a 
(« + ) gə — i=-92 — i—gı — Məögı — 5g. + . öfi 0. 
T dr T ü T 
In order to eliminate the presence of imaginary unit, we use the new variables 
f-(5Tfh), Fcii.—R), g=(+ 91), G=tge—m). (11.12) 
This results in 
d 
( “əh (<4 a öM)f-626 -0, 
dr r r? r r? 
d 
( ae 5) ( “+ 5Mi)F +649 =0, 
dr r r? r r? (11.13) 
d : 
( s əz) (687 öMş) 652 =0, 
dr r r? r r2 
d 
( mz ƏL (« Ed §Mz)G— 62 f =0. 
dr r r? r r? 
It is convenient to consider the states vvith different parities separately 
(< vt) p (c+ Mi) f 160 
dr rr r r? 
d 
(597 İF aZ EMİF- Xi -0, 
b: . ıı r a (11.14) 
V a2 a 2 
Mz) 9+ EF = 
(a r zz (« ül 5- 2 
d VU ag a Bo 
Ee ZM. ) — 5-0, 
ae 29 (« r -. r? : 
(< = ƏL (c+2+m)f+SG=0, 
dr rr r r? 
d 
(5-7 B)r3 (ei £- m)F- 9-0, 
ö ——, 7 . 8 (11.15) 
| 2 4 | 2 = 
CG r za (« r M2) 9 a : 
d 15 oe Bop 
a İr ək : (« or M2)G+ af = 
We can note the symmetry between two systems: 
Mi, Mə, oq, oz, 81,82 => —Mi,—Me2,—01, —-a2,—fi,—fo. (11.16) 


It may be noticed that at the large r the systems split into independent subsystems: 
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(2-105- (ofa a)sma (64543 1-n)r-ə 


a 
r 
a 
r 


(57 )e- (+ 


This means that far from the origin r = 0, we have equations for two ordinary Dirac particles 
with different masses MM and Mg. In other words, at large distances we observe two unlinked 


particles with different masses. 


11.3 Derivation of the 4th-order equations 


With the help two equation in eq. (11.14), one can eliminate the functions G(r), g(r); then 
we obtain the system of the 2nd-order equations for functions f(r), F(r). Below we write 


down only their general structure (let M) — Mz = M): 


a? dı a2 d by ba 
(zə “b. . “mu teta)s 
d Oy. Co... Cs m 
(Ma r at og)F= : 
d? A, Ao d Bi ba 
t t t F 
ez ( r ür T ) 
d Cl C2 C3 
HEM l t t = 
( a Tr r2 zl a 


Let us introduce special multiplier at f and F, so that 


_ 20, 63> “es 
FF, Qğ—o M eMre2me?, 

d Cy Co C3 = d = 

M )oP =oM—F 
( dr T r2 R r3 dr’ 


f=~f, part etrents, 


d Cı C2 C3 m d x 
M4 \pF = M-EP. 
( dr r 2 r? or 2 R dr 


Correspondingly the system (11.19)-(11.19) takes the form 


1 d? dı az d b) bu ə d = 
Eb et) P=0, 
pao 2) dr ü ül ıü r4 Of a 
1 d? Ay Ao, d Bı Ba m d - 
! 2:00 \eF 4 =0 
ae Fü T və hr r ra)? dr 


(11.19) 


(11.20) 


(11.21) 


(11.22) 
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Let us apply more symmetric notation, f(r) = fi(r), F(r) = — fə(r): then the system 
(11.21)-(11.22) reads 


2 
d. + Ki(2) = + Ko(2)) fi = 5 . 

: (11.23) 
Sy bLi(s) + bole) f= İB) 


Let us detail the method for obtaining equations of the 2 First, we will eliminate 
the function fo: 


file) = İ (Ke + eZ + Kola), 


d d? d d? d 
(m İL 22 uu. + Ko) fit Ly f de(Ka ts 2 + hi + Ko) fi . 
Then we divide the second equation by Lo(x) and differentiate the result. In this way, we 
derive a 4th-order equation for fı (z): 


İzin 2 = =) (a= in + Ko) 
+(K os +e + Ko) bfi(x) =0. (11.24) 


Similarly, we obtain the 4th-order equation for function fo: 


27 205 d? iL 77 
de VKode Ko 5 ‘dx 6 


2 
o” 1s + Lo) İete) =0. (11.25) 


11.4 Nonrelativistic approximation 


In order to simplify the problem, in the system of radial equations, let us perform the 
nonrelativistic approximation. We start with 


-(q- 2+ G)F+ (e+ 2 - m)ra Seno, 
d 
ö — +1, Cae “M (« Tt M)F 9-0, (11.26) 
5. 
(54+ %2)g (« “4 mm)o+ 1-0: 
Ce eee 
d əra Br pee oy 
7 et eta ( . — (11.27) 
8.55. 
(691-))- (+ 1-)s- By 
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By means of substitutions 
f, Fw et = ett EDt gg x emit =e (Mat Eat, + Ey = Mə + Eo 


we introduce two nonrelativistic energies. As a result from eqs. (11.26)—(11.27), we obtain 


. 2 (A+ *)f+So=o, 


dr r r 2 
d a By a Ol zs 

or bo (i 2 es i‘ 5 — (11.28) 
dr v r? 2” ) 
(< to + S)q— (2Ma+ Ba + =)G4 1-0: 
(5-1-dye (em rn 32) 99- 
(5-85-8059 eno 

—. eo ee os A ches: (11.29) 
m r | a) (zə pia = 94 əy =9; 
(2:1-8))- (5 65)6-8/c0 


First consider the case 6 = +1. Neglecting the nonrelativistic energy in comparison with 
the rest energy My and M2 


2M, +E, + 22M, 2M) + Bo + = 2Mp, 
Tr Tr 


we get 


(11.30) 


With the help of second and fourth equations, we eliminate the functions F and G, so 
obtaining nonrelativistic equations for f and g: 


d?f  [2Mia_ v(41)  20:(0741) Bi? | Mia fe | 

dr? 7 T rə r3 rü Mə r4 F2M Eli 
(4 75. ( Vai 201 Mi) oq u ; ay By oon th) —0 (11.31) 
r2 r2Mə / dr / r3 r3 Mor " yi Mə r4 : : 


d?g 2M?oo: u(uc1) 2ac2(v+1) az? Mə oq Be 
: 2M. al 
dr? T r? r3 r4 Mi) r+ ü aoe 
B2 Öz mə df (“2 282  Me2Bev az Be 2) 
+ — = 0. 11.32 
+( vr? roM, / dr 2. r3 m M) r$3 ye Mı r3 — — 


Nonrelativistic approximation 
These equations are symmetric with respect to the changes eq. (see (11.7)) 
f= 9, m= >-fo, of, Mi Mp, 


therefore, it suffices to examine only a 4th-order equation for the function f. 
Far from the origin r = 0, eq. (11.30) simplify 


(- DF:(582)7-0, -(F+2)s-2mr =o, 


T 


“cü “(2 7)9- 2:6 =0; 


whence follow separate equations for f and g: 


d? +1 
(5 ama + 2) - “ER, 
nı T r r 
a? a, (Ul) 
(zə + 2Mə?(Ez + a zə 9-0. 
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(11.33) 


(11.34) 


(11.35) 


This means that far from the origin, the system looks as tvvo independent nonrelativistic 
particles with masses of M, and Mg, respectively. Their solutions are confluent hypergeo- 


metric functions: 


6= +1, t= 2/-2M, E, T, 


Mia? 
— s2z/r1.—z/2 — 1 =! 
f(a) =a € / F(—n',2v + 2,2), 230077 
M20? 
— ,vt+l1—2/2 “ə” zı 2 et 
güz) = Tle F(-n',2v+2,2), EŞ — Dn ty tie?” Ose De oh 
The case of opposite parity is considered similarly: 
d uv py , Ov 
E T oP -—. 00 
d 
( 757 #,+2)F+%g=0, 
ğ dr r r T T 


m. 2) 
dr rr g 


Eliminating the functions f and g, we obtain 


@F  T2Maio: v(-v+1). 26i(—v +1) fi?) Miai pe 
! LIME İF 
dr? + | r r2 r3 r4 Mər Be 
+(2 on) dG rs Cə 20: Mia ai By mala ig 
r? r2Mə / dr r3 r3 Mor? . Mor* 


dc 2M?a v(v—1) 2oəz(v —1) az? Moai 82 

+ 2MoE 
dr? | r r? r? r4 Mir4 İİ 
H( Bo, ne ( VB2 252 M2P2v | a2Be Bi B2Me 


T T İ T T 
r? r?M,/ dr r3 r3 Mir3 r4 Mir* 


\F=0. 


(11.37) 


(11.38) 


(11.39) 
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It should be noted that eqs. (11.38)—(11.39) differ from eqs. (11.31)-(11.32) by formal 
changes 


fo = Fog = Gve=-p. (11.40) 


Far from the origin, we get more simple equation 


də —1 
(3 + 2M, (Fy, r. 5. . 2 Yo, 
ö — —1, ə il ( . 1) (11.41) 
a vu — 1)v 
— 000 6-0 
Ge a( . = ə 
Their solutions for bound states are 
6 = —İ, r= 2/-2M, FE, T, 
M. z 
F(z) z g”e-v/2 iF (—n', 20, zi, Ey = 20007 n! = 0, 1, 2, — 
2(n/f kv)? 
M5a? (11.42) 
G(z) = 2577 1f,(-n’, 2v, 2), Ez = Sara n’ — 0, 1, 2, əsi 


We can see that the transition from states with parity 6 = +1 to states with parity 
ö = —1 is performed by means of the formal change z + 1 => v. 


11.5 Solutions of the 4th-order equations 


The structure of the 4th-order equation is 


dr 


dig es 3511117517 7”. 
T PP 


dr3 


my nə ng na mər” ner? En?r--nsyd?g 
| no + | | 


>t. T T 
r r? yö yi P dr? 


Hz Po ba, 2025. 
AYAR P dr 
6 46, (İT, ® 255.” 


410 p 


+(40 4 +34 m. 


where 
P =2E Mə (Mı — Mə)” r* +2 Mə o (My — Mə)” r3 +2 Mp (v +1) [(2v +1) Mə + Milr? 


+2 Mz (v +1) ((—3 6) + a2) Mə + My (81 + oz)İr 
+ [Bz on +281 (—a2 + B1)] Ma? — My My (—a2? + By? + 2 Bz 01) + My? Bo. 


First, we make substitution g = e?"g(r), which leads to 


4 [jap ™ 6 eee dg 
T T P dr3 


-İ9:87 +o mt+3mB ne, au 
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Gu a s ui sa an) 


P dr? 
[48° kön BY 3m, B?+p14+2n1B p3+2n3B p2+2n2B 2n4B+ pa 
T r3 r2 r4 


5 ( (ps +2ns B+ 8mz B?) r” + (3ms B? + 2ne B+ pe) r? 


ge 
+ (pr + 2n7 B+ 314 B?) r + 2ns B + pa + 3ms B?)] F 
+m, B? +n, B?+piB +n2B?+p.B  g3+n3 B?+p3B 
İB” sino B? +q+% 1 ; 1 pı 42 ə p2 q3 - D3 


ut+uB?+pB qod. 4. 4, 1 
rə hp y6 ”y7 y8 ” P 


+ (m3 B® + qio + n6 B? + pe B) r? + (qı + m4 B® + n7 B? + pz B)r 


+qi2 4 ms B? + ng B? 4 ps B})g=0. 


{ (ps B-+ ma BY “ns B? +9) r” 


Imposing restriction on parameter B: 
Btn B?4.q0 —0, qo =4E1E2Mi1M2, no =2E,M,+2M2E,, (11.43) 
we get four possibilities 
— --V —2M.E), B — EV —2MəPə. (11.44) 


Now we make substitution 


g=r4e'"G(r), (11.45) 


the resulting equation for G(r) is cumbersome, by this reason it is not written out explicitly. 
Let coefficients at r~® and r”7 be vanished 


0, (11.46) 


=i (11.47) 
where 
mi =8, ng=2(-a2+fi)(V+1), na = 201 Bo — 91” — az?, 
qr = 2 (—a2 + 81) (Con Bo ta281)(1+v), qa = (zon Ba “az 8)” . 


For parameter C, we get the algebraic equation of the 4th-order 


Cü + (201 Be — Bi? — aa?) €? + (—01 82 + a2f1)” = 0, 
whence it follows (allowing for eq. (11.7)) 


C3 — 4076," =0 > = +28, ,0, 0. (11.48) 


We consider two first possibilities (see eqs. (11.46) and (11.47)) 


I. C= +28; <0, A=v+4+2; (11.49) 
Il. C=-26,>0, A=-y». (11.50) 
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When C = 0, eq. (11.47) holds identically and for defining parameter A, we require that 
that coefficient at r~® be vanished 


(2 52 a4 = Bi" ... a2”) A? + (9:7 + a? = 2 Bo a) A+4B,7v Üz cı 1) 


6 


=0, 


whence it follows 


II, C=0, A=v+l. (11.51) 
IV, C=0, A= -v. (11.52) 


Only the variants J and [JI are suitable for describing the bound states. 
For states with opposite parity, we have the following four variants (see eq. (11.40)) 


T, C — 420) 0, A=-v+2; 


Il’, C —-20 0, A=4v; 
: Aa (11.53) 
Ill’, C=0, A=-v+l1; 
IV", C=0, A=+4v. 
Only the variants I’ and IV’ are suitable for describing the bound states. 
For function G (see eqs. (11.45) and (11.49)), we obtain the equation 
4 
(Pion? + Prr’ + Per? + Par” + Por’) < 
10 9 8 7 6 5 a d"G 
+(Qior d Qor” dE Qar” HE Qzr" HE Qer” HE Qsr” HE Qar") ə. 
2 
+ (Mio r'° + Mor? “Ms” + Mər" + Merf + Mər” + Mar” + M3r° 4 Mər?) ıı 


o 5 R d 
+ (Nior?? + Nor® + Nor’ + Nor" + Nor” +.Nsr° + Nir" + Nor® + Nor? + Nir No) “2 


+ (Lor? HE Lar” + Ler’ + Ler’ + Lsr? + Lar + Lar? + Ler? +Lir+Lo)G=0. 


Solutions are searched as power series 


a ie, ə zıl: 1)d:r"72, 


Co 


I( — 1)U — 2)dir"”?, 7. II — 1)(1 — 2)(1 — 3)dir"74, 
a dr4 
=4 


Further, we obtain 


Pro yı — 1)(1 — 2)(1 — 3)dir"?” + Po yı -1)L—-3)6-8)4,r””? 


HP yı =1)0= 2\(f—3)dyr'™* 


+P; > I( — 1)(1 — 2)(1 — 3)dir'*? +. Pg Y (1 — 1)(1 — 2)(1 — 3) dirt? 


+Q10 Y 1(1— 1)(1— 2)dir"”T + Qo SOUL — 141 — 2)dir"”” + Qs SOUL = 1) — 2)dir"” 


1=3 1=3 1=3 
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“Q? Y (= dr” +e Y ((V—1)0 — Dai 


1=3 1=3 
“Q: 71 — 1) — 2)dir'*? + Qa SOUL = 1) 2) dir" 
1=3 1=3 


+Mio ).71(— )dir"”” + Mo SOUL — 1)dir'*7 + Mg SO (= 1dir""9 
l=2 l=2 l=2 


EM? ŞI — 1)dyr""? + Me 710 — 1) dir" ** + Ms 3710 — dir"? 
12 1-2 t=2 
“MA ŞI = )dir""? + Mg 37 Adar ** + Ma SOUL dir: 
1—2 1—2 

+Nio So ldir'*® + No So ldir'** +.Ng So ldir'*7 EN) SO dir’ 
by l=1 I=1 I=1 

“Ns So ldir’*? Ns NS ldir'** + Na SO ldir'*? + Ng SO ldir'*? 
l=1 — t=1, I=1 

“Nə So ldir'** +N So ldir' +.No So ldir'™ 
1— I=1 l=1 


a-Tə yarış +Ls yar TS. sue TT Te yanı + Ls Y drt 


1=0 1=0 1-0 1-0 
mə ” dr'** + Ls dr'*? + Le 3 dır"? + Ly 5 dr'*! + Lo dr' =0. 
l=0 l=0 l=0 l=0 1-0 


After changing summation indices, we obtain 


Pro Le 6)(k — 7)(k — 8)(k —9)dy_er® + Po ye 5)(k — 6)(k — 7)(k — 8)dy_sr* 
Pa yu 4)(k — 5)(k — 6)(k — 7)dı-ar” + Pr yu 3)(k — 4)(k — 5)(k — 6)dk-sr” 
ks kr 
+Pe ə 2)(k — 3)(k — 4)(k — 5)d-ər” + Qio yu — 7)(k — 8)(k — 9)dx—7r* 
+Qo ye — 6)(k — 7)(k — 8)dx_er* + Qe yi — 5)(k — 6)(k — 7)dk—sr” 
“Q? ye — 4)(k — 5)(k — 6)dk-ar” + Qe ə — 3)(k — 4)(k —5)dy_ar” 
+Qs di — 2)(k — 3)(k — 4)dg_or® + Qa dik — 1)(k — 2)(k — 3)dg_ir* 
+Mio Y (k — 8)(k — 9)d,-ar” + Mə yu — 7)(k — 8)dk-vr" + Ms yo — 6)(k — 7)dı-or” 
k=10 k—9 ks 
+M; ye — 5)(k — 6)dı—sr” + Me yü — 4)(k — 5)dı-ar” + Ms yu — 3)(k — 4)d,-ar” 
kat 6 k—5 


oo oo 


+M1 $ Uk — 2)(k — 3)dk-ər" + Mz So (k — 1)(k — 2)dpir” + Mz 37 k(k — 1)d:r" 
km4 k=3 k=2 
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co oo oo oo 


+Nio . (k — 9)dz—or* + No Se — 8)dz_—gr* + Ng üb — 7)d.—ər” + Nz 3 — 6)dx—6r* 
k=10 k=9 k=8 k=7 
“Ns So (k—5)dx—sr* +.Ns So(k — 4)dkzar” +. Na S0(k — 3)dx—ar® + N3 So (k — 2)dk-ər” 
k=6 k=5 k=4 k=3 
“Nə So (k= 1)dk-ir" + Ni So kdir” + No So(k+1)desir® 
k=2 k=1 k=0 


+L d,—or* + Le . d,_gr* + Lr a d,_7r* + Le x dyer + Ls oe dy—sr* 
k=9 k=8 k=7 k=6 k=5 


+L x d,_ar® + L3 2. dar" + Le x dy_or® + In .. dır" + Lo s dar" =0. 
km4 k=3 k=2 k=1 k=0 
Finally, we get 11-term recurrent relations 
k=0, No di + Lo do = 0, 


k—1, 2 Nodə + (M1 + Lo) di + Lido = 0, 


Qr—odp—9 + Qı-sdk-s t+... + Qkdk + Qkaaıdizı = 0. (11.54) 
The known transcendency condition for Frobenius solution has the form 
Qr-9=0 = Nio(k-—9)HL9 =0, k—9-—n—12.3...: (11.55) 


explicitly it reads 


SİL + Ez) M, 4 (95 + Ey (-7+ A4 k) ) B] Mp 
+[(SoB + Bi (A4-k-9) İM + B?(k+ 4-8) |B} My (Mi — Mə) = 0. 
Let 
A=v4+2, B=-\/-2ME\, (11.56) 
then the above equation takes the form 
Ey (Mı — Mə) Mə (V2V”EiMi(k 5 ahı) (E,M, — EzMə) = 0. 


This equation has three roots 


a? M, M) 

Ek, =0, 5F—-—— 

2:55. Mə 
As physical, we consider only the second root 


o? M, 
2(k — 5-- )2” 


E, = k-9=n=1,2,3..... (11.57) 


Now, let 


A=v4+2, B-—-—V-—2MəFə, (11.58) 
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then eq. (11.56) takes the form 
Bi (M) — Mə) Mz (EM, — EşM?) (aM, — v2,/—EzMə(k + — 7) = 0. 


As physical, we consider only the root 


1 a? Mə 
2 (k—7--:)2 


Ey = k-9=n=1,2,3..... (11.59) 


Now, we consider the case 777: C = 0, A =v +1. Here we have the following equation 


9 8 7 6 5 UG 
(Por + Par” + Por’ + Per? 4 P.r”) 
dr3 
9 8 7 
+ (Qər? + Qar" HE QrrT HE Qsr” HE Qsr” + Qar’) Ty 
2 
+ (Mər? + Mar” Mər" + Mer” + Msr° + Myr* 4 M3r° 4 77 
R 
9 8 7 6 5 4 3 2 dG 
+ (Nor + Nar?” FE Nrré+ Ner?+N5r?+ Nir” EF Nər” + Nor + Niet No) = 
T 
+ (Es r” + Ler’ Hsr” + Lsr” + Lart + Lar” + Lor? ELir EF Lo)G —0. 
Solutions are searched as povver series 
F-ylam a “25. 7 =D (1 — 1)d:r””, 
? dr ? 
1-0 lı 1—2 
1-4 
pz = o-ıx MU — 2)dir = 2..1(1— 1)(— 2)0 — 3) dir! 
1-4 
Further, we get 
Py 2 .010-1)0-2)0-3)dr"” + Ps yu (1—1)(1—2) (1-3) dpr'** +P, yu (1-1)0—2)0—3)dır””” 


l=4 


məsa do 2. 0-2 (tdi £ Qo Sul 1)0- 2)dyr'*® 
1=3 


Qa yı — 1) — olar 50: yu - it xü — 2)4 446 )14—1) (b= Dar 


1=3 1=3 


“Q: Y Ul — 1)(1 — 2)dir""? + Qa Y Il — 1)(1 — 2)dir""t + My Y I( — 1)dir""7 


1=3 1=3 1=2 


+Msg S— A(t — )dir""” + Mz 2710 — 1)dir"”” + Mg SOUL = 1)dir""€ + Ms So UL = 1)4ir"” 


1—2 1—2 1—2 [=2 


EM: So Ul — Adar"? + Ms ıl — ar" + Ma YI Laer! Te dr" 
b 1—2 — i—2 


+No yılan + Neg > Idyr'*7 + Nz Y Idyr'*® + Ne Y idir"? + Ns Y Idyr'*4 


il i—1 i—1 t=1 l=1 


NA ö Idyr'*? + Nz . Idyr'*? + No . Idyr'*1 + My . ldirl + No .. dır)” 


İc1 i—1 ic1 t=1 cl 


8 
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+L ” dır" + L7 Y dır""T + Le Y dyr'*® + Ls ” dir? + D4 dyr'** 


10 1-0 10 1=0 1=0 


Eş ss dır"? + Le ə dır"? + Ly > dr'*! + Lo ə dır =0. 
1-0 l=0 l=0 l=0 


Changing the summation indices we get 


Ps yu 5)(k — 6)(k — 7)(k — 8)d, sr” + Ps yo 4)(k — 5)(k — 6)(k — 7)dy_ar® 
k—9 ks 
+P; yu 3)(k — 4)(k — 5)(k — 6)dy_gr* + Ps yu 2)(k — 3)(k — 4)(k — 5)d,_or* 
k=7 k=6 
+P yu 1)(k — 2)(k — 3)(k — 4)dk-ır" + Qo ya — 6)(k — 7)(k — 8)dk-sr” 
km k=9 
+Qs vu — 5)(k — 6)(k — 7)dk-sr” + Q7 vü — 4)(k — 5)(k — 6)dy_ar* 
+Q6 ə — 3)(k — 4)(k — 5)dg_ar* 
+Qs5 3 (k—2)(b—3)(k— A) dar + Qa $ (k—1)(b—2)(h—3)de_ar*-+ Mo 3 (k—7)(b—8)de_or* 
k=5 k=4 k=9 
Ms yü — 6)(k — 7)du-er” + Mz vü — 5)(k — 6)d,-sr" + Me ə — 4)(k — 5)dy_ar® 
+Ms ya — 3)(k — 4)dk-ar” + Ma yu — 2)(k — 3)dk-ər" + Ms yu — 1)(k — 2)dk-ır” 
k=5 k=4 k=3 
Mə Y k(k — 1)dpr” + My yu + 1)kdksir” + No yu — 8)dp-sr” + Neg yu — 7)dı—ər" 
k—ə k—l k—9 k—8 
TN, yu — 6)d,--sr” + Neo yu — 5)d,-sr” + Ns yu — 4)dı-ar” 
k=? k=6 k—b 
+Nq yu — 3)dk-ar” + Ng yu — 2)dk-ər” + No yu — Tİdz-ir” 
k—4 k—3 kao 
+M Y kdyr” + No yu “ 1)dkzir” 
ki k=0 


+Leg . da-ar” + Ly a dy—7r* + Le ” dor” + Ls ‘> dir” + La . dar” 
k—8 k—T k—6 k—5 k—4 


+13 — dy_3r* + Le . dp—or® ELi 23) dp_ir® + Lo ” dir” =0. 
k=3 k=2 k=1 k=0 


So we arrive at 10-term recurrent relation 


Qı-sdis + Qp—7dp_7 +... + Onde + Qksadkaı = 0. (11.60) 


Transcendency condition for Frobenius solution has the form 


Qr-3=0 = > No(K-8)+Lg=0, k-8=n=1,2,3,...; 
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explicitly it reads 


8{ [aCe + £2) Mi + (Sab + Ba (6+ A+K))B] Me 
+[(GeB+ (A+h-8))M, +B? (k+A-7)]B\EyM, (Mı — Mə)” =0. 


Let 


A=v+l1, B-—,/—2Mi Ex, (11.61) 


the above equation take the form 
E (My — Mə) M? (EiMi — EzMə) (V2V” EiMi(k Aura ahı) = 0: 


its solutions are 


a7M: FoMə 

də, — E — — — ——-—- E — . 

1 0, 1 2(k + v — 5)?’ 1 M, ? 

as physical, vve take the root 
1 a? My 
Hq = k-8=n=1,2,3,.... 11.62 
1 2 (k — 5--)2 ID 9499) ( ) 
Now let 

A=v4+1, B — ——2M3bə, (11.63) 


the eq. (11.61) reads 
E, (M) — Mə) M? (EM) — E2M2) (em: — vv —EzMə(k + — ü) —0. 

Its physical solutions is 

1 Mə a? 

2 (k-7+v)? 


Thus, we have found the following spectra 


1 2M. 
LASp+2, B= 4/9, Bi, By = = yuyucu. 


Ey = k-8=n=1,2,3..... (11.64) 


2(n+4+4+0)?’ 
1 a? Mə 
7 ae ne ae: ey ES PY oa m ye ee eee 
2 (n+2+v)? 
ae (11.65) 
Qa 1 
3.0 Bea, Be ome 
V 2 14071: “71 2(n+3+v)2’ n 
4.A—u41,B-— —V—2M2?Eə,E. 150. ina 1,2 
4 = — — — = =n = .... 
V ? 22,2 2(n+1+v)?’ b) 


For states with opposite parity, we have the following spectra (changing the notations 
a.) 


1 a? My, 

A=v,B=- —2M, Ey, EF) — —— 2. 
i 2.73 
1 2M. 

A mı, B— —V —2M?Eəo, 2x 0 — 

: 2: (11.66) 

A-ı,B--V-2MiE, Ey =-=—— |; 
2 07 
1 Mpa? 

AH p=). En a ; 
—8+y 
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Let us examine numerically two spectra 


2M, 1 
Rae 


2M: 1 
zə B= > .. (11.67) 
2 (n+) 2 (nv) 
they are governed by the factor (let iz = 1, n = Ü, 10, see Fig. 11.1) 
1 i | 1 1 1 1 1 1 1 1 
ay a vi = 1, ’ ’ ? ? / ’ ’ ? 
(n+)? 4 9° 16 25 36 49 64 81 100 121 
Relation between two spectra is described by the formula (see Fig. 11.2) 
Ey M, 1 — cosy 
— — 2 . 11. 
m ən, roma = mil — 
When v = 3, two spectra are governed by the factor 
1 1 1 1 1 1 1 1 1 1 1 1 
(n+v)? 9’ 16’ 25’ 36” 49” 64’ 81” 100” 121” 144” 169° 
The difference of two spectra A = EV”? — EV”Ə is illustrated in Fig. 11.3. 
imate equalities 


Let us detail the structure of nonrelativistic wave functions. Taking in mind the approx- 


fiHftriks f, foe=f-iF sf, 
ö — 1, (11.69) 
n=gtiGrg, g2 — g — iG su g; 


——İ, 
gı eg TiG SiG, 


(11.70) 
92 — g —1G s —iG, 
vve get 
f(r)D_ g(r) D_ 
ae ae a -| M. (")D-aj2 (11.71) 
f(r)Ds1/2 g(r) D41/2 
F(r)D_ iG(r)D_ 
bzi, tees 2p 39-ə | (11.72) 
—F(r)D41/2 —G(r)D41/2 
| 


11.6 Solutions in relativistic case 


In relativistic case, the structure of the resulting 4th-order equation for Fr) is as follows 
diF 


(5-7 : 2 a a: 
dr4 T r2 | P dr3 
+( SUZ nə n3 n4 Ns r+ ne r? + mr i AL Ua EA 
nor 
a 7 yə 7 ya "q P dr? 
(2 “m 25... 
T r T r2 T 3 T ye T yö P dr 
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Solutions in relativistic case 
1,4 48 4 (45 , 46 


q 
na 


Lar Far" Egər” Eqior? + aur 4 m) =0 
T P — 9 


where 
P = (Mı — Mə)” (e+ Mə) (€ — My) r® — (My — Mə)” a (—Mə — 26+ My)r® 
2Mə (-14 4?)) M) 


+ İ(4?? — 62:24?) M,? + ((“6 — 8:7 + 147) € 
va 42M2( L+u)e+ My?0"| rd 


Lag 


“816: Mi —e8i + (5 + Ja] (—1 +) (-e + Mh) 


Eİ(—o — 2€ 8, +2vat 6, Mi + M2 f,)" 
2€ By +2va+ By M) + M? B1)(Mi — Mə?)6: 


+2(-a 


+2 81 (Mi — M2)(2+2v) —6(My — Mə)ağı 
—4(-2€+2ve—yM,+2M, M? v)a By jr? 


—8 By i + v)a+ B, (—e+ Mar + 4076;?. 


(11.73) 


First, we make substitution F = e“"F(r), which yields 
mə rə mart E msr? + mer? mər +me] OF 


diF my m2 
-|4K 4 
dr4 | ül r? P dr3 
3m,kK+n nə 3məK mn n 
2, 1 1 2 24 m3 ma 
+{no +6K r = r? pd yi 
1 
“(ns + 3mg K)r° + (3mü K +6) + (nr .8ms K)r" 
d?F 
“(ns + 3mg K)r? 4.(3mz K +19) r+ 3m K kimə) } > 
+{2n K+t4AK34 pit3m,K? +2 K | pot3m2K?+2noK | pg +2n3K 
0 İ T ra T r T pa 
+2n4,K r 1 
= — .. Ep [(3ms K? .2ns K + ps) r” + (3mü K? + pz + 2g K) rü 
+ (pg + 3mş K? + 2n7 K) r? + (2ng K + po + 3me K?) r? 
dF 
+ (2n9 K +3m7 K? + pio) r+2n19 K + pu +3me K?| \— 
Epi K +m, Ke +n, K? K K3 K? 
+{no K? + Kİ ae qı + Pr my m4 4 92+ Pe — + n2 
r T 
(qda kbps K enə K?  qarpıK vniK?  ast+psK | qo 
r3 ra rə "rs 
1 
+= [(a7 + pe K +5 K? kims K?) r” + (qs + pr K kima K? +16 K?) r 


P 
+ (ps K + q9 + nz K? + ms K?) r” + (ng K? + pə K + me K” Eqo) r” 
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+ (ng K? + qi + pio K + m7 K*) r + ms K? + pi K + no K? qəl lF- 0. 
Impose restriction on parameter K: 
Ki tno K?+q=0, no =—My? — M?” +2, qo — (€ — M?) (€ — MS), 
(K? — My? +?) (K? — M?? +’) =0, 


in this way we find four possible solutions (below we follow only the negative values) 


K,=-VM?-@<0, Kə—-V Mə” — € <0. (11.74) 


Further, we make the second substitution 
F — rHekirF, (11.75) 


we will not write out the resulting equation because of its bulkiness. Let the coefficient at 
r—® be vanished 


L? (L? — məL + na) 
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=v, mə =0, na = —48?. 


There exist four variants 


I. L=26,<0, H=v >0; (11.76) 
Il. L=-26,>0, H=1-v<0; (11.77) 
III. L=0, H=vV-a2>0; (11.78) 
IV. L=0, H--Vu2-—o2x0. (11.79) 


Only variants I and III are suitable for describing bound states. Allowing for this restriction 
we arrive at the following equation for F: 
diF 
(Pie ri? + Py rit + Pio ri + Po rə + Pa re + Pz rT + Ps 2. art 
ül 
döF 
dr3 


“(Qız r1? + Qır": FE Qior1” + Qər? + Qar” EQzrT + Qer" + Qsr° + Qar") 


“Mər? + Myr! + Myr’? + Mər? + Mar” + Mor" 


4 OF 
+ Mer® t Mər” Mar t Mər” t Mor F p) 
i 
(Nə rl? + Ny rl) + Nir! + Nor? Nar” + Nor? 


dF 
ENer” EN” ENir” + Nir4 Nir + Nyr + No) = 
T 
+(Ly r Lor” + Lor? ELşr” + Err? Hsr" Lşr? 


ELar” — Lar? + Lər? “4 Lir 4 Lo)F —0. 


Solutions are searched as povver series 


- Co = Co 2P Co 
F=S dr", 5: oldı, ə — 2..1(1— 1)dir"”7, 
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Solutions in relativistic case 


dF £€ ie 
z — 9. 71(1— 1)( — 2)dir"3, 
l=3 


further, we get 


Pio xə Il — 1)(1 — 2)(1 — 3)dir"” + Pu = Il — 1)(1 — 2)(1 — 3) dir’ *” 


— > II — 1) — 2)(1— 3)dqr'4,, 
l=4 


+Prio Ib 1)(1— Dt — ar +P yı — 1)(1 — 2)(1 — 3)dır"?? 


+Px Y Il — 1)(1 — 2)(1 — 3)dir""" + P, Y 1/1 — 1)(1 — 2)(1 — 3)dir"”? 


1—4 


l=4 
+P yıq - 1)(t— 2) -3)aı rt? 4 Qi ).(-1) (1 — 2)dı 2 2L — 2)dir'*8 
l=4 1=3 1=3 
+Q10 SUL = 1)(1— 2)dir"”7 + Qo SOUL = 1) (U = 2)dir""” + Qs SOUL = 1) = 2)dir"? 
1=3 1=3 l=3 
41 lıq) (1 — 2)dr't* + Qe yada rü ks 3 - 1) - 2)dir"” 
13 1—3 1=3 
“Qa So UL=1)(l= 2)dir"” + Min SOUL Adar" + Maa yı — 1)dır"”? 
13 12 m2 


Kü Mə SUL 1)dir""T + Mg 3.71 — Ader? + Mr SOUL — 1)4ir"” 
— m2 


+Mio > 7 Ui 
1=2 


“Ms Y= I(t 1)dir""t + Ms 3710 — 1)dir"”” + Ma SOUL 1)dir""? + Mg 2.71 — dir’ 
l=2 l=2 l=2 İm2 


“Mə So Ul 1)dir" F.Niə Xıdırlı + Nay So ddir'*? + Nig So ddir't° + No So dirt 
l=1 İml İml 


1—2 t=1 
+Ne sud EN, Idyr't® + Ne . idir" EN: ” Idyr't4 + Ma ə Idyr't8 
(= 1 jib 


l=1 t=1 


il 


+N3 oldur + No yoldur +N, So ldir' +No So ldir'* + Lu Soar Bag ee Scart 
1-0 


ic1 il i—1 l=1 1=0 


Lə > dr'*® + Leg ə diri"5 EL, a dır?" + Le — diril” + Ls > dır 
1—0 1-0 1-0 


1-0 1-0 


La DS dır" + L3 3 dyr't3 + Lə ə dır"? +14 ye dyr'tt + Lo ” dır, =0. 
l=0 


1=0 


l=0 l=0 l=0 
We change summation indices 
Pro yə 8)(k — 9)(k — 10)(k — 11)d,_gr® + Pr Yo 7)(k — 8)(k — 9)(k — 10)d,_7r* 
Pu yə 6)(k — 7)(k — 8)(k — 9)dk-r” + Po yu 5)(k — 6)(k — 7)(£ — 8)dx—sr 
k=10 k=9 
+Px yu 4)(k — 5)(k — 6)(k — 7)dk-ar” + Pr yu 3)(k — 4)(k — 5)(k — 6)dk-sr 
k=7 


k=8 
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oo oo 


“Pa So (k — 2)(k — 3)(k — 4)(k — 5)dk-ər" + Qi2 37 (k — 9)(k — 10)(k — 11)dk—ər” 
k=6 k=12 
“Qa S> (k= 8)(k — 9)(k — 10)dk-ar” + Qio D> (k — 7)(k — 8)(k — 9)dk-r” 
k=11 k=10 
“Qə 3 fk — 6)(k — 7)(k — 8)dk-er" + Qs 3 7fk — 5)(k — 6)(k — 7)dk-sr” 
k—9 k=8 
“Q? 3 7(k—4)(k—5)(k—6)dk-ar”--Q6 3 /(k—3)(k—4)(k—5)de-sr"--Qs 3 )(k—2)(k—3)(k—4)d,-ər" 
kmT k=6 k=5 
“Qa 50 (k-1)(k-2)(k-3) yar" +Mi2 37 (k—10)(k—11)dk—or”--Mii: 3.7 (k—9)(k— 10)dk-ər” 
k=4 k=12 k=11 
+Mio S~ (k —8)(k — 9)dk-ar” + My 3 Uk — 7)(k — 8)dx—zr® + Mg 3 .Uk — 6)(k — T)dk-r” 
k=10 k=9 k=8 
“M? ) fk — 5)(k — 6)dk-sr" + Me ) 7(k — 4)(k —5)dx—ar® + Ms 3 7(k — 8)(k — 4)dx—ar® 
k=7 k=6 k=5 
+My ) Uk — 2)(k — 3)dk-ər" + Mg So (k — 1)(k — 2)dpir" + Mz 37 k(k — 1)d:r" 
k=4 k=3 k=2 
+Niz So (k—11)dk-nir” +N 3.7 (k— 10)d,-or” +Nio 37 (k—9)dı-ər” +No 3 1(k—8)dı-ar" 
k=12 k=11 k=10 k=9 
“Ns So (k—7)dx—7r" + Nz So (k — G)dk-or” Ns 9. (k — 5)disr” + Ns 3 7(k — 4)dı-ar” 
kes k=7 k=6 k=5 
“Ni 50 (k —3)de—ar* + Ns $0 (k — 2)dk-ər" + No So(k — 1)dk-ir” “Ni So kdyr” 
k=4 k=3 k=2 k=1 
+No Sik + 1)dk-:r” + Li x da-nir” + L19 . dır" + Lə ys d,_or* 
k=0 k=11 k=10 k=9 


+L x dy_gr® + Lr Xi dy_7r* + Le > dy_er* + Ls . dy_sr® + La bs d,-ar" 
k=8 k=7 k=6 k=5 


k=4 
+13 So dys" -- Lə dir" = Lı 2 /da-ar” -- Lo dir" =0. 
k=3 k=2 kel k=0 
We arrive at the 13-term recurrent formula 
Qanda + Qe—10dk-10 T ... + Qaeda + Qkeidizi = 0. (11.80) 
Transcendency condition for Frobenius solutions has the form 
Qr-1. = Li + Ni(k — 11) = 0,7 k-ll=n>2>0, 
in explicit form it reads 
—4 (Mı — e) (Mə +6) (Mı — Mə)” { (k — 104-H) K3 +ack? 


b x 1 
“İF gr - 10--3) 4 6 - 25- 5 DM? - 5 (H — 11 Ek) Mz”İK 


1 
—5 ae (Mi? 4.M22-26)) 1-0. (11.81) 
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Let 
K-—,/M2-€, H=p», (11.82) 
then eq. (11.81) has the form 
—2 (My — €) (Mz +6) (Mı — Ma)” { (2h +20 — 2) (Mi? - e2)5/2 
EİH(O2/ + 20-2) P+ (k — 94-) Mi? 
-(k-11-r) Mə?İV M? — +06 (M? — M2) ) -” 
whence we find three roots 
M. 
52:57—- : 
v/1-- a2/(k — 114)? 
Now let 
K — .İM?-€, Hcu, (11.83) 
in this case, from eq. (11.81) we find the roots 
M. 
e€— M), —Mə, e=+ 2 (11.84) 
vic a?/(k -9 Ev)? 


Let us consider the variant (11.78). Here we have the following equation for F 


ar 
dr ve 


(Purl! Por19 t Por? İ Pr” + P,r" + Pg r® + Ps r°) — 


döF 
+ (Qur + Qor” + Qor? + Qar” + QzrT + Qer® EF Qsr? 


dr 


+ Qar" + Q3r°) 


+ Mer® 


+(Myr™ + Mir!” İ Mər? İ Mar" İ Mor" 


5 4 3 2 dF 
EMşr” + Mir” + Mər” + Mər” + Mir) 


+(Nirt! + Nor’? İ Nər? İ Nar" Nor? İ 


dF 
“Nir? + Nar* + Ngr? + Nor? + Nir + NO) ae 
r 
+(Lio rio + Lo rə + Lg rə + Lz rt + İş rö 
ler “Lan” 4 Ezr" + Lr? +Iyr+Lo)F =0. 
Solutions are searched as power series 


P- lam, © - our cso, ud = Sit ar! 
1-0 


oo GF oo 
a oa) (1 — 2)dqr’-3, - = Dai 1— 1)(1 — 2)(1 — 3)dyr'-4. 
=4 
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Further we get 


Bae Se 7)(k — 8)(k — 9)(k 10)4k-ər” + Pio (b 6)(£ — 7)(k — 8)(k — 9)dk-er” 


k=11 k=10 


3. 5)(k — 6)(k — 7)(k —”— 4)(k — 5)(k — 6)(k — 7)dg_ar*® 


k=9 

+P, 3 (k — 8)(k — 4)(k — 5)(k — 6)dx_gr® + Pi .. 2)(k — 3)(k — 4)(k — 5)dk-ər” 
k—T k=6 

m. )(k — 2)(k — 3)(k — 4)dk-ir” EQn yə (k — 8)(k — 9)(k — 10)4k-sr” 


k=11 


+Q10 y (k — 7)(k — 8)(k — 9)dk-r" + Qə ye — 6)(k — 7)(k — 8)di-er" 


b k=9 
+Qs vu — 5)(k — 6)(k — 7)dk-sr” + Qr vu — 4)(k — 5)(k — 6)dy_ar® 
+Q6 ou — 3)(k — 4)(k — 5dı-ar" + Qs əə — 2)(k — 3)(k — 4)dk-ər” 

+Q4 yu — 1)(6—2)(k— 3)4k-ar” Os yaaq — 1)(k — 2)dpr” 

+Mit 3 (k — 9)(k — 10)d,—9r* + Mio Y (k — 8)(k — 9)dy_gr® 
k=11 k=10 


+My S~(k — T)(k — 8)dy_7r* + Mg 3 (hk — 6)(k — 7)dy_or* 
k=9 k=8 


“M? ).k — 5)(k — 6)dp-sr" + Mg 3 7 — 4)(k — 5)da-ar” 
k=6 


+Ms S°(k — 3)(k — 4)dp-ar" + Mg 50 (k — 2)(k — 3)dy_ar® 


k=5 k=4 
“Ms 3 1(k — 1)(k — 2)dk-ir" + Mz So k(k — )dyr" +My So (k +1) kdpyir® 
k=3 k=2 k=1 
“EN? yo — 10 a or” + Nio ” (k — 9 a. ər” + No yu (R — 8 da. ar” 
kli k=10 k=9 
“Na 3 1(k — Tidy-ər" + Nz So (k — ö)dk-or” + No So (k — 5)d-sr” 
k=8 k=7 k=6 


+Ns 3 (k — 4)dk-ar" + Na So (k — 3)dk-ər” + N3 So (ke — 2)dk-ər” 
k=5 k=4 
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“Nə S (k= 1)dk-ir" +My 3.) kdir” +.No So (k +1) desir® 


k—2 k=1 k=0 
oo oo oo 

+Lio  xX dı—nor” + Lg xy di-ər" + Lg xy dır" 
k=10 k=9 k=8 


+L7 b dy_—7r* + İs ə. der” + Ds .. dur" 
k=7 k=6 k=5 


oo oo oo oo oo 
“La So dy—ar® + Ls So di-ar” + Lo )dizər” + L1 So dazı" + Lo ) dar" =0. 
k=4 k=3 k=2 k=1 k=0 
We arrive at the 12-term recurrent formula 
Qr—10dk-10  Qk-əgdizə +... + Qkdk + Qetidesi = 0. (11.85) 
Transcendency condition for Frobenius solutions has the form 


Qr—10 = Lion + Ni (k — 10) = 0, k-10=n>0 


in explicit form it reads 


” (Mi — €) (Mə + €) (Mi — Ma)? { (k-9-+ H) K? +aeK? 
2 1 1 2_1 2 
+[(k-9+ He —(4- 5h- 5 H)M,? - 5 (k — 10 H) MİK 
1 
5 ee (Mi? + M;?-26) 1-0. (11.86) 


Let 


K — —,İ M) — €, H — vu? — o2 


? ? 


then eq. (11.86) takes the form 


1 1 
(My? — e*)ae—[(kK 94+ Vv? — a?)e? + (4 5k 5 v2 — a2)M,? 


1 1 
“ə Mg?(k — 10+ Vi? — a?) Mi? — € — 5 ve (Mi? + Mə” - ge =, 


whence we find the root 


M) 


pz sə . 
1+ 02/ (k — 10+ Vi? — o?) 


(11.87) 


Let 
K — —,/ M? — €, H — vu? — o2, (11.88) 


then from eq. (11.86) we obtain the roots 


ə Ma eS =. (11.89) 
V1 +02/(k 8+ Vv? a?) 
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11.7 Conclusions 


Generalised wave equation for a spin 1/2 particle with two mass parameters is studied in the 
presence of an external Coulomb field. After separating the variables, the problem reduces 
the system to eight differential equations of the lst order. Taking into account diagonaliza- 
tion of the space reflection operator, we derive two independent systems of four equations, 
referring to states of opposite parity. When considering these equations at a large distance 
from the centre, they take the form of two subsystems for two ordinary Dirac particles in 
external Coulomb field, with masses of //: and Mo, respectively. To simplify the problem, 
we perform a transition to the nonrelativistic description of the system. In this way, we 
derive two systems of linked 2nd-order equations, referring to states with different parities. 
They lead to 4th-order differential equations for separate functions. Their solutions of the 
Frobenius type have been constructed; they involve power series with 10-term recurrent 
relations. Two solutions are appropriate to describe bound states. As a quantization rule, 
we apply the known transcendency condition; in this way, we derive two analytical formulas 
for energy spectra. They are similar to nonrelativistic spectra for ordinary spin 1/2 parti- 
cles, but they are governed by masses M, and Mg. Results of constructing solutions and 
obtaining the energy spectra are extendable to relativistic theory as well. 


11.8 Figures 


-1.Ülə 


FIGURE 11.1 
Energy levels E,(n) up to a factor. 
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FIGURE 11.2 
Relative coefficient E/E: = M) /M?. 
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FIGURE 11.3 
The difference of two spectra EC”Ə m EÇ”Ə, 
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On modelling neutrinos oscillations 
by geometry methods 


In this chapter, starting from the general Gel’fand-Yaglom approach, a new wave 
equation for spin 1/2 fermion, which is characterised by three mass parameters, is 
derived. On the basis of the 20-component wave function, three auxiliary bispinors 
are introduced, in the absence of an external field, these bispinors obey to three 
separate Dirac-like equations with different masses M1, Mə, M3. It is shown that in 
the presence of external fields, electromagnetic field, or gravitational non-Euclidean 
background with non-vanishing Ricci scalar curvature, the main equation is not split 
into separate equations, instead a quite definite mixing of three Dirac-like equations 
arises. It is shown that a generalised equation for a Majorana particle with three 
mass parameters exists as well; such a generalised Majorana equation is not split into 
three separate equations in a curved background if the Ricci scalar of the space-time 
model does not vanish. 


12.1 Fermion with three mass parameters 


In the context of existence of the similar neutrinos of different masses, we examine a pos- 
sibility within the theory of relativistic wave equations to describe a spin 1/2 particle with 
three mass parameters. In general, existence of more general wave equations than commonly 
used ones is well known within the so-called Gel’fand—Yaglom formalism — see references 
[1-53] and also books [54-58]. 

Recently, a model for a spin 1/2 particle with two mass parameters was developed 
(60, 61]. The main properties of that model are as follows: The main wave equation for a 
16-component field is presented in spin-tensor form and is based on the use of the usual 
Dirac matrices. For two auxiliary bispinors — they determine the initial 16-component wave 
function — in the absence of external fields, two separate Dirac-like equations are derived, 
they differ in masses of 14, and M2. However, in the presence of an external electromagnetic 
field or gravitational one with a non-vanishing Ricci scalar, the wave equation does not split 
into separated equations, instead a quite definite mixing of two Dirac-like equations arises. 
It is shown that a generalised equation for a Majorana particle with two mass parameters 
exists as well, such a generalised Majorana equation is not trivial if Ricci scalar does not 
vanish. 

In fact, in the present paper, we extend the analysis from [60] to a fermion with three 
mass parameters. A model for such a fermion is based on an extended set of irreducible 
representations of the Lorentz group (we adhere to notation from [58]) 


. (12.1) 
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After performing rather laborious analysis (it is omitted for technical reason), we derive the 
system of equations in spin-tensor form 


C10(yV,) + .. (90: Va) m 4(0.V,)) + M(y¥,) =U, 


ve 
A ə 
c2000 — “ev — Şö0ə8,) + (9.V,)) +MY = 0, 
(12.2a) 
2f C3 Dx cz 29% 
= ve (a( ay = pont ,)) ro Ve (Ao 7,9) 
1 
İV, ary pun) =0, 


where 20-component wave function consists of bispinor Vp and vector-bispinor Ve, the 
system contains a number of numerical parameters: ci, cə are real, c3,c4 are complex, and 
f.g € {41}. The physical sense of these parameters will be clear below. Dirac matrices are 
specified in the Wey] spinor basis (we use ict-metric in Minkowski space): 


0 otf 
o 0 


0 —? 
a 0 


2 0 
4 : oo 


ol 
oh meee 


01 
oe 
— 0 


12.2 Reformulation of the initial equations 


The system (12.2a) may be presented differently, which is substantial point for further 
studying. Let us act on the first equation in eq. (12.2a) by operator ane it yields 


1 A İL ox M 
Fava Wwbu) m a (gr GIy) - on (nn)) “EP ruslan =0. 


Summing this equation with the third one in eq. (12.2a), we obtain 


2 fei 1 x 2gc4 1 A 
- R (Cnn) — Grudn) + zar (Arvo - gölə) 


1 z Tə 
urunun — a (1 (urbe) = rO(my)) +My, =0. 


In fact, this equation, together with the second equation in eq. (12.2a), makes the system 
that is equivalent to the initial system (12.2a): 


C209 ca iA ( ra Cun) + (AuWy)) se Mo = 0, 
2fc% 1 5 29c4 1 « 
— zə (Öx (nəsə) “ Any) +4 i (Avo = 70) (12.2) 
1 Z 1. 
urunun = R” Gxcxs = Any) +My, —0. 


To prove this, we multiply the second equation in eq. (12.2a) by the matrix yx and take 
into account identity y,y, = 4. Then we derive 


1 0(Yyby) + Nə (Amy) m 4(0.0x)) + MÜye) 0, 


which coincides with the first equation in eq. (12.2a). 
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Because the vector-bispinor W,, is determined through bispinors, Vo, (yu, YA), (OU ,) 
(see the second equation in eq. (12.2a)), let us re-formulate the main system so that it 
contains only these three bispinors: (yu, VA), Yo, and (0,,U;,,). To this end, let us act on the 
second equation in eq. (12.2a) by operator 0), so we get 


V6 


. V6. 1 
F399 (Wu) + 19] 49092 Vo + 71999 (WU) 
C3 A C3 
geen) + ve Oe) +M(0,¥,,) =0. (12.3) 
Now, let us act on the first equation in eq. (12.2a) by operator Ə, this yields 


des A A 
— (0, V,) m MÖÜMVA) , 


Cc 
3 ÖxÖXÜYAY a) = V6 


Te 


with this in mind eq. (12.3) can be re-written as 


C100) (YU) + 


6 Vi M A 

EON dk 200 “ MÜ), YA) — TAG.) =0. (124) 

Now, acting on eq. (12.3) by operator 0) we obtain 

1 4c3 a x 
OO W,,) = —— |—0(0,V,) — MƏUAYA)İ. 12.5 
Or (Yu Ya) sree ye u) (Ya) ( ) 
With eq. (12.5) in mind, we reduce eq. (12.3) to the form 
fes” s vö fe 
— ——— — —ö(ö,V M 
cı +¢3/V6 —. 4 cı +03/V6 

M . 

sələ əə + M(0,V,) — m. YpUp) 0. (12.6) 


Also, acting on eq. (12.2a) by Ö we derive 


Form yu) = ölə 0 və) = MWo| : 


which (taking into account (12.5)) can be re-written as 


CoÖyÖ, Vo +4 


1 dc A ə AT. 4 
OO) Vo 4 =0(0,V,,) — MOY = 0|i—c4(0,V,,) — MWVo] , 
C2ÖXOA Vo KORNE: ( u) (Ün | li Fecal Vy.) 0 
whence for the term 0\0,WVo we derive 
? 2 za 4c4 . M C4 A M.A 
ÖyÖy Vo = | Ö Opn) 4 . Əyə Ya) — —Ow 
.-... C2 | 3 CI in əvi ( a) “ə Cı + . ÜR n) ı 


Therefore, eq. (12.6) reads 


feəlesl” + gerleal? A 2 9/6 dr 
UV M . Vo c M(ƏQV 
oer +) ÖCöL Ya) — gM -  IVo + MÜA, VA) 
M 1 2 C3 ə m 
"aa ea) led glcal “ad Ön YA) = 0. (12.7) 
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Equation (12.7) is one of equations we need — it does not contain the vector-bispinor UV. To 
derive another equation of that type, it suffices to express the term (0,,V,,) from eq. (12.7) 
and substitute the result in the first equation of the system (12.2a). In this way we get 


1 Ca ? 
ar | €1€2(C1 + ——) + foale ——calc UV 
sep ami a) + Fealesl? — Feesleal”| Au və) 


4c3 feelesl” + geilcal” 
MV6 cə(cı + 20. 


ö(ö A) — ig dW +M(y,V,) =0. (12.8) 


Similarly, expressing the term (0,,U,,) from eq. (12.3) and substituting it into the second 
equation in eq. (12.2a), we derive 


4 2 2 z 
cə + gleal” dV, —i ca fcelesl “gele ötə, v,) 
cə MVe cə(ci + Ye) 


a 2 
a (Va - qda Agu Y,) + MY =0. (12.9) 
5 


Thus, the needed form of the main system with respect to bispinors (yu U,,), Yo, (0, YA) 
is as follows: 


1 
cə (ci + c3/v6) 
ig oh dw 4ca — fcelcsl? + gerlea? 


cə” MV6 cəlci + 03/V6) 


{erea(er + c3/V6) + fcəlesl” — “q oleal” in (Yu) 


Ö(ö,Ş YA) + MÜ YA) = 0, (12.10) 


2 2 
vü )A(q.0,) + 27Edel” öp 
Fi clea “yyə, Vüfesic daP.9navi) + FS 


; 4c4 feales|? + gcılcal” 


MV6 cə (ci + c3/v6) 


Ö(öQ YA) + MV =0, (12.11) 


gee 1 

4 cə(cı +. c3/V6 
V6 ci ay, feəlesl” + gcıleal? 
4 cz cə(cı + c3/V6) 


5 { YGxeacs — gleal? — ea(er + ee/v0)) (aus) 


Ö(ƏQ YA) MƏQ YA) = 0. (12.12) 


igM 


12.3 Characteristic equation, possible values of masses 


Let us find the characteristic equation for the matrix of the 1st-order system (12.10)—(12.12) 
with respect to bispinors y,,V,,, Yo, and ƏL Üz: it has the form det F = 0, where the matrix 
F is 


2 -  c3cq 4 fi + 
səra İeicə(si + Gp) + fealeal? — Syesleal?}—A ig "SEE — gpg - LealsaT bagaleal 
2. 2 2 2 
ce C4 =. ca tglea| :-4ca , feglesl*+geileal 
vö cəo(ey cla tay VO foxes glea|” } cz A TMVe cə (ei ve) 
M. 1 ine Be c3 . ve ci feolesl?--gcıleal? 
zı ala tay (VÜ/İcaci glea|” — cə(ci + Ə (MM. ser) A 
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In this way we get 


25 — Aö(cı + €2) + A(cicə — fles|? — gleal”) + (feəlesl” + geileal”) = 0. (12.13) 


The matrix of the system (12.10)—(12.12) can be transformed to a diagonal form 


4) Bi Ry XNM 0 0 
qemi b en İ 0.20), (12.14) 
As Ba Rə 0 0 As 


and the system will take the form of three separated equations of the Dirac type but with 
different masses: 


M M M 
M = — Ms, = — Mə = —. 12.15 
if a ’ 2 MM ’ 3 Xe ( ) 
That transformation is done in accordance with the following procedure 
2 A 0 0 
(K -M)V—0, W=SV, SKST-K”-İ 0 AX 0 |. (12.16) 
0 O 23 
The matrix S obeys the following relations 
a, ag a3 dı ag a3 A, Bı Ry Aq 0 0 dı ag a3 
S= b) bə Də . bi by bs Apo Bo Rə — 0 Az 0 by bə bs ‘ 
T1 To 73 T1 To 73 Aş Bə Bə 0 0 As T1 To 73 


whence three linear subsystems follow 
a1 Aj + azAş + a3A3 = A141, 


a, By, a Bə as Bə = Aıdə , (12.17) 
a, Ry + a2R2 + a3R3 = Maş, 


by Ai + bg Ag + b3A3 = Azbi , 
6, By + bo Bo + b Ba = Azbə ; (12.18) 
bi Ry + b2 Re + b3R3 = Azb3 ; 


ry A, + 72A2 ErsAş = Arı, 
7B, “Tİ TəBə un 13 Bs => A3P2 ; (12.19) 


ry Ry PI rə.Rə + 73.R3 => A373 . 


These systems are solved easily. For instance, we get 
—igcaci (cı + "zilə 
a 2 
"Arcə(Öi — cə) + Oa — c2)[feales|? + gerlea?] — Aa(er + 8) glea? 


7 c3(A1 — cə)lfeəlesl? + geileal? 
1 - : 
V6 M Arc2(A1 — ea) + (Ar — €2)[Feales|? + gerleal?1 — A(ci + J )gleal? 


ag = 


(12.20) 


as 
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At these az, aş, the first equation in (12.17) reduces to the above characteristic equation 
C3 
cə (ci V6 


where A = Aj. 
Similarly we get solutions of the system (12.18): 


)P{Az — At (er + ca) + Ar (cre2 — fles|? — gleal”) + (feales|? + geilcal”) = 0, 


—ige3ca(c1 + F)r2 
daca (Ae — cə) + (2 — cə)lfeəlesİ? + geileal?l — Xə(ci + SE) gleaP ’ 


41 c3(A2 — cə))lfeəlesl” + geileal? 
V6 M. d2c2(A2 — ca) + (Az — cə)lfeəlesl? + geileal?1 — Azer + %)gleal? ” 


bə =b 
(12.21) 
ba = —bi 


and the first equation in eq. (12.18) reduces to characteristic equation with A = Ap. 
Similar results are for the system (12.19): 
—igesca(c1 + Səs 
Ascə(Aa — ca) + (As — c2)[feales|? + geileal?l — As(ci + FZ )gleal? ’ 
cee c3(As — cə))lfeəlesl? + geileal? 
V6 M Asco(A3 — ea) + (As — eə)lfeəlesl? + gerleal?1 — As(ei + %)gleal? | 


T2 =71 


(12.22) 


Ta = 


12.4 On solutions of the characteristic equation 


Characteristic equation may be presented in the short form A? + A?a + Ab + c = 0, where 
(recall that f,g € 1-1, -1)) 


a — —(cı +c), b — cıcə — fles|? — glcal”, ce — feales|? + geilcal” . (12.23) 


After standard change of the variable, we get to a more simple form 


Cı +e a 
ytpytg=0, y-3——”—AH,, 
3 3 
where 
ağ 1 3 2 2 
pe—x tb=— dc +63) + cicz — flİcsl” — glcal” , 
a ab 2 cı kc 
q — 23) 77 ati “es” + a * (cicə — fles|? — gleal?} + (flesl” + gleal?} 


By physical reason, we assume real-valuedness of all three roots. It is possible if the following 
inequalities are valid 


p<0O, Q<0, where Q - (5) (”. (12.24) 


Solutions can be presented in trigonometric form: 


Cı + CQ p a uğ Cı + C2 
daaa xə 5 me 12.25 
= yt Oo 30% g — gt og (12.25) 
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We may readily derive relations (remember on real-valuedness of the roots): 
Aq Az Aş Ser 2, APHAZ HAZ — ci Heş + 2fle3|? + 2glcal” > 0, 
Aida + AtAs + AgAz = cicə — fieal” — gleal?, ArAZAs = —fezles|? — gerleal?, 


1 
B= {Qi +2 + As)? — BAT + Ad + A3)) <0, 


1:5 
q Age + do + 23)? — CAF AZ + AZ) OAL + Aa + As) — ArA2A3, 


-— 2 
3 \/—2[0A1 + Ao + A3)2 — 3(3? +3 A) 
a m 222 — Ai — Aş 
cos(z 3) z 2 2 2 21” 
Jf —2[(Ar + A2 + As)? — 3(A4 32 + AB)] 
a m 2A3 — Ai — Az 
COS + = : 
oo V—2[(1 + Az + As)? — 380A + Ağ +3) 


In the first place, we are interested in positive roots. Evidently, three positive roots may 
arise only if 


a>0, c@>O, f=-l, g=-l. (12.26) 


Let us introduce notation |c4|? = a?, |c3|? = 97, and consider two constraints from 
above 


2 b? 
Ay +A2 € ci Fez — Aş, Ape = SO 
3 
whence expressions for Az, A2 follow 
—)} —) 2 p2 
1 1 9 (a (12.27) 
2 2 As 


under square root we should have positive term. Note that due to inequality 
Aq t Aq = ci +2 — Aş >0, 


we have obligatory inequalities 0 € Aş € ci + ez. Therefore, the following parametrization 
is possible: 


2 2 
7 cıq + cob 

A3 = 3 0, — T-- — 12.28 

3 (cı + c2) cosa, Get bıl (cı + cə) ( ) 


Correspondingly, for the roots we get expressions 
- ( sin?(a/2) + \/sin*(a/2) — T/cosa i. (12.29) 


The term under the square root should be positive: cosa sin*(a/2) > T. Further, we 
obtain expressions for three possible mass parameters: 


1 
Az = A3 
cos 


mu a 
As (ci +. €2) cosa cosa’ 
Mi = . a ; 
“2 sin?(a/2) — y/sin4(a/2) —T/ cosa (12.30) 
mo b 


dz sin?(a/2) + visin"(a/2) —T/cosa 
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There exists a special case: 


in 
cos a’ 


ee 
1 — cos? o: 


a—0.5—0:x—T—0, M5-— M, > co, Mə = : (12.31) 
if additionally a = 0 or or € r/2 then yet another mass will be infinite. 


Let us study inequality cosa sin*(a/2) 5 T, here we have the problem 


P= 2 2 
Fla) = cosa B= 08 OY" ST, f(a=0)=0, fla=5=0). 
In the variable x = cosa, we have 
1 
f(a) = ze —«*)’ >T, LE (02107 
in the interval x € (0, 1) there exists a point of a local maximum ay: 
df (1-— a2)(1 — 52?) 1 4 
ae 4 , 5 Yoo) sR 


Thus, we have the following constraint for f(a): 


Te To f(a) >T, 


4 
25V/57 
and there exists some finite interval containing the point ag. The value To = 4/25V5 is 
peculiar because the interval for a degenerates into a single point: o: = ao, and we have 
situation when two masses are fixed and equal to each other: 

H 


if n 2/5 
— M. — — 5 M. = = . 
vb” cosan 15, Miə (1 — cos ag) /2 a 1 


COS A = (12.32) 


12.5 Diagonalization in the case of a free particle 


Let us introduce shortening notations 


1 C3 
At = 25:05: 
cə(cı + cə v/6) : v6 
? C4 * 2 
Aş = İfV6eze — glcal”1, 
V6 eə(ci “ca / V6) 5 
M 1 — 
Aş — İfV6eze, gical? — cə(cı 4 cə/v/0)) : 
4 cəfci + c3/V6) i 
ək 2 2 ək 
Bı — —iş 55 p, tale gö ə VOR 
C2 C2 4 C2 
4 C3 fc2|e3|? + ger|ea|? 5 42 C4 feəlesl” + geilea|? 


R= — 


MV6 cə(ci “.cs/ 6) ” M V6 cə(ci +¢3/V6) 
feales|? + gealeal? 


c2(c1 + c3/V6) 


R3 = 
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With the use of the above notations, three equations (12.10)—(12.12) read 
Aid Qa Ya) + Bid Wo + Rid (0, Vu) + M(y%,) = 0, 
A2Öö (qa Ya) + Bod Vo + Rod (ö, Va) + Müo =0, (12.33) 


A30 Ün Ya) + B3d Vo + R30 (ö, V,) + MÜ, YA) —0. 


These equations may be transformed into equations for separate bispinors. To this end, first 
we sum three equations with coefficients az, az, aş, this yields 


(a, Ay + a? Ag + a2A3)0 (Up) + (a, By + a2 Bə + a3B3)0 Wo 


+(a, Ri +agRo+ a3R3)0 (OU) + Milan Ya) + aə Vo + a3(0, 0.) } =0, 
taking in mind identities 
a, A, Sad a2 Ao + as Aş — Aldı , 
abı ao Bə? a3.B3 m Aıdə , (12.34) 
ay + a2R2 + a3R3 = Maş, 


the last equation is re-written as 
N1419(yp Va) + MaşöYp + Aaşö(ö, YA) + M{ar(y,8,,) + a2Vo + a3(0,U,,)} = 0. 
Thus, we produce equation 
Dy = a1 (8 ,,) + a2Vo “-as(ö, VA), (8+ mz — 0, Mı = M/Am. (12.35) 
Similarly, the root Az enters the system 
by Ai + bg Ag + bs Aş = əbi ,biBi + bo Bo + b3.B3 = Azbə , bi Ri + b2Re + b3R3 = əba, 


its solution is known. Turning to eq. (12.33), we sum them with coefficients 61, bə, bs. In this 
way, we derive an equation for new bispinor 


» M 
bə = bi (yu Ya) + b2Vo + 63(0,U,,), (O+ x ?ə = 0, Mə = M / ə. (12.36) 
2 
Finally, turning to the system which contains the root Aş: 


ry Ay + roAq + 73A3 € Aşrı,riBi + ro Bo +73B3 = Agre,71 Ri + 1reRe+73R3 = Azra, 


and acting as above, we obtain an equation for the third bispinor 


AM 
3 = T:(Yu ÜaA) + Tr Wo + rə(öL Ün), (0 + 7) 23 — 0, Ms = M/ds3. (12.37) 
3 


12.6 Presence of electromagnetic fields 


The presence of electromagnetic fields is taken into account by modifying the derivative: 
DA = 0, — ieAk (z). We proceed with eq. (12.2a), but now in presence of external field (let 
D=7,D,) we should work only with second and third equations: 

42c4 1. 


BDU, FRİ (D,v,) - q00:Y4)) + MVo =0, (12.38) 
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2igcy 


1 1 a Cı ES 
m V6 İD.(u Ya) .. TəÖ0u vu) + ve İD, o — ə... a q PP (En) 
fe 1 we 
BR. İn(D. vk) = ppd) + MW, —0. (12.39) 


We have to perform some transformation over this system. First, let us act on eq. (12.39) 
by the matrix ox, this results in 


C3. A 4c 
tar ve PüaYa) m və Pee) + MÜnYA) = 9. (12.40) 
Now, let us us act on eq. (12.39) by operator D): 
2h cs laa 2igcy laa CAL 
-— İD”0,v,) m “006,vu)) + . [D° Vo = ... re q oDünya) 
Ca Te 12. 
“Ve İD(D,v,) mi “006.vu)) + M(D)Wy) =0, (12.41) 


where D? = D)D)j. It is readily proved the following relations 


ən 1 1 
DD = DXD, 1 5(1%0 — WIA) + 57 + Wr) | 
= İD? (DAD, — D)D,)oyəl. (12.42) 
VVith this identity (12.41), eq. (12.41) reads 


2fcş r3 1 
— a İZ?”C.v,)- =(DyDp — DpDy) orp (YU n)| + M(DXVX) 


4 


2:gc4 [3 1 
aE ŞD” 7(DrDp - DpDa)orp¥o| 


Cc 
+7 [(DrDp — DpDy)or + DÖ0,YA) 


+ 


— “EİDUD,v,) — F[(DrDp — DpDs)orp + D'\(u¥,)] =0- (1243) 


Note the commutator D,.D, — D,D) = (—ieF yp). Equation (12.43) can be re-written as 
2fc3 73 Tx 
= .. İL” (0. Ya) = gb teF oe) op Ga vu) 
2/gc4 f3 1,. C3 A 
r İz?” Yo q(cieF),) ey, vo) — TED (Duy) 


ə İ es ) [ D? t ( teF yo) Trp | (WV .) + M (D\WV)) =0. (12.44) 


4 vi 


Acting on eq. (12.40) by operator D, we get 


C3 4c3 A By 
vel D? + (—teP rp )or | (YWVy) = Jeo - MDUuYa). (12.45) 
With this relation in mind, eq. (12.44) reduces to the form (we introduce a new numeration 
of equations): 

equation III 


(cy + 


2fck 13 12... 
ə İz?” 4 WF yp) Ore: | (ha) 
2igc, [3 123 M 5 
İ Ve [Go a! ieF yp) öyə) vos rusun. + M (DyW x) = 0. (12.46) 
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Let us write down two other equations: 


equation I 
4ic4g 1. 
eo DVy — a İ(D,v,) - q00:Ya)) + MVo =0, (12.47) 
equation 11 
(ci + “Da v) - İeaip, U,,) — MÜnÜ,) =0. (12.48) 
(6 5 
i ie R?” 6 ma 


We see that only equation III contains the 2nd-order operator D?. The task is to get 
the system of 1st-order for three bispinors 


iy, zi , Wo, (DV) : 


Therefore, we have to exclude operator D? from eq. (12.46). First, let us re-write eq. (12.46), 
distinguishing separate terms 


v/efeş mp 
“— DG u) + 2/6 CtPə) Orp (Yn) 
iv/6gc% igc,, . 1, 
2” 4D? Wo a6 ieFx,) exəYo — zMD(qu¥n) + M(D,¥) “0. 
VVith the help of eq. (12.45) in the form 
Dön ya) = (+7eP\p)oro (Wn) 
4 C3 A M A 
Shee a Du adıı. (12.49) 
V6 (er +e3/V6) 8 (ey d.ea/v6) nn 
we transform in eq. (12.46) the first term 
M x 
V6fcs 4 C3 D(D, U 2 5 V6fcs ES DG U,,) 
4 V6 (cı +¢3/V6) 4 (cı + c3/V6) 


d ivl6gci Döv igci 


( ieFy)) 7rpVo 


4 2257 
“Su vəl "EL 
“fes ( a + 2V6 ) (teP yp) ox, (Yn) — MP Yn) + M(D)W)) =0. 
In this way, we transform eq. (12.46) to the form 
fic M vere) A 
2757”: i— -150v,) 
(ci + ¢3/V6) (cı + ¢3/V6) 
iv/6gc) igc4 , . 
| 4D? WV ... dieFx,)ox, Vo 
2 F 
+ pg fea(tePap)oro(Iu Yu) + M(D)WV)) =0. (12.50) 


_ In order to transform the term D?WVo, we turn to eq. (12.47) and act on it by operator 
D: 

Aic4a f x Tike x R 

DD, — . İ2(D,v,) - qÖDCu Yu) + MÖV = 0; 
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whence with the use of identity DD = D2 + (—teF)\p)oxp we derive 


42c4 
V6c2 


1C4 xo 1C4 ‘ M A 
— D Va) — ——(—ieF),)o 12) - —DUş. 
ə (Vw u) ə ( dp) (Yu u) & 0 


Because the term D?(y,,W,,) may be expressed with the use of eq. (12.49) as follows 


D?Wo = —(—ieF\p)oypVo + D(D,,¥,,) 


D? (ywV,) = (+ieP yp )orp (WU) 


C3 ES “ 
D(DAYVA) xə Dünya), 


4 
7 VƏ (ci + ¢3/V6) 


then the previous relation takes the form 


arı | 
(ci + c3/V6) 


M « : 
D?V, = 5— — (—teFl,)oxəVo 
2 


öz c1C4 aby ol C4 
Ye co(c1 + c3/V6) PtD,s,) 7 İM ye cə(cı + cə V/6) 


With the help of this, we can exclude the term D?Wo in eq. (12.50), so deriving 


DÜu,ya). (12.51) 


: MEN 4i cca lb (D,v,) 


cı +¢3/V6) 0 V6 cə(ci + ¢3/V6) 
[M YoIé— teva) M. üə 
4 (cı + c3/V6) 4 co(c1 + c3/v6) 


İn) 


25. iv/6gc% _ tgc4 i 
- Düş ( oo a) ieFy,)ox, o 
557 (—ieFyp)orp (Vn) +M (DV) =0. 
ve 
Thus, equation III reads 
_M = 2 x x 
V6 feacs — cə(ci + ¢3/V6) — glcal D(n,0,) “(ÜM 94 pu, 
4 cə(cı + ¢3/ V6) 4 cə 
feəlcsl” + geılcal” 2 
(DAYA) — i ge) (—ieFy\p)orp Vo 
5... H H V6 4 P mi 


ə. (—teFy,)ox, (YUp) + M (DAYA) “0, (12.52) 


it does not contain the 2nd-order operator D?. 
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12.7 Quasidiagonal form of the system 


We start with three equations 


42c4 1. 
DV — “ə [(P.,.) - FDO. ,)] + MVYo 0, (12.53) 
C3 A 4c 
(ci + vo Puen) .. vo Pate) m MUaVa) “0, (12.54) 
M * — Zə * 
V6fe2c% cə(cı + ¢3/ V6) glcal D(y,v,) — vo 24 buy 
4 c2(c1 + ¢3//6) 4 C2 
fcales|? + geilcal? 5 . 2 
D(DAYVA) — i— geci (—teFy\p)orp Vo 
cə(cı + ¢3/V6) ... V6 2 — 
2 ƏM. 
+ gis (—teP rp)Orp (Yu) + M (DAVA) = 0. (12.55) 


The next task is to transform the system into a form that is similar to that existing 
for free particles, but modified in the presence of an external field. To this end, first let us 
consider eq. (12.53): 


i : Ai 
abuna. ae 


v6 ve 


The term (DAYA) is excluded with eq. (12.55), so we obtain 


Dy¥,) — (DAYA) + MV =0, 


B+ aca? by, tea VO Foxes — gal Ay gy 
Cə V6 cə(ci +¢3/V6) ə 
47c4 1 feelesl” + gcilcal” 


ve M cə (cı + c¢3/v6) 
4i 1 : 
+— 3 qr foscal— 1€F \5)Orp Cu Ya) + MV = 0. (12.56) 


2 41 , 
D(DAYA) + svlal (—ieFyp)or.pVo 
Similarly, from equation 


we can exclude the term (DA Ün) as well 


1 


06) lea + fles|?) + esə — galce”)) D(y, VA) 


Vi ieFy,)ox, Wo 


4 cs feg|es|? + geile? £ gest x dicş 1 
D(DAV i DW c 
ve M cə (ci + c3/v6) ( a p) Cc 2 3 Vind 2 
Ac3 1 ” i 
“3 gt alte Pap lone (un) + MW) = 0. (12.57) 
Let us introduce notations: 


“mur — bı, b, = Wo, Öz — Diy ; (”9eFy,)ox, — ə. 
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Thus, we have the following three equations 


1 2 2 C3 öl Ax 
cə(ci + fles|”) + a(ercea — gale”)| Dö: 
c2(c1 + c3/V6) i v6 
9034 pa, ” cs fcelcsl” + gerleal” 56, 
C2 V6M  ea(e1 “.cs/ Vi) 
deg 1 _ dics 1 : 7 
x ə o OM Op 
+3 mis 1 3 Wie a+ 1=0, 
CA v/efeəeə — gleal” pe, 4 6 + gleal” ag, Aic, 1 fealesl” + gerleal? ag. 
ve cə(ci “ca 6) C2 ve M cə (cı + c3/V6) 


4,1,, m 41 = 
a yy feseağ bi 3 yglaa"Ysz + MW, =0, 


M V6ferc% —ce(at c3/V6) x gleal” 


Dö, 
4 cə (cı + cş /V/6) 
07 geci Dö, feelcsl” + gelleal” Dö, 
4 cə cə(cı + ca /v/6) 


2 ü 2 . - 
-E —— fes S 5) — 4 — ge, NÖ EM 03 —Ü. 
Ve g By — 0 ge müz 3 

Having used the previously introduce notations A;, By, R;, 1 = 1,2,3, we may re-write 
the system in a shorter form: 


Ld. ə .. əd 2 Aj 
A,D 6,+B,D4,4+R,D4;4+M 4, mu Yoo, a m, 
i s .. Mi fe6ca.. = 4 gleal?— = 
AD EE BDO) BP Beh MSs 6. ə 
3 M 3 
iG hes x ba yənə 1000 xanı 
20 .::-50—- 


Now, we act in the same manner as for the free field case. We multiply equations 1,2,3 
by aş, ao, aş and sum the results: 


(a, A: nu az Aə + a3A3)D®, + (a, By + as .Bə + a3B3)D®, 


t (a, Ry İ aş Rə İ a3R3)D®3 + M(a,®, + ay Po + a3®3) 


4 flcsl” 43 fescq 2 = 
3) 
5:50 
42 geci 4 glcal” 24 = 
| 1) Og = 
(—dı 3 ut @3 hə: geci) Öz =0, 


whence taking in mind three relations 
a, A, Tazə + aşAş = May, aiBi) + azBə + a3B3 = Maz, a). Ry + a2R2 + a3R3 = Maş, 


we get 


\MD(a1®1 İ aəÖə İ a3®3) İ M(a,®, + az®2a3 3) 


Quasidiagonal form of the system 


4 flcsl? di fcsca 2 = 
3) ® 
+( diş M az 3M daye fes) 1 
Ai gc3c4 4 glcal? 20. 
xoş =0. 
uy” +237 qy 7 88 Jes) 2 


Similarly, we obtain yet two equations (in fact, changing a; on b, and on ri) 


AÖ(biği + bəbə + b363) + M(b1 ®1 + bəÖə + b363) 


4 flesl 42 fcşca 2 = 
b Lb “xo 
+g ag te M 37g te) i 
Mt ge3ch 4 glcal? 2: R 
1(—b Lb b “rd, =0: 
(aa TaM 37/69ca) 20: 


Arb) + ToDo + r3P3) + M(r1®, + To Po + r3P3) 


4 f\e3|? Mi fchc4 2 = 
- 5) UP 
Hog yy tg ag "ayşloxsı 
4 gc3cy 4 glcal? 20.3 oe 
t UP, =0. 
+( 3 M easy, rs769ca) 2—0 


By definition, we introduce three new bispinors 
bı = 419 + a2%2 + 4393, 


by = bP) + bob. Hbibi, 
3 = riği ErəÖə + 739s, 


then the above system is presented shorter 


A Dö, + MO, 
4 fle3|? 43 fc3ca / a 
İ l t no 
57:02 00 
43 gc3ch 4 glcal? 


Hom ae +937 ay 


200002 
a3 75 9c4)™ ®,=0, 


A Db, + Mö, 

7 ! bs fal ! iss 5, 

+( ə gl —. bn gc4)d öz =0, 
\, D3 + Möş 

2: - ne 1. "a Flee b, 

+( —. . "R ge,)xı 9 =0. 
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(12.58) 


(12.59) 


(12.60) 


(12.61) 


(12.62) 


(12.63) 


(12.64) 
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12.8 Mixing the components in the system 


Relationship between two sets of bispinors ®; and ®; is determined by the formula 


O, dı a2 43 b: Ş 
b) 1-İ bi b bi ) Öz 1, 6 SÖ. (12.65) 
Oş TI 12 13 3 


In fact, we need the inverse matrix: 


1 S11 Sə: S31 


$ö — S”İŞ, dl Sry S 0, 
deve 513 522 33 
1 (Dərs — barə) —(aşra — asar) (aşba — aşbə) 
Si — detbs —(birs = barı) (dırsa — darı) —(aıba al aşbı) , 
(birə = borı) —(aire = darı) (a1b2 = azbı) 
det s —Tı (agbs = aşbə) — rə(arba ə aşbı) + ra(arbə = aşbı) 4 (12.66) 


The elements of the matrix S were given above. Because az, DÖ, and rı are arbitrary, let 
us fix them so that elements look most simple (we collect them into three sets) 


ay = Ay C2(A1 — cə) + (A — cə) İfeəlesl” + gerleal”l — Ar (ci + ¢3/V6) gleal? , 
by = Az ca(Az — cə) + (Az — cə) [feales|? + genleal”l — Az (ci + e3/V'6) gleal” , 
ri = As €2(A3 — cə) + (Az — cə) İfezlesl” + gerleal?] — As (ci + c3/V6) gleal? ; 


az = —igcsc) (cı +.c3/V6)A1, 
bə = —igcsc) (cı +. c3/V6)A2 , 
Tə = —ige3cy (ci + c3/V6)A3 ; 


4 1 
a3 = eM c3(A1 — cə) [feales|? + geileal*] , 
b .. (A ) Ifezlesl” lcal”1 
= ——— — c —€ cəl ” + gcilc 3 
3 VeM 3\A2 2 21C3 JC |C4 
a (A ) Ifeəlesl” + ge:leal”l 
T3 — —— — c —€ Cə lc. Cı ic. : 
3 Ve M 3(AZ8 2 21C3 JC |C4 


We note symmetry in these expressions with respect to indexes 1,2, and 3. With notation 


K = [feales|? + geileal7], Li (ci + ¢3/Vv6), (12.67) 


the formulas read shorter 


ay = AL c2(A1 co) (A: C2) K AL L glcal” , 
bi — Az c2(A2 co) (Az C2) K Az L glcal” , 
ri = Aş cə(2s — cə) + (Aş — cə) K — Ag L g|cal?; 


Mixing the components in the system 317 


ag = —igescy DA, bə = —igescy D2, rə = —igescy L Aş: 
4 1 4 4 1 
aş = "eume — C)K, iş = 7g 32 —@)K, 73 = ~ Ve M c3(A3 — cə)K. 
Let us collect together results related to the matrix S~+. 
25 2. Dix = = = 
Acs = a C2 C3° C4 (Ai As) ör Az) (2 As) KLg (12.68) 


and the complete inverse matrix S~! is 


971 
1 1 1 
(A1—As3)(A1—A2)c2 (A2—A3)(A1—A2)c2 (A2—-A3)(A1—A3)c2 
iLg(leal)?+é(—A2+e2)(—Astez) — —iLg(leal)?—i(—Arte2)(—Aste2) iLg(leal)”-ri(— M +e2)(—Az2 +2) 
(A1—A3)(A1—A2) Ley gc3 C2 (A2—A3)(A1—A2) Let gc3 C2 (A2—A3)(A1—A3) Let gc3 C2 
L MV6(r2 A3+K) 5: MV6(A1 A3+K) 1 MV6(A1 A2+K) 
4 C3 C2 (A1—A3)(A1—A2) K 4 ca co (A2—A3)(A1—A2) K 4 ca co (A2—A3)(A1—A3) K 


(12.69) 


Let turn to eqs. (12.62)-(12.64) and calculate the term 


4 flcsl? 42 fc3c 2 z = 4 = 
mün uk .. İ ase hea}e ® = Air — c2) 57 fezlesl” S. Or. 


Let us calculate the term 


Ai ge3cj 4 glcal? 2253 431 so ea 
{ dı 3 a i r M 277 gey D5 => Ar (A co) 3 M GC2C3C4 Da Do. 
Therefore, eq. (12.62) takes the form 
“ 4cəc3 .. R 
ADö,) + Mö, 4 M Ar (Ai — ez) X (fe $) — igeibə) =0. (12.70) 


Similarly calculate the term 


ə 4 - 
“6 b) — Az (22 oe ca) sag fealesl’ y ®, , 


76 


4 2 . ök 
b Flesl” b Ai fesca ə 


SM A M 
calculate the term 


At gc3c4 4 glcal” 2 . = 
{ by 3 ə + b, a b3 AD oz — Az (22 C2) 


42 = 
1 Do. 
Vienne 2 


Therefore, eq. (12.63) takes the form 


4cə C3 


3M Az (Az C2) x (fes b, — igcy®2) =0. (12.71) 


Döş + MO, 4 


The third eq. (12.64) is presented as 


Aco C3 


ə As (As — ez) x (fes $) — igcibə) — 0. (12.72) 


AşDöş + Möşd 
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Let us collect three equations together: 


2 4eoc = ə. 

ADO, + M+ züy MÖ — cə) © [fe§ &1 — igeöə) “0, 
: 4 z = 

XəDöş + MB, + sir A2(Az — cə) D [fees $) — igezöəl =0, (12.73) 
‘ 4 2 = 

Döş + M3 + <2 A3 (Ag — ez) 2 [fch 5i — igeibə) —0. 


Taking in mind the explicit form of inverse matrix S71, the functions ®; and Öş are 
expressed in terms of $), öz, and ®3 by the formulas 
= 1 1 1 
b, = By + 
: (A — As) (Ai m Az) C2 ? (Öz ə As) (Ai - Az) C2 i (Az = As) (Ai öh As) C2 


Oş, 


and 


5, — “Ha (eal)” +i (ro + c2) (As +02) 5 
(Ar — As) (A — A2) Aci ges cə 


, —iLg (İcal)” — i(—A1 + €2) (Az + €2) 5, 4 “ls (\ca])? 3-9 (“34 + c2) (—Az + €2) R 


| 
İ 21 


(Az = As) (Ai = Az) Lei gc3 C2 (Az = As) (Ai — As) Lei gc3 C2 
Further, calculate the term 
fes ®1(x) — ige{®2(x) = L1 1 (x) + Ləöə(z) + L363 (x) = ö(z), (12.74) 


where expressions for £, turn to be rather symmetrical: 


i - gLical? + fL|c3|? — cə? — co(Az “m As) Tr Az Aş 
Lice c3(A1 -— A2)(A1 m As) : 
2 2:0 si: LE 
bi = gLical fL\cs| C2 c2(A3 Az) As Al : (12.75) 
Le? ca (Az m A3)(A2 zə Az) 
ii — gLical? cs fL|c3|? + cə? — c2(A1 Eni Az) T AT Az 


Lee ca (Aş . Aı)(Aş — Az) 
Recall the notation L = (cı + ca V/6): as shown above, positive value for three masses 
appear only when f = —1 and g = —1. With notations 


4c2¢3 


Y; = 
3M 


(A; — cə), 7=1,2,3, 
eq. (12.73) may be presented as 
D®,(x£) + M11 (x) “Yi U(x) ®(x) = 0 
Döş(r) + Mo®o(x) + Yə U(x) ®(x) = 0, (12.76) 
D®3(x) + M303(a) + Y3 U(x) ®(x) = 0 


where (x) = —teFy,(2) oan. 


12.9 Extension to general relativity 


In order to follow the extension of the model from flat Minkowski space to any Riemannian 
space-time, we should turn back to the system (12.53)-(12.55) and make several simple 
modifications to it. 


Extension to general relativity 319 


1. Taking in mind that in Minkowski space the ict-metric was used; however, in Rie- 
mannian space we use the metric ge (z), related to signature (+,—,—,—), we must make 
the following change: 


M — iM. (1977) 


2. Now Dirac matrices in spinor basis are determined by the formulas 


0 TI i 0 —ot 
0— z.— : 
3. Derivatives are modified according to the rules 157) 
Dafz) = Og +1eA,{2) m 
Da(z) = Va “Ta(r) + ieAa(x), D-— y”(z)Dalz), (12.79) 
where T, (zz) is bispinor connection by Tetrode-VVeyl-Fock-Tvanenko [57], and y°(x) = 
2257 (x). 
4. Note important commutation rules [57]: 
7° (#)Dg = Day? (2) 5 Də (s)gagis) = gaste)D. (s), 
anf B ror oz yb vo 
57 KEY YY ey 
DD = DaDal 5 + 5 )=O-X(a), (12.80) 


R 
D? =D°Dy, d(x) = (—ieFygo%? (x) + 2 


where P(z) is the Ricci scalar. 
After that all above analysis but now for the modified system (12.53)—(12.55): 


co DUy — a [(D'v,) — —D(7#(2)¥,,) (12.81) 
+iMWVy = 0, 
Ce POM ey) “ (Dh, +iM(7"(2)W,,) — 0, (12.82) 
iM V6 feock — 5 x 6 “R 
| . -— "latun - Dy" (@) Uy) - zı = DWV 
2 2 
+ feck (—ieFyporp + —) (y”(z)Y,) + iM (D"Y,) =0 (12.83) 
Ve 4 


is repeated with no substantial changes, and we arrive at the generally covariant system 
iD(a)®1 (a) — My 1 (ax) + iY, U(x) B(x) = 0, 
iD(a)®o(a) — Mz ®o(a) + i¥2 U(x) O(x) = 0, (12.84) 
iD(ax)®3(x) — M3®3(x) + iY¥3 U(x) ®(x) = 0, 

where 


D(a) =7%(2)Da, Da(t) = VatTa(z) + ieAa(z), 


(Ai — cə), Ö = L181 (x) + Ləöə(r) + L3%3(z), (12.85) 


R(v) 


U(x) = —teFyp(z)orp(x) + 4 
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Note that because bispinors are scalars with respect to general relativity, the covariant 
derivative Vq acts as an ordinary one O,. 

One important remark should be made. Evidently, that the system (12.84)—(12.85) allows 
for restriction to Majorana case (that is when e = 0), then instead of eqs. (12.84)—(12.85) 
we have 


iy*(a)(Va +La)bi(2) — Mii (2) eyy “aay =0, 
iy (2) (Va + Tq) @2(x) — Mə?öş(z) + Y3 20 =0, (12.86) 
i*(0)(Va +Pa)®s(2) — My®3(2) iyi @ ae) =0, 
where 
Y/ = r. Cu — cə), $ = Liğ)(z) + Ləğə(z) + Laöş(z), (12.87) 


In any Majorana basis, the properties hold liy” (z)F = iy*(«) [Ta(x)]* € Ta (a) , there- 
fore bispinors 9: (x), ®2(x), ®3(ax), and ö(z) may be real or imaginary. 


12.10 Model example 


For simplicity let us follow 1-dimensional case (t,x,y = 0,z = 0). So we start with the 
system (the curved background is taken into account by the constant Ricci scalar R) 


(iy: + öylö — My) ®1 + di(Liği + LoS. + L363) = 0 
(iy°: + i701 — Mə)öə + do(L1 8, + Lob + L363) = 0, (12.88) 
(tə, Bir iylö, m M3)®3 + d3(L1®, x” Lə +r L303) =0 


where d; = Y; 2, i = 1,2,3. The system (12.88) is transformed to the matrix form 


4? 
®; 
(4775: + i710, — M). öz 
Oş 
M — M) + dy Ly dıLə dıLş bi 
—— dəLi M m Mə + dəLə dəLş Do 5 
dg Ly d3L5 M — M3 dal || ®3 
or in brief 
AG=TO®, A=—(i7° HE öylö —M), (12.89) 
where 
M — M) + dy Ly dı Lə dıLş 
.. doy M — Mə + dəLə dəLş : (12.90) 


d3 Ly də Lə M — M3 + d3L3 
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The 3-column ® in eq. (12.89) is subject to linear transformation to diagonalise the mixing 
matrix T: 


mn 0 0 
7 00007 0). (12.91) 
0 Ü ps 


After that we will have three separate Dirac-like equations with different masses M: 


[ iy; + i710, — Mi) 16) = 0, Mi) € M Hu: 
yö, + yö) — Mə192 -0, MM duş: (12.92) 
[i7°O: + 7°01 — Ms19: -0, Ms M Huş, 


by physical reason we assume the real-valuedness of x, and positiveness of M + y;. To find 
the transformation 5, we should solve the equation ST = 79S, where 


$11 512 $13 
T=] $21 $22 $93 
$31 $32 533 


It leads to three linear subsystems 


(M — Mi dila) su + del; si + d3Lyi $13 = lisi, 
dy Le su + (M — Mə 4+ dələ) 812 + d3L2 813 = pn S12, 
d, Lz si +dgL3 812 + (M — M3 + d3L3) 813 = 111813; 


(M — M) + dyLy) sə + dol 822 dal) $23 = M2821, 
d, Lz 821 + (M — Mz + dələ) 822 + dilə $23 = [12822 , 
d, L3 821 dələ sə) + (M — M3 + d3L3) 823 = [12823 ; 
(M — M) + 4,11) 831 + d2Ly 832 + dgLy $33 = 13831, 
d, Lz 83; + (M — Mə + dələ) 832 + dg Lz 833 = 13832, 
di Lz 831 + dila 832 + (M — Mə dala) 533 = 13533 - 


Each row of the matrix S may be fixed up to an arbitrary multiplier. For diagonal elements 
in To, we get a cubic algebraic equation 


M — M) + dy, Ly —p dy Ly dg Ly 
dıLə M — Mə 4+ dəLə — u də Lə =0 
d, D3 dz L3 M — Mə + d3L3 —pE 


or explicitly 
—p? + (3M — M) — Mg — Mə + dy Ly + də Lə + dg Ls) p? 
+[—Lid; (2M — Mə — Mə) — dəLə (2M — Mi — Mə) — ds Lş (2M — Mə — Mi) 
—3M? + 2(M, + Mə + M3) M — (M,M, + M,M3 + M2M3)]u 
+L1d,(M — Mə)(M — Mə) + Lədə(M — M5)(M — Mi) 
+L3d3(M — M)MM — M?) + (M — M1)(M — Mə)M — M3) =0. 
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To get a more simple form of cubic equation, we are to make several steps. The first 
step is the substitution M; = x, where M/ is arbitrary. We may simplify the task without 
loss of generality by setting cy = co = 1, then the cubic equation for A, becomes simpler 


25-22 (14k)3A-k—0, k=a? +8, 


and its roots are 


1:1:7£——— 1 
As — 1, A1,2 = 2 + 2 1 = Ak, k € (0, ral . (12.93) 


Correspondingly, the masses //M, equal to 


2M 1 


M3=M, Mi? , k € (0, —). 12.94 
3 1,2 "s vı 4E ( 2 ( ) 
Besides, we may reduce explicit expressions for coefficients L; in the formulas 
O(x) = 1101 (x) + LoPo(x) + L3h3(z), 
1 1 i 
I, = 2k 142 
: OUR aL Mh 
1 1 1 
L 2k 142 
? ESTOS aL ri}, 
1 1 1 
L3 = 2k 4 1— 2d, — 242 +4 
.. en p(t ~ 22 — 2) 4323), 
where b i 
L=1+-— 4, @+P)=k< =, 0<20<1 
In turn, the coefficients d; are written as 
Rb 1 Rb 1 Rb 1 
dy = gü Or 5). da = Gag C2 — 5), ds = gi Os — 9)- (12.95) 


It is possible to introduce dimensionless parameters (scalar curvature R and M? have 
the same dimension of meter” ”): 


1 
R=6rM? => di = M rb(\i — 5) = M Dj. 
Finally, the roots may be done dimensionless 
m = M Ai, A, is dimensionless. (12.96) 


In this way, we arrive at the following cubic equation for Aş: 


As BEAK, [1 (1 və İRA 


k 2(V6 b) 2k 
\ | v6 1—4k = 
+( UL P=, (12.97) 


where 0 < k < 10 < b € 2. Taking in mind the relationship R = 6r.M?, we expect 
dimensionless parameter r is small because the effects of geometry in the model under 
consideration should be small. Besides, there exist two physically different possibilities: 


Model example 


r > 0 at positive curvature, and r < 0 at negative curvature. We have followed several cases 


of weak and strong gravitation of different curvature sings: 


r= 4107 yr = 4105,r = +1073 r = 111077 r =41; 
r — —10 90 r — —10””,r = -10°3,r — —107” r =-1. 


The cases r = +1072, 


1 correspond to a very strong curvature of space. A numerical study 
showed that the dependence of the roots A; upon parameter b € (0,2) is very inappreciable, 


by this reason below we take the value b = 0. 


b=0, r=—10-5, 


k = 0.23, 
k = 0.22, 
k — 0.21, 
k — 0.20, 
k — 0.18, 
k — 0.16, 
k — 0.14, 
k — 0.12, 
k — 0.10, 
k — 0.08, 
k — 0.06, 
k — 0.04, 
k — 0.02, 


b 0, r — 1077, 


k — 0.23, 
k — 0.22, 
k — 0.21, 
k — 0.20, 
k — 0.18, 
k — 0.16, 
k — 0.12, 
k — 0.10, 
k — 0.08, 
k — 0.06, 
k — 0.04, 
k — 0.02, 


At the change of curvature sign, one root Aş becomes negative, though very small. 


A; = 0.0000109, 
A; = 0.0000114, 
A; = 0.0000119, 
A; = 0.0000125, 
Aı = 0.0000139, 
A; = 0.0000156, 
A; = 0.0000179, 
Ax = 0.0000208, 
A; = 0.0000250, 
Aı = 0.0000313 , 
Aı = 0.0000417, 
A; = 0.0000626, 
A; = 0.0001257, 


b5Eb5bbbbbPbPbbb 


Let the curvature increase: 


b 0, r=—10-3, 


k — 0.23, 
k — 0.22, 
k — 0.21, 
k — 0.20, 
k — 0.18, 
k — 0.16, 
k — 0.14, 
k — 0.12, 
k — 0.10, 
k — 0.08, 
k — 0.06, 
k — 0.04, 
k — 0.02, 


DbEbPb5bbPbbbbbbb 


— 0.001, 
— 0.001, 
— 0.001, 
— 0.001, 
— 0.001, 
— 0.002, 
— 0.002, 
— 0.002, 
= 0.003, 
= 0.003, 
= 0.004, 
1 = 0.008, 
= 47.98, 


= 0.559, 
= 0.485, 
= 0.429, 
= 0.382, 
= 0.308, 
= 0.250, 
= 0.162, 
= 0.127, 
= 0.096, 
= 0.069, 
= 0.044, 
= 0.021, 


Az 
Az 
Az 
Az 
Az 
Az 
Az 
Az 
Az 
Az 
Az 
Az 
Az 


Az = 0.559 Aş = 1.789; 
Az = 0.485 Aş = 2.060; 
Az = 0.429 Az =2.333; 
Az = 0.382 A3 = 2.618; 
Az = 0.308 As = 3.248; 
Az = 0.250 Aş = 4.000; 
Az = 0.202 A3 = 4.940; 
Az = 0.162 As = 6.171; 
Az =0.127 Aş = 7.873; 
Az = 0.096, Aş = 10.404; 
Az = 0.068, Aş = 14.598; 
Az = 0.021, Aş = 47.979 
Az = 1.788, Az = —0.00001 ; 
Az = 2.060, As = —0.00001 ; 
Az = 2.333, Az3 = —0.00001 ; 
Ao = 2.618, Az = —0.00001 ; 
Az = 2.248, Az3 = —0.00001 ; 
Az = 3.999, Az = —0.00002 ; 
Az = 6.171, Az = —0.00002 ; 
Az = 7.873, Az = —0.00002 ; 
Az = 10.404, Az = —0.00003 ; 
Az = 14.598, As = —0.00004 ; 
Az = 22.956, Az = —0.00006 ; 
Az = 47.979, Aş — —0.00012. 


— 0.557, 
— 0.483, 
— 0.427, 
— 0.380, 
— 0.306, 
= 0.248, 
= 0.200, 
= 0.160, 
= 0.124, 
= 0.093, 
= 0.064, 
= 0.036, 


As 
As 
As 
As 
As 
As 
As 
As 
As 
As 
As 
As 


=0.0105+0.01i, Aş 


= 1.790; 
= 2.061; 
= 2.334; 
= 2.619; 
= 3.248; 
= 4.000; 
= 4.941; 
= 6.171; 
= 7.873; 
= 10.404; 
= 14.598; 
= 22.956 ; 
= 0.0105 — 0.017; 
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There appear physically senseless complex roots. 
b=0, r=+4+107, 


k = 0.23, Ai =0.561, Az =1.788, As — —0.001: 
k — 0.22, A; — 0.487, Az — 2.059, Aş — —0.001: 
k — 0.21, A; = 0.430, Az — 2.333, As — —0.001: 
k — 0.20, A;  0.384, Az — 2.617, As — —0.001: 
k — 0.18, A; =0.310, Az — 3.247, Aş =—0.001; 
k — 0.16, A; = 0.252, Az — 3.999, As — —0.002: 
k — 0.14, A; — 0.204, Az — 4.940, Aş =—0.002; 
k — 0.12, A; o 0.164, Az — 6.171, Aş — —0.002; 
k — 0.10, Aı — 0.129, Az =7.873, As — —0.002: 
k — 0.08, A, — 0.099, Az — 10.404, Aş — —0.003: 
k — 0.06, Aı — 0.072, Az = 14.598, Aş — —0.003: 
k — 0.04, Ai — 0.049, Az = 22.957, Aş — —0.005: 
k — 0.02, Ai — 0.029, Az — 47.979, Aş =—0.008; 


The root Aş becomes negative, though small. 
b — Ü, r=—107?, 


k — 0.23, Ai — 0.011, Az — 0.536, Aş = 1.801; 
k — 0.22, A,=0.012, Az — 0.465, As = 2.069; 
k — 0.20, A, =0.013, Az — 0.363, Aş = 2.624; 
k=0.18, A, =0.015, Az — 0.290, As = 3.251; 
k=0.16, A, — 0.017, Az — 0.231, As = 4.002; 
k — 0.14, A,=0.020, Az — 0.181, Aş = 4.942; 
k=0.12, A,=0.025, Az — 0.137, As = 6.172, 
k — 0.10, Ai — 0.034, Az — 0.093, As = 7.873; 


k=0.08, A; =10.403, Az = 0.4854 0.2562, Aş = 0.485 — 0.2567 ; 
k=0.06, Ai =14.597, Az =0.3494 0.4057, As = 0.349 — 0.405: ; 
k=0.04, Ai = 22.955, Az 0,226 H 0.4701, As = 0.226 — 0.4707; 
k=0.02, A; = 47.977, Az  0.115 4“ 0.4977, Aş =0.115 — 0.4977; 
k=0.01, Ai = 97.987, Az =0.6264 0.5012, Aş = 0.626 — 0.501%. 


We can see complex roots. 
b=0, r=+4+107?, 


k — 0.24, A, — 0.697, Az — 1.480, Aş = —0.010; 
k — 0.23, Ai — 0.582, Az — 1.776, Aş — —0.011,: 
k — 0.22, Ai — 0.505, Az — 2.051, Aş — —0.011: 
k — 0.21, A, — 0.447, Az — 2.326, Aş — —0.011: 
k — 0.20, A, — 0.399, Az — 2.613, Aş — —0.012: 
k — 0.18, A, — 0.325, Az — 3.244, Aş — —0.013: 
k — 0.16, A; — 0.267, Az — 3.998, Aş — —0.015: 
k — 0.14, A, — 0.220, Az — 4.939, Aş — —0.016: 
k — 0.12, Aı — 0.181, Az — 6.171, Aş — —0.019: 
k — 0.10, Aı — 0.148, Az — 7.873, As — —0.021, 
k — 0.08, Aı — 0.120, Az — 10.405, Aş — —0.025: 
k — 0.06, A, — 0.097, Az — 14.599, Aş — —0.030: 
k — 0.04, Aı — 0.077, Az — 22.958, Aş — —0.035: 
k — 0.02, Aı — 0.061, Az — 47.981, Aş — —0.043; 
k — 0.01, A, — 0.055, A» — 97.992, Aş — —0.047. 


The root Aş becomes negative. 
If the curvature increases further, vve see complex roots at both negative and positive 
curvatures 
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b=0, r — Hİ, 

k — 0.24, A, — 12265 FE. 1.13?, Aş = —0.362, Aş = 1.265 — 1.137; 
k — 0.18, A, — 1.173, AŞ = 2.804, A3 = —0.422; 

k — 0.12, A; = 0.695, Az = 6.128, As = —0.489: 

k — 0.06, Ai — 0.503, Ao = 14.727, Aş = —0.563: 
k=0.01, A; — 0.406, A> = 98.221, Aş = —0.627. 

b=0, r=-1, 

k — 0.24, A, = 2.339, Az = —0.86+ 0.66?) Aş = —0.86 — 0.667; 
k — 0.18, A, =3.556, Az = —0.247+0.63i, Aş = —0.24 — 0.637; 
k — 0.12, A, =6.218, Az = 0.60 + 0.58i, Aş = 0.60 — 0.58: ; 
k — 0.06, A, = 14.468, Aş = 0.996 + 0.5332, Aş = 0.996 — 0.537; 
k — 0.01, A, =97.757, Az = 0.124 0.491, As = 0.12 — 0.497. 


This means that at these values of curvature, the model becomes non-interpreted. 

Now we consider the general structure and particular examples of transformation S, 
with the help of which the mixing matrix in eq. (12.88) reduces to diagonal form. Because 
the rows of the relevant matrix are fixed up to arbitrary multipliers, we may construct them 
within the following form 


S92 11, $13 = $23 = $33 = +1; 


that is, 
b, = 81, ®, + sizÖə2 + Öş, bə = s2iÖ: + 59902 + O3, Öz = 8310) + saoÖə + O3. (12.99) 
For unknown elements we have three subsystems 


(M — M) + di Ly — uq)“ sqiyı + dəli - 
dy La + sayı +(M — Mə? + dələ — uq)" 


(2 = —daLi, 
( 
(M — Mi + di Li — bya) + 8(2)1 + dəli - $(2)2 = —dalLi, 
( 
( 


s 
Si) = —daLə, 


dıLə + səyi + (M — Mə? + dələ — uçə))" 
(M — Mı + diLy — pay) sçsyı + dal - 


(M Mg + dole u(s)) " 8(32 = —dəLə é 


2)2 = —dalz, 


S 
8(a)2 = —d3Ly, 


dıLə 9 §(3)1 t 


For each p Mi), ? = 1, 2,3 we have three determinants: 


el) = (M = M) + dıLı ə Li) dəLi 
d, Lo (M — M? + dəLə — vi) |’ 
oö = —d3ly dol o® = (M — Mi + di Li — pi) d3I1 
1 —daLə (M — Mə r dəLə — ui) |’ ~? dıLə —daLə |’ 
and therefore three sets of solutions: 
OW) O oO) oğ) 0?) o) 


1 2 1 m 2 — 1 pas 2 
St) = OW” §(1)2 = 00” S(2)ı = 062” S(2)2 06” §(3)1 0)” S(3)2 06)” 
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Taking in mind notations from the above d; = M D,, uw; = M A,, the determinants may 


be re-written in dimensionless form 
(1—A;' + DiLi- A) 


DəLi 


(3) — n2 
. YT Tir, (1—,21--D.L, —A,) 
() a,21 ~Dslr D2Ly 
OM =—Dslg (1— 2z + Dole — Aj) |’ 
(@) — nəl (1 AT EDİL) — A)) —DsLy 
— DiLə —Dələ 


Recall expressions for involved quantities (in dimensionless form) 


$ 


2 1 
= 2k —v1- ik), 
: Gavİ- 46vi- ak 2L 
. z [42k + —VI—4k | 
R EE ae ?L : 
1 1 b 
ies 2%k+—(4k—-1)], L-14-—, let d= 
3 il TAL )I, T ve. € 0, 


Di =-5 vI-4k, Do = +5 V1—4k, Ds = x. 


Asymptotical behaviour of L;(k) is given below: 


1 
k—-, Lı— —oo, 


4 


k”0, HE: 40.5, 


Lə — +0, 


Lə — +00, 


L3 > —2, 


İş — —oo. 


Let us write down several particular matrices from $ö = S716: 


—8693394.736 4986681.114 3706713.621 


18059.506 
2.644 


—3864009.458 9059949.095 


k = 0.20,r = +10-°, gt= —76752.901 
—2.612 

k = 0.20,r = —10-°, Sis —60689.893 
0.999 


36454126.28 
—12200.458 420.705 11779.752 |, 
—2.080 


k=0.10,r=+107°, s-t= 


17976761.23 
—11796.328 
1.010 


971 


6331779.188 
—0.304 
—0.052 


k =0.01,r = +1075, st 


40282943.48 
—1.913 
0.330 


k — 0.01, r — —107”, sis 


—60689.898 
—2.684 


—1.850 


2.071 


—36475931.28 
12217.625 
—2.081 


—6032189.243 
—2.673 
1.049 


—34879043.03 
10.448 
0.714 


(12.100) 


58693.395 
0.968 


—5195939.637 


—20708.455 
2.685 


—1.797 


1.008 


18499170.04 
—421.297 
2.072 


—299589.945 
2.976 
0.002 


—5403900.450 
—8.536 
—0.044 
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ST 
12.11 Plane wave solutions of Majorana type 
Let us consider briefly solutions of three separate equations 
[ iy! + iy’, — M1], =0, M,=M(1+A)); 
(iy? + i710, — Mə 102 =0, Mə = M(1+Ad); (12.101) 
[iy°O: + i710, — M3] 3 =0, Mz = M(1+Asz). 


It is convenient to employ a fixed Majorana basis for Dirac matrices 


0 -i O O — 0 050 
01/27 0 0 0 1 _| O 90 0000 
TREE NO oğ) ge | “TM?” İl ag (0— |e 
0:0 — 0 0:0 0 ? 
0 0650 ft 0 ti 0 0 
2 _|0 0 — 0 3 _|% 0 0 0 
7 Oe EIS ENG. 60 0 a 
i O O O 0 02 0 
We search solutions in the form 
Aj Bi Cy 
= : A m : : B m : : C. 
— 5—iktdikaz 2 — 5—iktdikar 2 — 2—iEtdbikzr 2 
®, =e As , b =e Bö , Öş =e C3 2 
A, Bu C4 
complex numerics are decomposed into real and imaginary parts: 


Because eqs. (12.101) have the same structure, it suffices to follow one of them 
[ iy? + öylö) — Mil 9) =0. (12.103) 


From eq. (12.103) we get an algebraic system 


k—iM, ae - 0 0 dı + da) 
E —-k-iM, 0 0 ag Eda) | 
0 0 k—-iM, E _ aş mn ial = (12.104) 
0 0 -E —k —4M) da + ial, 
Let us diagonalise the known helicity operator 
(777701) dı € o ğı: (12.105) 
its eigenvectors are 
(a, + 4a)) 
= - = . (aə + ta) 
®1(0 = +k) = (cosy — isin y) aaa lan): 
—i(ag + 0a)) 


Dbi(o = —k) = (cosy — isiny) 
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Taking into account these restrictions in the Dirac system (12.104), we obtain Dirac solutions 
with fixed helicities (let k = vE? — M?): 


b, = (cosy — ising) dA, 


},__, = (cosy — ising) EB (12.106) 
—1tA, 


Each of them is decomposed into Majorana constituents 6+: 


(dı cos g? + a4 sin y) 
5+ E~| (kcosy — Misin g)aı + (Mi cosy + ksin y)a} | 
ə. ı “(—a) cosg FT aisino) — i 
E~1| -(M, cosy + ksin g)aı + (k cos o — Mj sin o)az | 
£ (a) cos o — aı sin y) 7 
5- | E”İ-(Mi eoso + ksin o)aı + (k cos o — Misin o)az | 
io 
ə +(a1 cosy + a? sin o) 
—E”11 (kcosy — Mi sin o)aı + (Mi cosy + ksin o)a? | 
and 
(dı cos g + a} sin o) 
5+ E~|(kcosy — Mi siny)a; + (Mi cosy t+ ksin y)a} | 
“.. ı —(—af cos o + aı sin y) . : 
—E”11 —(M) cos o + ksin y)a, + (k cos ə — Mu sin y)a’ ) 
. (a) cos y — a, sin y) 2 
5- | E-[-(Mi cos o + ksin g)aı + (k cos go — MI sin o)a, | 
o=—-k — 8 


—(aı cos y + a} sin g) 
E~'| (kcosy — Misin o)aı + (Mi cosy + ksin y)a', | 
Solutions for all three fields from eq. (12.92) are similar, they differ only in the mass 


parameters Mi. 
Let us recall that with the use of the transformation S = (s,/), these Majorana solu- 


tions can be decomposed in linear combinations in terms of solutions with physical masses 
Mi, Mə, Ms: 

Ö, — sy BY +r 8129” oe , 

D1 = stoyi Of" stoynö2? + 03% , (12.107) 


7, M M. M: 
bı — 8(3)1 0} iL S(3)2 2 m + ®; > “ 
In turn, the Majorana states with physical; masses can be decomposed in combinations 
of states with modified masses: 
ğın = siy Di + sl) Də + $13 03 5 


Bh? = 55101 + 55) Oe + 853 Os , (12.108) 


[nF ree ane 
3° = 531 Si + 539 Oo + sss Ss, 
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The used approximations when an external cosmological background is taken into ac- 
count by a constant Ricci parameter and the Cartesian coordinates are used, are not neces- 
sary. Both of these simplifications may be withdrawn. For instance, we might take de Sitter’s 
cosmological background (of the 1-st or 2-nd type) and apply de Sitter’s static coordinates. 


12.12 Conclusions 


In this chapter, starting from the general Gel’fand-Yaglom approach, a new wave equation 
for spin 1/2 fermion, which is characterised by three mass parameters, is derived. On the 
basis of the 20-component wave function, three auxiliary bispinors are introduced. In the 
absence of an external field, these bispinors obey three separate Dirac-like equations with 
different masses M1, M2, M3. It is shown that in the presence of external fields, electro- 
magnetic fields, or gravitational non-Euclidean background with non-vanishing Ricci scalar 
curvature. The main equation is not split into separate equations; instead, a quite defi- 
nite mixing of three Dirac-like equations arises. It is shown that a generalised equation for 
Majorana particle with three mass parameters exists as well; such a generalised Majorana 
equation is not split into three separate equations in any curved background with a nonzero 
Ricci scalar. 
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Helicity operator for a spin 2 particle 
in magnetic field 


Explicit form of the helicity operator for symmetric 2nd rank tensor describing 
the spin 2 particle is specified in cylindrical coordinates. After separating the vari- 
ables the system of ten differential 1st-order equations is derived. It is split into two 
independent subsystem of four and six equations. The system of four equations is 
solved straightforwardly in terms of confluent hypergeometric functions; there are 
corresponding eigenvalues and eigenfunctions. A subsystem of six equations can be 
reduced to one ordinary differential equation of the 4th-order. Corresponding 4th- 
order operator is factorised into permutable 2nd-order operators, so the problem 
reduces to solving two differential equations of the 2nd-order. Their solutions are 
constructed in terms of Bessel functions. This analysis is extended to the presence 
of an external uniform magnetic field, when solutions are constructed in terms of 
confluent hypergeometric functions. 

The chapter is based on [1-31]. 


13.1 Introduction 


It is known that the eigenvalue states of the helicity operator play a substantial role in 
studying any spin particle in external electromagnetic (or gravitational) fields with cylindric 
symmetry. In the present work, we specify this problem for a spin 2 particle in Minkowski 
space-time 


ö ö ö 


yycart səm dır zz J?! 2 4+ we yyıcart preart = oH", (13.1) 
z U - 


where H“€”t (zr, y, z) consists of ten components of the symmetric 2nd-rank tensor referring 
to the spin 2 particle. 


13.2 Helicity operator in cylindric basis, separating the variables 


We will apply the description of this field in cylindric coordinates x* = (£, r, 6, z) and the 
corresponding tetrad 


dS? = dt? — dr? —r?dg? —d2?, ek (a) = (13.2) 


268685 

Goro 
HO 
= 

— o co 


DOI: 10.1201/9781003472377-13 334 
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Transition from Cartesian tetrad to a cylindric one is performed by means of the local 
transformation (belonging to the Lorentz group) 


Ox * 


Ly*(x) = egy (2!) para (2) = egy (ey (13.3) 
or in explicit form 
too ela a s O i 0 ük. 0 
L,%() = 01 0 0 de zr 01:10 cosö sing 0 
b U70 0 1/” 0 0  % 01710 -sinğ cosd 0 
0 0 0 1 0 O QO 1 0 0 0 1 


Therefore, the tensor of the second rank H transforms according to the rule 
Heat x [H (ae) |, Hey! — (L o TH”. — LHeetL : 


Correspondingly, the helicity operator transforms to cylindric tetrad as follows (in 10- 
dimensional representation, the S is a 10 x 10 matrix) 


Hey! = (L o mz — Hey! = S Heert, 


sing O 
r Oo 


12 ö f 
) +5? =| 5-4); 


cosp O 
r Od 


yev = S(9) LL”. ) 25 + 


whence we get 


nu! = [5(4)JS2(—9) cos 4. )(0)/518(-6) sing] 2) 


++ [ — $(¢)41?8(—¢) sin 6 + $2(6)J*"83(—9) cos] 7 
: 9 
+ — sin 2. + cos əsə) ə | + S(0)/9(-0) 27 : 


Taking in mind the structure of the field function (it contains the multipliers €?” and e'**), 
we can change the last relation to the form 


255 


wm 


+= — $(¢)J238(—9) sin ¢ + S(#).J345(—) cos o) 


qz İ-sin 2.-— + cos $$) J*! a + ikS(4)J!?S(—4), 


the inverse matrix equals S~' = S(—@). 
Let us find expression for ten components of H in the cylindric tetrad basis. We will 
apply the following notations 


ev = the column(f1, fə, fs, cı, ez, cs, di, də, ds, fo); 
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336 


sin 26 
— sin 260 


— sin o 


COS 6? 
sin o 


cos 6? 


cos 265 


cos sin o 


— cos ösin o 


After simple calculation vve derive the folloving expression for helicity operator in eylindric 


basis 


0 


—1l 


0 
0 
0 


0 


0 
0 


0 
000 


0 


00 


—1 


—2 0 0 0 0 0 0 


0 0 


0 


0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 


0 0 0 0 0 0 
0 0 0 0 0 0 


0 0 0 0 0 0 


taking in mind explicit form of generators for tensor we obtain its shorter form 


—2 00 0 0 0 0 


000 


0 


0000050 
000 00 0 
000 00 0 
0 20 00 0 
1 00 0 0 0 
000 0 0 0 
000 0 0 0 


000 1 0 0 


0 


-I 1 0 


000 0 0 0 
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It is convenient to use the cyclic representation, in which the generator /17 becomes 
diagonal, which leads to 


0 oOo oO 0:0 942 0 0 0 0 
0:0 0 -i¥2 0 —v2 0 0 0 0 
0 oOo oO if2 0 0 0 oO O 0 
0 0 -i¥2 0:00 00:00 
seul yad im), p24] 0 0 0 mouün. 00:00 
dr r r| —ivy2 0 0 00:50 0 oOo oO OF} 
0 oOo oO 0 oOo oO 00:00 
00:50 ü, Oo 0 ee o — 0 
00:50 00:50 00:00 
00:50 00:50 00:00 
where [31] 
: —2i 
—2i —2i 
. —2i 
— -$ . —£ 
pa. 1 | + —1 —? 
21 — —i —i : : 
— . 
— . —£ 
—i 
. —2 
—2 2 
. 2 
İ c-ho. Ci 
001 : -1 1 
— oe | -1 ; 
et: 
1. —I 
1 
—2i . 
0. 
2 . 
+i. 
jee 
m m 
—i . 
oO . 
+i. 
0 
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The eigenvalue equation SH = oH gives the following system 


2c, n= 2000000 

2 (ei +c) = ant De .. 0000 
Qc, = iV2(2k + 0) fg + m+ .. 

A+ ft $ c iiktoja+™ (at p)y-™**p, 
Cl He — mine | iso + lə, 

a+ fi t+ fg =iv2(o — k)es4 "ün — (ca + fa). 


di = iv/2(o — k)dy — də, 


m m- 


—1l 
dı + iv2odə = 


d, + ds = r- də, 
di =iV2(k +0)d3 + 74 
Da 3 T 2: 
V20 fo = 0. 
Let us apply special notations for eight differential operators: 
5 im 4 pee 1 4 5 25 4 
eee ee) Pope eee = 4,, ari are = a, 
vəd: r Om və dr T Ter fo ar r “im? 


100000 sug 1. 
və dr ül — ümzə? və dr ül -—. 


Then the above system may be presented as three independent subsystems: 


I a, dy = i(o — k)di, 
ün —idi + ayda = iodə, 
a, də = i(o + k)ds; 
II ağı iS — k)h, 
+ 


= .O 
Gy4101 dia = t5 fe, 


= air 
df = Us + k)fs, 


a7,c2 + ay, fo + af sofs =i(o+k)a, 


be — cə 
Am41C1 + Oy, 103 = 10C2, 


oya + an, ofi + af fe = ilo — keg; 


III ofp =0 o £0, fy =0. 


(13.4) 


(13.5) 


(13.6) 


(13.7) 


Consider the system I; after eliminating the variables dı and də, we get the equation for 


də: 


orm imtitin —10 də — 0. 


(13.8) 
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Similarly, in the system IT one can eliminate the variables fı, fə, fs: 


2 4 2 2 2 E 
f= i(o — 2k) m1 fo = = in 4101 pər 0-63 İs = ilo + 2k) mi”) 


this results in the system for cy, cə, Cs: 


= 2 2 
a,,c2 + To tin tnt 101 + oom mm —163 + eon da (pigs tC =iuot+k)c, 


2 
as ls: = Set 
Ame + ig — Ok) om 


2 2 
+ dəb əz =< 
a, 94,163 + io? nA GEL He jg müm-1C8 = io — k)cs, 


+ pas _ eo 
B41 Cl + Ay 1C3 = 10CQ. 


With the help of third equation, we can eliminate the variable cə, so deriving the system 
for cı, Cə: 


7 20 
ara “00 528) +h) Ay əd aq +O(04 kyle Saa ca = 0, 
- (13.9) 
İsaak ic 163 + (o — 2p)”n əd —o(o — k)| c3 + 3ah,ay,)¢c1 = 0. 


In order to take into account the presence of external magnetic field, it suffices to make 
one change, m => m + eBr?/2, this leads to new eight operators 


4 1d, m+eBr?/2 


ca Ja ar =< r i 
+ 1d. m+eBr?/24+1, 4 1.4 m+eBr?/2-1 
am+1 = ( x h am—-1 = ( — 5 
və dr ü və dr r 
2 1.4 mueBr/242 _ 1.4 mueBr?/2—2 
am+2 = ( 3” i, dn = ( b 
və dr r və dr r 


13.3 The system I, the free particle 


Let us turn to the case I, first consider eq. (13.8) for a free particle. Allowing for the identities 


zi. xü... 1d m2 x yey fe 1d (2—m)m 
Qm—1%m = ? dmn—1üm > ? 
2d3:? 2rd3r 2r? 2d3r7 Or dr 2r2 
we get 
d? kd mk+m(m-—1)o 
k* — 07) | do = 0. 13.10 
E or dr or? ( ° | 2 ( 


Near the point r — Ü, this equation becomes simpler 


R: kd mh mt" ən, 
dr? ordr or2 A 


so that 


Au SE ee. ce nedi (13.11) 
o o o 
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Near the point r — oo we have 


2 
= — (k? o?) 14: = 0, dur (13.12) 


or dr 


Solutions should be searched in the form də = r4€€” f, which yields 


24 k A(A—1 A1 —l)ol 
pa (2C4 Vea s 7 75 LE 
r or or or o T 
2AC kCl1 
ic? (k? — 0”) 4 f =0. 
r or 
Imposing the known restrictions 
k k —l 
AA) pl ARS 57:57 x 0, €? — (k? — o?) “0, 
o o 
we reduce the above equation to the form 
2 k k 
pı (244 2Cr) a (24c C) Ff =0; 
dr? o dr o 
the possible expressions for A and C are known. Changing the variable, z = —2Cr, we 
reduce the equation to hypergeometric form (for definiteness let C = +iVo? — k?): 
d? k d, k 
0 0 — ə” pi, 
dz? o dz 20 (13 13) 
k : 
də = z4e-*/*@(c, a, z), a=A+t+ . c=2A+— — 2a. 
20 o 
Solutions will be regular in the point r = 0, if we take positive values for A: 
(a) m>0, da~z4=z™ —,0, 
A 2 (13.14) 
(b) m<0, döxz”—z)7-e, 1l—-m>k/o. 


These solutions may be presented in terms of Bessel functions. Indeed, starting with the 
eq. (13.10), let us make the substitution də (r) = y(r)da(r): 


2 


d = a d és 7 . 
ged? = də + odə, qa? = g”də + 2y'd, + ədə, 


then we get 


50 777 
org g or 


/ 
d+ (2% + 
o 


or 


We fix the function o as follows 


: k 1 əz. 
-—. ——u......:0 


accordingly the above equation takes the form 


(m — 177 .. 


r2 


ə Zə 
dy + —dy + ( (k? — o?) 


In the variable y = iVk? — o? r, it has the Bessel structure 


Ee ld “a ı 1 5 k 

2 2 2—U, (İ— ən 

du y dy y 2 20 (13.16) 
1—k/o — 


də(y) =CiJar(y) + CoJ_v(y), də(y) er” ə də(s). 
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13.4 The case I, particle in magnetic field 


In the presence of the magnetic field, the equation for də takes the form (for brevity we 
simplify the notation, eB => B) 


@ kd —20(B(2m—1) + 2k?) +2Bk + 403 


dr? ra dr 4o 
B2, —km-—(m—1 
7 m Je) as =0. (13.17) 
4 T?c 


Near the point r = 0, we get 


d? k d km 4 (m — 1)mo 
ə 2 İd: — 0, 


' ro dr oro 
which coincides with what we have in the case of a free particle. Near the point r = co we 
get 


d? kd 1 2 B 
A 1 pe 2) = də ol ane. 
(zə . rodr 4 “—5-.- 


Making the change of variable r? = x, we transform eq. (13.17) to the form 


B(k — 2mo +c) 


= (k+oa) d 1 pə 


dx? 2Qox dx 16 Soz 
(k? —?) m(o—k) m? 
t də = 0. 13.18 
Ax Aon? 4:21”? ( 


Its solutions are searched in the form də = x4e°* f, and for f(x), we obtain the equation 


ra o (kc) +20) f'+ .... 1) — m? | m(o —k)+2A(k +0) 
x 2ox Ax? 4ox2 
_ Blk 2mo + 2) + 4C(k +0) (k? — o?) — 8AC ae | BP] f= 0. 
Soz 4: 16 
Imposing the constraints 
1 
4A(A—1)o — om? + m(o — k) H2A(k o) —0, C?- məl = 0; 
we get the expected results 
m 1—m k B B 
_ ; 0 13.1 
a 2° 2 2o” 3 17 -— 
below assume C = rı (B > 0). The main equation becomes simpler 
k 
af! + (244 tals +2C2) f' 
20 
B(k — 2mo Ho) E4C(k bo) (k? — o?) —8AC 
+| |f=0. 
80 4 
In the variable 2C’x = —z, it reads as an equation of confluent hypergeometric type 
ef" +(c—z)f' — af =0, 
d? f” k to df m, k? — o? (13.20) 
af A) f =0. 
—u..—s.):5-—u.u. 
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Imposing the usual constraint to get polynomials 


m k? —o? 
— + A=—n, 0777 
a 5 + 2B n n 


we find expressions for o: 


ə 2/42 (Ap +n)2B. (13.21) 


Depending on the sign of m, we have two possibilities 


m>0, o — HEV/K? +(m+n)2B; 


1—k (13.22) 
m <0, oz tye + (aa 2 ppp. 


the second equation determines co in inexplicit form. Assuming that solutions are regular at 
the point z = 0, we follow two possibilities depending on the sign of m: 


Ik 
mö 0Ü, də gl 6-82 O(n ce, Zz), C=m+=4+—; (13.23) 
2 20 
.. 1 Be —z/2 = / _3 1—m k 1 24 
me Ü, dg~z  2ec ®(—n,c’,z), c 2” m—, .”. (13.24) 
Equation (13.24) leads to the cubic equation 
o — o[(k? + B(Q2n+1)]}+ Bk —Ü, B>0, (13.25) 


with the roots 


V2(B+k? +26n) 6 


” é MET) 
i(V3+i)¢ 1(V3-— ü) (6 4 k? 4.26) 
02 = as 213g , (13.26) 
— i(V3 xü) (8 E.£? 28n) (1+iVv3)¢ 
73S 22/30 6/2 ’ 


where o = {| 72984 108 (8 £? + 26n)* — 278k. In the dimensionless variables 
o/lk— a, B/K? — b, we have 


V2(2bn+b+1) 9 


z? — zl1 4 5(2n PE 1)) b —, 21= 7 + 399" 
i(V3+i)p i(V3—i) (2bn+b+1) 
a 23/39) : (13.27) 
— i(V3 +4) (2bn +641) (1+iVv3)y 
x — 22/34) 6/2 ? 


where g) — (/,/72952 — 108(2bn + b+ 1)? — 27. 
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TABLE 13.1 

The values of z, (¢ = 1, 2,3) 

and b= 1 
n | zı(n) | vən) 1 ssn) 1 
1 11.861 | -2.115 | 0.2541 
2 | 2.361 | -2.529 | 0.1674 
8 | 2.764 | -2.889 | 0.1252 
4 | 3.111 | -3.211 | 0.1001 
5 | 3.422 | -3.505 | 0.08338 
6 | 3.705 | -3.777 | 0.07145 
7 | 3.968 | -4.031 | 0.06252 
8 | 4.215 | -4.270 | 0.05557 
9 | 4.447 | -4.497 | 0.05001 


10 | 4.668 | -4.713 | 0.04546 
11: 4.878 | -4.920 | 0.04167 
12 | 5.080 1 -5.118 | 0.03846 
13 5.274 | -5.309 | 0.03572 
14 5.460 1 -5.494 | 0.03333 
15 | 5.641 1 -5.672 | 0.03125 
16 | 5.816 | -5.846 | 0.02941 
17 | 5.986 1 -6.014 | 0.02778 
18) 6.151 | -6.178 | 0.02632 
19 6.312 | -6.337 | 0.02500 

20 | 6.469 | -6.493 1 0.02381 


Let 6 = 1,10, then the roots behave as shown in two tables below 
where 


13.5 The case II, free particle 


Let us turn to the case II for a free particle, the system (13.9) in explicit form reads 


re ld ə : o 1d (m41) 


2\dr? | o + 2k) \dr? | ) bolo +k) ea 


r dr r? r dr r2 


| 


7 _(1—2m) d (0-1 


2 dr? r dr r2 
ard” ld. mü. o d@ 14 (m-1) 
k 
İ5 te r dr r? ) = (o — 2k) ee r dr r? ) ae | - 


(38745 (112m)d (m?2-1) 
ser T da” r2 Jer =0. 
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TABLE 13.2 

The values of x; (i = 1, 2,3) 

and b = 10 
n | zı(n) |] zə(n) 1 ssn) | 
1 | 3.048 | -3.230 | 0.1827 
2 | 3.935 | -4.044 | 0.1097 
3 | 4.648 | -4.726 | 0.07838 
4 | 5.263 | -5.324 | 0.06099 
5 | 5.812 | -5.862 | 0.04992 
6 | 6.313 | -6.355 | 0.04225 
7 | 6.777 | -6.813 | 0.03662 
8 | 7.210 | -7.243 | 0.03232 
9 | 7.619 | -7.648 | 0.02892 


10 | 8.007 | -8.033 | 0.02617 
11: 8.377 | -8.401 | 0.02389 
12) 8.731 1 -8.753 | 0.02198 
13 | 9.071 1 -9.092 | 0.02036 
14) 9.399 | -9.418 | 0.01895 
15 | 9.716 | -9.734 | 0.01773 
16 | 10.02 1 -10.04 | 0.01666 
17 10.32 | -10.34 | 0.01571 
18) 10.61 1 -10.62 | 0.01486 
19) 10.89 1 -10.91 | 0.01410 

20 | 11.17 | -11.18 | 0.01341 


These equations can be transformed to other form 


20 di 1d (m41)? 
+ 2 k 
is x: r dr r2 ) .—-.. la 
d? 1—2m)d m?—1 
+3(—5 + ( : . . | = ər =0, (13.28) 
20 d 1d = (m-—1)? 
is o — malını r dr r2 ) pole öl - 
d? 1+2m) d m?—1 
+3(<5 + ( - m | 5 əz =0. (13.29) 


This system may be considered as linear with respect to the variables cf, c4: 


3 3— 20 


20 
| 3 + 2k+o 3 
2k—o 


(3+ 2 d ən... d oD) es 


r dr rə T dr r? 


s (səmi 4 zü yə, + İsa sə (16 - Ci) - əfi — os 


T dr 


evidently it is symmetric under the change 
Bea, me6-m, o € —o. (13.30) 


Its solution has the form 
2. 1 (9 m — 8)o? — 36 k?m a 
178 o?r ı 
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re 8ak?+12k?-9o07k—-5o? 1 Sila ec ee LE) 
Cy 


8 o 8 o?r2 
3 m(-4ok 4 12k? —5o?), E (2k? + 0? — 36 k)(o + 2k) 
C3 4 
8 or ee.) o 
3 m(—40 mk 4 12 k”m +507 T46k-—12k? -— 
İ C3, 
8 or? 


3 m(4o k HE 12k? — 5o2) , 
c 


” 
C= 


38 or ‘ 
3 (o +k)(—0? +4k?) 3 m(6k+50)(—0 + 2k)(m +1) 
+| İ Je 
8 o 8 or? 
1:36 k?m — 9o?m — 8o? , 
8 or “s 
1 —9o?k +503 — 8o k? +12k3 1 (-170?m + 807 + 36k2m)(m — yy 
| 8 o 8 o?r2 .. 
the above symmetry may be noted in these formulas as well. Shortly we can write 
d? d L Ra G 
5 = Ki —ci + (+ Ma +(F + His, 
dr? dr r? r dr r? (13.31) 
d? d L Fd G 
unu... 


Let us eliminate from this system the variable cs. To this end, first we present this 
function as ca = oca, and require that 


lə ər əl ar -— oo Eb 
( r dr yə + 1) p63 go d C3 
VVhence it follovs 
Tə ə at - Pd.o 
İ m p) ca 1 Haica => — C3, 
T o T r d 


or differently 


Fi d 
Ək = 2 &, 


Fy = (= y! Gy 
7m 4 
ry r2 


Further, we derive equation for determining the function o: 


Fi qo" Gy d Gy 1 Ay 
— —o———-—H => Ing = 
T o r? i dr s. Fr EH = 
so we obtain 
Gy Hı 4 Ay 
I — ——l — 1 ( G/F) 
ny F, nr OF” n( yr OF” a 
whence it follows 
pr Fi — ek — p= po Ole mm”, (13.32) 
Therefore, the initial system reads 
d? d L Fi d 
gc Hee (= — Mia don — o, ca = 96, 
dr dr T r dr (13.33) 
d? d Ls Fg; d Gəş 
— 63 = K3— pe: — + M3)oc: — — -- +H. 
dz bss sap PS Tü r? 5 r dr 5 r2 -— 
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From eq. (13.33), we express the derivative a C3: 


d Te fed? d Ly 
a M ) 
dr °° F, mere art Çə öc 
below we will need the second derivative as well 
d? dtlr,/d? d Lı 
B= Müa)) 
7 ” m (zə Cı leet (3 + Mi )e1 
Expression for function c3 itself is found by integrating 
1: r d? d LL, 
Gs = K + Mila ar. 13.34 
. / F, nee Tar iz —.. ( 
Novr vve turn to the second equation from eq. (13.33) 
d? d Ls Fad G3 
— 903 = K3— ye — + Ms)pe — — 4+ ++ Hs)eı, 
ape 7. ü (zə — r dr 7 r? + Her} 
taking into account two identities 
də aş d ZƏRƏR ƏN Ə Iz. - K d _ -K ,- aif 
m Ca + 2p C3 + ocş, aes = 3 p C3 + YC3], 


we transform the above equation to other form 
_ ss x = Lə ərə G3 
pts + 2y'% + yes = K3y't3 + K3y% + (> + M3)pé3 + el + oa + H3c,. 
Whence after re-grouping the terms we obtain 


R x re li G 
yes + (2p' — Ksov)eş 4 Ca K3y' iə + Ms)e) és dı 31 Hacı = 0, 


which is equivalent to 


ue : L IF 1G 1 
İsi + (2% - Kala + ( - Ka - (2.4.Ma))a - [= 4 = Sea + Haa —0 
p ge o T 0 pr 
With the help of the notation 
” ü L 
A(r) = (2 Ks ( 2 Ms), 
ge o T 
we re-write the last equation differently 
1 a7 g” z əs 1 1 F3 1 G3 1 
+ (2% — Ks)e4| [=e 4 + Heel =0 
A(r) E ( o 3)¢3| “es Air) lor Cı o rə Cı 3C1 


After differentiating this equation vve obtain 


VA les 4 ge Kalal yaa 


"0 
25 E pot o r? ar o seil) ğ .. 
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this is the 4th-order equation for function cı (r). Recall that 


lr d? d Ty 
dl, = K M ) 
- F on 14r7) Ca Ver); 
df 17/43? d Ty 
a! = K M Me 
“s Un 2— 197 (2 .. 
In similar manner we can derive a 4th-order equation for function c3. 
Equations of the 4th-order for two (initial) functions cı (r), c3(r) in explicit form read 


(13.36) 


dtc, 20 5 ə —3-4m—-2m?\?c 
2k? 4 ) 
dr r dr3 +(e r2 dr? 
7¢ 50? — 8k? 77: 
"\4 T : r3 dr 
2 
| 5 opty tay pty (—5o? + 8k?) (m+1) 
4 4 4 r? 
(m 4-3) (m — 1) (m 1)” 
t 4 Ja =0, 
r 
dies 2 dc üz -3-4m —2m?, d? cs 
2k? 
dr3 r dr3 + (Fe er r2 Fp 
(4 5857: 
'\4 T r3 dr 
2 
-| 5 səpə | lia pa 1 (—50? + 8k?) (m—1) 
4 4 4 r? 
(m — 3) (m 4-1) (m-—1)” 
t pa İs -0. 


Both equations may be factorised: 


—— 0...) 
5... 


where two multipliers are permutable. 
It suffices to solve two 2nd-order equations for ci: 


gölə Hie 2.2 (m--1)? 
iL Fe (2070 ıı. la m. (13.37) 
II E 1 d k? | 1 2 oe —0: , 
”  Ldr2 r dr a” r? -— 
they reduce to Bessel equations 
bö id +1)? 
I, x — iy k? — o2, kar mi İcie) -0: 
4? ld tn (13.38) 
II, y — iylk? — o?/4, Ee a P İci (y) — 0. 
Similarly, for function c3 we get 
07 1 —1)? 
T, c=iVvk? — o2, Er 5. m- İdite) = 0; 
(13.39) 


@ 1d —1) 
I, yiylkö — o?/A, ! 11 ml edly) =0. 


dy? dy y 
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13.6 The case II, the presence of magnetic field 


Here, we have the following system of equations for the variables cı, cs (for brevity we 
change the notation eB => B): 


37d? 14 (m+ Br?/2+1)? 
t B 
sla r dr rə ı. 


| 
T 


ı z 14: (m+ Br2/2+41) Bİ kete +k) Sey 


(0+ 2k) 1d:2 rdr və 
37 42? 1” 2(m 4 Br?/2) d (m4 Br?/2)?-1 
.. T dr ‘J r? }es 
{2/2 old. 4m Brea)" B] 
214:2 7 rdr r? 
o d? 1d (m+ Br?/2—-1)? 
+ B -k 
(o — 2k) iə R r dr və Te iə 
37 42?  142(m 4 Br?/2)d (m4 Br?/2)?-1 
| Ble =0. 
zə r dr ss r? ü la ğ 


They can be transformed to other form 


(s 20 ə 1d (oe BE PED AG ag )B+20(o le 


o+2k/\dr2— rdr r? o+2k 
2 _ 2 2 1932 _ 
| E “s 2(m + Br” /2) d (m+ Br*/2)° —1 B]es =0. 
dr? T dr r2 
_ 20 @ 14 (m+Br?/2-1)) | — 
(s 2.0: ə r dr r2 ) : ( 2 =~ op) B+ ee — bile: 
2 2 2 /032 
əli i ee oe /2) d (m+ Br*/2) İla -0, 
dr? T dr r2 


Whence it follows 4th-order equations for cı and cs: 


ƏR ( €? B2r? zi 50° — 80k? —80mB+8o0B+12kB 2m2 P4m- *) Hi 


Cy + ra + 2 do yə Cı 
3 2 1509 — 80k? —80mB+8o0B+12kB 2m?4m83N , 
+ Ber + + Cı 
2 4 ro r3 
ee ee B? (50° — 80k? — 80mB + 80B + 12kB) r? 
“11677 16 o 


1(m 1.1)” (503 — 80k? — SemB + 80B+12kB) (m. 13) (m —1)(m 4.1)” 


T 
4 r2c r4 


i 
-. (zo? + 50° Bm — 50° B + 5o”k? — 210°kB — 6om?B? 


+40B’m + 16B?o — 80k? Bm + 80k? B 
—4ok* + 12kB?m — 12kB? + 12k°B)] cı = 0, 
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ofl 2 ip _1 p2,2 1 503 — Sok? — 80mB-80B+12kB 2m2—4m-43 el 
r 2 4 o r? 
3 ro 1 503 — 80k? — 80mB-—80B+12kB  2m?—4m+3)\ , 
+ ə zü i 
2 4 ro ə 
1075 B? (503 — 80k? — 80mB — 80B + 12kB) r? 
16 16 o 
1 (m — 1)” (503 — 80k? — SemB — 80B+12kB) | (m—3)(m+1)(m—1)? 
4 ro re 
1 
— qo (-0? + 50° Bm + 50°B + 50k? — 210°kB — 6om? BY 
o 
—do B?m + 16B?c — 80k? Bm — 8ok?B — 4ck* 
+12kB? + 12kB?m + 12k°B)] cs = 0. 
Both equations can be factorised. For the variable cı we get 
dö vü (m 4.1)? 
B? 2 
be rdr 47” r? 
o (50? — 8k?) — 8Bo (m —1) + 12kB + 3,/0% — 24kBo8 + 16 (20? + k?) B? 
x 80 } 
Ge Des ə Gna 
ür. ' rdr ə .. 
ye (50? — 8k?) — 8Bo (m —1) + 12kB z 3,/o6 — 24k.Bo8 + 16 (20? + k?) B? 0 
cy = U. 
80 } 


For the variable cs, we have slightly different equation (note the change m — 1 => m+ 1) 


d? ld. mn ə,” ey 
İqə r dr —” T2 


x (50? — 8k?) — 8Bo (m+ 1) + 12kB + 3y/0% — 24k Bo? + 16 (20? + k?) B? \ 


So 
da. Was oa (m —1)? 
B?r? 
ee rdr 4 . r? 
Bə (50? — 8k?) — 8Bo (m+ 1) + 12kB zr 3,/o6 — 24kBo9 + 16 (20? + k?) B? 5 
c3 =U. 
So ) 


It suffices to examine one equation 


fe id po. (m +1)? 
dr? rdr 4 r2 


42 (50? — 8k”) — 8Bo (m — 1) + 12kB + 3\/o® — 24kBo? + 16 (20? + k?) m ‘ 
Cı KU. 
So 


In the variable x = 2Br?, the last equation reads 


d?cı dei 1 1(m41) 


dr? x dx 4 4 g 
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o (50? — 8k?) — 8Bo (m. — 1) + 12kB + 3y/0% — 24k Bo? + 16 (20? + k?) B? 
16oBx 
With the use of substitution cı (r) = e47 € F(x) , we get the following equation for F(z): 


cı = 0. 


ZF dF 1 14C? — 17 
2 + (24s +2C +1) — + MA” pet ese!) 


dx? 4 x 
57 [164 (1+ 2C)B + o(50? — 8k?) — 8Bo (m —1) + 12kB 
166 o T - O\0O o\m 
+3,/o% — 24k Bo? + 16 (202 + 2) mi iz =0. 
Imposing restrictions on parameters A = —4, C= +/+), we simplify the above equation 
to the form 2 2 
F F 
E(2C 1 
7 dr? ae - dx 
1 1 
= [ — 8o(1 + 2C)B + o(50? — 8k?) — 8Bo (m —1) + 12kB 
160B 


+3,/06 — 24k Bo? + 16 (20? + k?) B?| F = 0. 


It is identified with the confluent hypergeometric equation with parameters 


Tn 
Gig ane — 80(1 + 2C)B + o(50? — 8k”) — 8Bo(m — 1) + 12kB 
16 ceB 
“39/66 — 24kBo8 + 16(20? + k2)B21) 9 —2C +1. 
The known polynomial condition (a, = —n, n = 0, 1,2, ...) gives the quantization rule 
1 1 


poe = = 2. 922 
675. 8e.B(14-2C) — 8Bo(m —1) 4-o(5o? — 8k?) + 12kB 


“34/66 — 24kBo3 + 16 (2o2 + k?) B2} =n, n=0,1,2,... 


or differently (let C = “Zİ, 


o(5o? — 8k?) +12kB 


34/66 — 24k.Bo8 + 16(2o2 + k2)B2 = 8oB(2n +m+|m +1). (13.40) 


Let us change the notation 2n + m+|m-+1| — N, then ve have 


+3,/06 — 24k.Bo8 + 16(202 + k2)B2 = 80 BN — o (5o? — 8k?) — 12kB. 


After squaring the above equation, we obtain 
o{o° — 5 (BN +k?) oğ + 21kBo? 
+ [4 (BN +k)” — 1882İ o — 12kB (BN +k?) } =0; (13.41) 
the root o = 0 is nonphysical. So we get 5th-order equation 


BN+kh? o, o” —5 0° + 21kBo? + [477 — 18B?1 o -12kBy =0. (13.42) 
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In dimensionless variables 


o B 7 
2.5” Orga P=— =bN +1, 
we have the equation 
zə — 50x? + 215z? + (40? — 185”)z — 1207 = 0. (13.43) 


Thus we have constructed the following solutions 


1 1 
Bü fe: ae (13.44) 


e1(a) = e 7/22” G(oz =—n,7,2), C=+ o. 5 


Having known the functions cı (z), one can find an explicit form of the concomitant 
function ca (z) (we should use a formula of type (13.34)). When solving the 2nd-order equa- 
tion for function c3, we obtain a similar result with one formal change m+ 1 = > m-— 1. 
Therefore, in this case, we have constructed the following solutions 


İm —1) 


c3(v) — € v/2y”” G(r), Cl=+ ə 
2n Em" Eİm”H11-N", bN”H1-T/, (13.45) 
X5 — 5T" X3 + 21bX? + (AT” — 1857)X — 12917 = 0. 


m" =m-—2, 


We can see that solutions (13.45) and (13.44) provide us with one the same spectrum for o. 


| 
13.7 Numerical study of the 5th-order equation 
We start with the equation 

x — 5) x? + 21ba? + (4T? — 18b7)a — 125T = 0, (13.46) 


where . ə 


The five roots of eq. (13.46) at different values of b are given in the tables below 
b — 1/20 


N= 1. w= —2.17999 —0.962925 0.142914 1.1127 1.8873 
N= 3. w= —2.26543 —1.01463 0.130574 1.14949 2. 
N= 5. w= —2.34817 —1.06388 0.120171 1.18679 2.10508 
N= 7. w= “—242843 —1.11095 0.111288 1.22404 2.20406 
N= 9. w= —2.50641 —1.15609 0.10362 1.26091 2.29798 
N= 11. w= —2.58228 -—1.19952 0.0969351 1.29726 2.38761 
N= 13. x= —2.65619 —1.2414 0.0910573 1.333 2.47354 
N= 15. w= —2.72827 —1.28189 0.0858495 1.36809 2.55622 
N= 17. w= —2.79865  —1.3211 0.0812038 1.40254 2.63601 
N= 19. x= —2.86743 —1.35916 0.0770342 1.43633 2.71322 
N= 21. x= —2.93471 —1.39614 0.0732713 1.4695 2.78809 
N= 23. x= —3.00059 —1.43215 0.0698584 1.50204 2.86084 
N= 25. x= —3.06514 —1.46724 0.0667491 1.534 2.93164 
N= 27. w= —3.12844 —1.50149 0.0639046 1.56538 3.00065 
N= 29. x= —3.19055 —1.53496 0.0612925 1.59622 3.068 
N= 31. w= —3.25154 —1.56769 0.0588855 1.62653 3.13381 
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b=1/10 


aa a aaa on 
| 


ZAAAAAAAAAAAAAAADY 
II 
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1. x= —2.33231 —0.941056 0.273369 1.27639 
3. 2 —2.48561 —1.04282 0.232139 1.29629 
5. £= —2.63167 —1.13638 0.201333 1.34651 
7. w= —2.77131 —1.22319 0.17761 1.4046 
9. x= —2.90528 —1.30439 0.158835 1.46478 
11. x= —3.034 —1.38085 0.143627 1.52497 
13. x= —3.15814 —1.45327 0.131067 = 1.5843 
15. x= —8.27806 —1.52218 0.120522 1.64242 
17. x= —8.39415 —1.58804 0.111546 1.69918 
19. x= —8.50674 —1.6512 0.103813 = 1.75457 
21. x= —3.61609 —1.71196 0.0970826 1.8086 
23. w= —3.72247 —1.77057 0.091172 1.86131 
25. x= —3.82609 —1.82724 0.08594 1.91277 
27. x= —3.92714 —1.88214 0.0812762 1.96304 
29. x= —4.0258 —1.93544 0.0770928 2.01218 
31. 2s— —4.12224 —1.98726 0.0733192 2.06026 
x= —3.88897 —0.874754 1.76372 1.5 — 1.32288: 
x= —4.68178 —1.57434 il. 2. 
x= —5.39489 —2.12642 0.560557 2.52299 
x= —6.04347 —2.57469 0.399957 2.90122 
x= —6.63991 —2.95589 0.312755 3.22922 
x= —7.19373 —3.29137 0.257403 3.52515 
x= —T.T122 —3.59382 0.218965 3.79751 
x= —8.20088 —3.87118 0.190647 4.05139 
x= —8.66411 —4.12876 0.168885 4.29019 
x= —9.10531 —4.37026 0.151622 4.51638 
x= —9.52723 —4.59838 0.137585 4.73179 
x= —9.93211 —4.81513 0.125943 4.93783 
x= —10.3218 —5.02209 0.116128 5.13564 
x= —10.6978 —5.22048 0.107739 5.32615 
x= —11.0615 —5.41131 0.100486 5.5101 
a= —11.414 —5.59539 0.0941509 5.68813 
x= —T.06827 —0.861037 4.92931 1.5 — 3.12252 
x= —9.12978 —2.89737 2. 2.36969 
x= —10.9342 —4.40461 0.68878 4.75043 
x= —12.5362 —5.51294 0.45526 5.84134 
x= —13.9825 —6.41459 0.344015 6.69765 
x= —15.3071 —7.19146 0.27765 7.43516 
z= —16.5344 —7.88402 0.233208 8.09639 
x= —17.6821 —8.51511 0.201238 8.70266 
x= —18.7633 —9.09894 0.177082 9.26654 
x= —19.7881 —9.64497 0.158161 9.7963 
x= —20.7641 —10.1599 0.142927 10.2977 
x= —21.6976 —10.6486 0.130391 10.7751 
x= —22.5936 —11.1147 0.119891 11.2316 
x= —23.4562 —11.5614 0.110964 11.6699 
x= —24.2888 —11.9907 0.103281 12.092 
x= —25.0943 —12.4047 0.0965976 12.4997 


1.72361 
2. 
2.22021 
2.4123 
2.586 
2.74626 
2.89603 
3.0373 
3.17146 
3.29955 
3.42237 
3.54056 
3.65461 
3.76497 
3.87197 
3.97592 


1.5 + 1.322881 
3.25612 
4.43776 
5.31699 
6.05382 
6.70255 
7.28954 
7.83003 
8.3338 
8.80757 
9.25624 
9.68347 
10.0921 
10.4844 
10.8623 
11.2271 


1.5 + 3.12252 
7.65747 
9.89959 
11.7526 
13.3554 
14.7857 
16.0888 
17.2933 
18.4186 
19.4786 
20.4833 
21.4407 
22.3569 
23.2367 
24.0842 
24.9027 


—0.859116 
—3.93691 
—6.18624 
—7.78036 
—9.06292 
—10.1636 
—11.1433 
—12.0355 
—12.8607 
—13.6324 
—14.3602 
—15.0509 
—15.7098 
—16.3411 
—16.9481 
—17.5334 


—0.858136 
—5.42331 
—8.73507 
—11.0107 
—12.8278 
—14.3837 
—15.7676 
—17.0276 
—18.1931 
—19.2831 
—20.3111 
—21.2869 

—22.218 
—23.1101 
—23.9678 

—24.795 


7.35482 1.5 — 4.44412 
2: 3.41554 
0.709576 6.52082 

0.463418 8.108 

0.348415 9.34695 
0.280425 10.4085 
0.235128 11.3568 
0.202649 12.224 
0.178165 13.0291 
0.15902 13.7844 
0.143625 14.4986 
0.13097 15.1778 
0.120378 15.8271 
0.111381 16.45 
0.103642 17.0497 
0.0969125 17.6287 

10.8028 1.5 — 6.304762 
2. 4.90515 
0.720469 9.06352 
0.467621 11.3378 
0.350662 13.1123 
0.281836 14.6292 
0.236101 15.9816 
0.203363 17.2166 
0.178712 18.3619 
0.159452 19.4354 
0.143977 20.4498 
0.131261 21.4141 
0.120624 22.3354 
0.111591 23.2192 
0.103823 24.0696 
0.0970707 24.8904 


1.5 + 4.44411 
11.045 
14.1094 
16.6808 
18.9215 
20.9287 
22.7615 
24.4581 
26.0446 
27.5399 
28.9581 
30.3099 
31.6039 
32.8469 
34.0444 
35.2011 


1.5 + 6.304762 


15.8637 
20.0969 
23.6825 
26.8227 
29.6435 
32.2235 
34.6143 
36.8517 
38.9616 
40.9634 
42.8722 
44.6997 
46.4555 
48.1474 
49.7818 
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Conclusions 
b= 10 
N= 1. w= —9.49571 
N= 3. x= —12.5237 
N= 5. w= —15.1536 
N= 7. x= —17.4718 
N= 9. w= —19.5539 
N= 11. x= —21.454 
N= 13. x= —23.2101 
N= 15. x= —24.8492 
N= 17. x= —26.3911 
N= 19. w2= —27.8509 
N= 21. x= —29.2401 
N= 23. x2= —30.5679 
N= 25. x= —831.8416 
N= 27. x= —33.0671 
N= 29. x= —34.2497 
N= 31. w= —35.3933 
b = 20 
N= 1. x= —12.9446 
N= 3. w= —17.3456 
N= 5. w= —21.1458 
N= 7. «x= —24.4773 
N= 9. w= —27.4579 
N= 11. w= —30.1708 
N= 13. w2@= —32.6736 
N= 15. x2= —35.0066 
N= 17. w= —37.1992 
N= 19. w2= —39.2734 
N= 21. x= —41.2461 
N= 23. x2= —43.1307 
N= 25. x2= —44.9378 
N= 27. x= —46.6762 
N= 29. x= —48.353 
N= 31. w= —49.9743 
——— os) 


13.8 Conclusions 


The explicit form of the helicity operator for a symmetric 2nd-rank tensor describing the spin 
2 particle is specified in cylindrical coordinates. After separating the variables, the system of 
ten differential 1st-order equations is derived. It is split into two independent subsystems 
of four and six equations. The system of four equations is solved straightforwardly in terms 
of confluent hypergeometric functions, there are corresponding eigenvalues and eigenfunc- 
tions. A subsystem of six equations can be reduced to one ordinary differential equation of 
the 4th-order. Corresponding 4th-order operators are factorised into permutable 2nd-order 
operators, so the problem reduces to solving two differential equations of the 2nd-order. 
Their solutions are constructed in terms of Bessel functions. This analysis is extended to 
the presence of an external uniform magnetic field, when solutions are constructed in terms 
of confluent hypergeometric functions. 
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